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1NTRODUCTION: 


5 5 | | | L1H 
1. ROM many propoſitions diſperſed through 
| the writings of the ancient geometers, and 
more eſpecially from one whole treatiſe *, it 
appears, that the proceſs, by which they inveſti- 
gated the ſolutions of their problems, was for the 
moſt part the reverſe of the method, whereby they 
demonſtrated thoſe ſolutions. But what they have 
delivered upon the tangents of curve lines, and 
the menſuration of curvilinear ſpaces, does not fall 
under this obſervation ; for the analyſis, they made 
uſe of in theſe cafes, is no where to be met with in 
their works. In later times, indeed, a method for 
inveſtigating ſuch kind of problems has been in- 
troduced, by conſidering all curves, as compoſed of 
an infinite number of indiviſible ſtreight lines, and 
curvilinear ſpaces, as compoſed in the like manner 
of parallelograms. But this being an obſcure and in- 
diſtinct conception, it was obnoxious to error. 


2. Six Iſaac Newton therefore, to avoid the imper- 
fection, with which this method of indiviſibles was 
juſtly charged, inſtituted an analyſis for theſe pro- 
blems upon other principles. Conſidering magni- 
| tudes not under the notion of being increaſed by a 

repeated acceſſion of parts, but as generated by a 
continued motion or flux; he diſcovered a me- 
thod to compare together the velocities, wherewith 


* Apollon. de Sectione Rationis, publiſhed by Dr. Halley at h 
| Oxford in 1706. 
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$ INTRODUCTION. 
homogeneous magnitudes increaſe, and thereby has 
taught an analyſis free from all obſcurity and indi- 
ſtinctneſs. : 5 | 


3. Moreover to facilitate the demonſtrations for 
theſe kinds of problems, he invented a ſynthetic form 
of reaſoning from the prime and ultimate ratios of the 
contemporaneous augments, or decrements of thoſe 
magnitudes, which is much more conciſe than the 


method of demonſtrating uſed in theſe caſes by the 


ancients, yet is equally diſtin and concluſive. | 


4. Or this analyſis, called by Sir Iſaac Newton his 
method of fluxions, and of his doctrine of prime and 
ultimate ratios, I intend to write in the enſuing diſ- 


courſe. For though Sir Iſaac Newton has very di- 
ſtinctly explained both theſe ſubjects, the firſt in his 


' treatiſe on the Quadrature of curves, and the other in 


his Mathematical principles of natural philoſophy ; 


yet as the author's great brevity has made a more 


diffuſive illuſtration not er unneceſſary; I 
have here endeavoured to conſider more at large each 
of theſe methods; whereby, I hope, it will appear, 


they have all the accuracy of the ſtricteſt mathemati- 


cal demonſtration. 
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DISCOURSE. 
OF. 


FLUXIONS, Se. 


nitudes are not preſented to the mind, as 
compleatly formed at once, but as rifing gra- 
dually before the imagination by the motion of ſome 
of their extremes | = 


T. the method of fluxions geometrical mag- 


6. Tuus the line AB may be conceived to be tra- 
ced out gradually _ * „ 
by a point mov- 2 mY 
I = from A A | © 17 Gall 2 
to B, either with an equable motion, or with a 
velocity in any manner varied. And the veloci- 
ty, or degree of ſwiftneſs, with which this point 

moves in any part of the line A B, is called the fluxi- 
on of this line at that place. | 


. Acailn, ſuppoſe two lines A B and AC to form 
a ſpace unbounded E C 
towards BC; and 
upon AB aline DE 
to be erected. S 


8. Now, if this 
line DE be put in ; 
motion (ſuppoſe fo P 1 I 
as to Keep always parallel to itſelf,) as foon as it 


* Newt, Introd. ad Quad. Curv. 


has 


tion FG, theſe three 


ſpace A F H would 


the line FG moves on uniformly, will increaſe 


% DISCOURSE = 
has paſſed the point A, a fpact bounded on all ſides 
will begin to appear between theſe three lines, For 
inſtance, when DEB E 8 

moved into the ſitu-— / 


lines will include the 
ſpace A F H. Here 
if is evident, that this 
ſpace will increaſe fa- 
fler or ſlower, ac- 
cording to the degree 
of velocity, . where- 
with the line DE ſhall 
move. It is alſo evi- \ 
dent, that though the 

line DE ſhould move 
with an even pace, the 


not for that reaſon in- — 
creaſe equably; but 
where the line AC was 


fartheſt diſtant from X We 


AB, the ſpace, AFH would increaſe faſteſt. Now 
the velocity or celerity, wherewith the ſpace A:F-H 
at all times increaſes, is called the fluxion of that 
ſpace. | e 


9. Her it is obvious, that the velocity, wherewith 
the ſpace augments, is not to be underſtood lite- 


1 
* 
Li. 
1 
2 
3 
** 
1 
Ws 
2 
be, 
700 
? 22 
57 
4.388 
. by 
F-: & 
- 
26 
. 
I" 
5 
52 
iS 
ry xg 
8 
v4 ; 
1 
* 
+ 
* 
* 
Y 


rally the degree of ſwiftneſs, with which either the 


line FG, or any other line or point appertaining 
to the curve actually moves; but as this ſpace, while - 


more, in the ſame portion of time, at ſome places, 
than at others; the terms velocity and celerity are 
applied in a figurative ſenſe to denote the degree, 
wherewith this augmentation in every part proceeds, 


10. Bur 


o EUR DON &. 27 


IO. Bu we. may diveſt the conſideration of the 
fluxion of the ſpace: from this: figurative. phraſe, by 
cauſing a poiat ſo to paſs over any ſtreight line IK, 
that the length IL meaſured out, while the line 
DE is moving from A to F, ſhall augment in the 
ſame proportion with the ſpace A F H. For 
this line being thus deſcribed faſter or ſlower in 
the ſame proportion, as the ſpace receives its aug- 
mentation; the velocity or degree of ſwiftneſs, 
where with the point deſcribing this line actually 
moves, will mark out the degree of celerity, where- 
with the ſpace every where increaſes. And here 
the line IL will preſerve always the ſame analogy 
to the ſpace AFH ; in ſo much, that, when the line 
DE is advanced into any other ſituation M NO, 
if IP be to IL in the proportion of the ſpace 
AMN to the ſpace AF H, the fluxion of the ſpace 
at M N will be to the fluxion thereof at F H, as 
the velocity, wherewith the point deſcribing the 
line IK moves at P, to the velocity of the ſame 
at L. And if any other ſpace QRST be deſcribed 
along with the former by the like motion, and at 
the {ame time a line VW, fo that the portion VX 
ſhall always have to the length I L the ſame propor- 
tion, as the ſpace QRST bears to the ſpace A FH; 
the fluxion of this latter ſpace at T S will be to the 
fluxion of the former at F H, as the velocity, where- 
with the line VW is deſcribed at X, to the velocity, 
wherewith I K is deſcribed at L. It will hereafter 
appear, that in all the applications of fluxions to 
geometrical problems, where ſpaces are concerned, 
nothing more is neceſſary, than to determine the 
velocity, wherewith ſuch lines as theſe are de- 
ſcribed *. | 3553930 
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11. In the "WL manner may a ſolid fact be con- 


ceived to augment with a continual flux, by the mo- 


tion of ſome plane, whereby it is bounded ; and 


the velocity of its augmentation (which may be eſti- | 


mated in like manner) will be the fluxion of that 
. | 


12. FLUXIONS thenin general are the ye- 


locities, with which magnitudes varying by a con- 
tinued motion increaſe or diminiſh; and the magni- 
tudes themſelves are reciprocally called the fluents 


of thoſe fluxions © 1 


18. Aud . different fluents may be underſtood to 


be deſcribed together in ſuch manner, as conſtant- 


to preſerve ſome one known relation to each 


other; the doctrine of fluxions teaches, how ta 


aſſign at all times the proportion between the veloci- 
ties, where with homogeneous magnitudes, varying 
thus together, augment or diminiſh, 


14. Tris doctrine alſo 3 on the other hand, 


how, from the relation known between the fluxions, 


to diſcover what relation the fluents themſelves bear f 


to each other. 


15. IT is by means of this proportion only, that 
fluxions are applied to geometrical uſes; or chis 


doctrine never requires any determinate degree of 


velocity to be aſſigned for the fluxion of any one 


fluent. And that the proportion between the Auxi- 
ons of magnitudes is aſſignable from the relation 


known between the magnitudes ren, I now 


proceed to ſhew. 


* Motuum vel incrementorum velocitates nominando fluxio. 
nes, 5 genitas nominando fluentes. Newton. Introd. 
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Or FLUXTONS an = 


16. IN the firſt place, letus ſuppoſe two lines A 


and CD to be A. T Ev 1 
deſcribed eee. e 
ther by two & KEW 3 
points, one ſet- 1 


ting out from A, and the other from C, and to 
move in ſuch manner, that if AE and CF are lengths 
deſcribed in the ſame time, CF ſhall be analogous 


to dome power of AE, that is, if AE be denoted 
by the letter x, then CF ſhall always be denoted by 


xn 3 
. where à repreſents ſome given line, and any 


number whatever. Here, I ſay, the proportion be- 
tween the velocity of the point moving on AB to 
the velocity of that moving on CD, is at all times 
aſſignable. Pl | 


17. Fo let any other ſituations, that theſe mov- 


ing points ſhall have at the ſame inſtant of time, be 


taken, either farther advanced from E and F, as at 
G and H, or ſhort of the ſame, as at I and K; 
then if E G be denoted-by e, CH, the length 
paſſed over by the point moving on the line C D, 


while the point in the line AB has paſſed from A 


to G, will be expreſſed by 6 1 and if EI be 
. an—1 | 

denoted by e, CK, the length paſſed over by the 
point moving on the line CD, while the point mo- 
ving in AB has got only to I, will be denoted by. 


n 4 
x—el or reducing each of theſe terms into a 


ſeries, CH will be denoted by — — ICE 


an—1 an—1 
Mun, x*=2 8 22 
— þ TEE 
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xn *. — n n- Ii, Au = ee 


&c. and CK by 2 . r — VE bi 


. 


„ n 1 K -, n 3 83 


a TO + &e. Heier all the 


terms of the former feries, _— the firſt derm, _ 


BTR FH 1. e 


and all the latter erde er the! firſt term, "I 


unn eee 16073 38 1G! | 
Ga—=E 2 e nen 3 KF. ＋ Dag 
* f Nin 918 ien © 6 14). N 8 41 21177 . 


18. Vu the 3 7 is greater than unit 
while the line AB is "deſcribed Age a han wie 
tion, the point, wherewith' CD is deſcribed, n 10! 
with a velocity continually accelerated; for if 115 
be equal to EG, FH will be greater than KF.“ 


Now here, I ay. that neither the propor- 
8 of FH to EG, nor the proportion of KF 
to LF is the proportion of the velocity, which the 
point moving on CD has at F, to the uniform 
velocity, wherewith the point moves on the line 
AB. For, while that point is advanced from E 


tb Gs the point 4 I Ex G 3 

moving on CD F ²˙ ereroocab_s 

has paſſed from 5 2 

F to H, and has | a 1 + 2 c 
* I p] Tg OP 


moved through | 
that ſpace, with | a 3 continually epeleraged 3 
therefore, if it had moved during the ſame interval 
of time with the velocity, it has at F, uniformly 
continued, it would not have paſſed over ſo long 
a line; conſequently FH bears a greater proportion 
to EG, than what the velocity, which the point 
moving on CD has at F, bears to the velocity of the 
yu moving uniformly on AB. 


Or FLUXIONS'&. 15 


20. In like manner KF bears to IE a leſs propor- 
tion than that, which the velocity of the point in 
CD has at F, to the velocity of that in AB. For 
as the point in CD, in moving from K to F, pro- 
ceeds with a velocity continually accelerated; with 
the velocity, it has acquired at F, if uniformly con- 
tinued, it would deſcribe in the ſame ſpace of time 
a line longer than KF. | en PER 

21. In the laſt place I ſay, that no line whatever, 
that ſhall be greater or leſs than the line repreſent- 
ed by the ſecond term of the foregoing ſeries (viz. 


n xn— 1 


the term ) will bear to the line denoted 


F/ ; 
by e the ſame proportion, as the velocity, where? 
with the point moves at F, bears to the velocity of 
the point moving in the. line AB; but that the ve- 

OT: n * 1. 
locity at F is to that at E as 


to e, or 


ane 1 


. 


22. Ir poſſible let the velocity at F bear to the 
velocity at E a greater ratio than this, ſuppoſe the ra- 
tio of p to 4. e Eo 


23. In the ſeries, whereby CH is denoted, the 
line e can be taken fo ſmall, that any term propoſed. 
in the {ſeries | - | a | 


ſhallexceedall a E B 
the following T 
terms toge- K F N 'D 
cms eG, Kel 


the double of 


that term ſhall be greater than the whole collection of 
that term, and all that follow. Again, by diminiſhing 
| 85 | ' e, 
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| e, che ratio of the ſecond term in this ſeries, to twice 


4. We third, that is, of — — 2 1 or 
LY. | | an—1 | 
the ratio of x tO FI X e, may be rendered greater 
than any, that ſhall be propoſed; conſequently the 
line may be taken ſo ſmall, that twice the third 
* Xxn— IK — ee 


. —, ſhall be greater chan 
all the terms following the ſecond, and alſo, that the 
n , re 


1 . p ſhall leſs ex- 


term, that is 


ratio of — 


P 3 2 
ceed the r ratio of * 


to e, than any other ratio 


whatever, that may be propoſed. Therefore let the 


ux YY e MN — IA 2 ee 
ratio of — + 


to e be leſs 3 the 


an—1 


A —1IxX2=2 gp 
an-. 


ratio 0 p to a if = be alſo great- 


er than the third and all the following terms of the 


* = ee 
ſeries, the ratio of the ſeries — | + — ; 
＋ &c. to e, that is, the ratio 8 FH to EG ſhalt | 
be leſs than the ratio of p to g, or of the velocity 
at F to the velocity at E, which is abſurd; for it 


= has above been ſhewn, that the firſt of theſe ratios F 


5 is greater than the laſt. Therefore the velocity at 
F cannot bear to the velocity at E any greater pro- 
hh nxn 1e ä 

4 portion than that of hx to e. 

i 


EN. Oy the other hand, if poſſible, let Ws velocity 
| at F bear to the velocity at E a leſs ratio than 
\ | 3 ; > rn that 


Or FLUXIONS &, 17 
N xn | 


3 - 
an- 


that of to e: let this leſſer ratio be that of 


1 6 


25. In the ſeries whereby CK is denoted, e may be 
taken ſo ſmall, that any one term propoſed ſhall 
exceed the whole ſum of all the following terms, 
when added together. Therefore let e be taken ſo 


| ſmall, that the third term — ex- 
; is Rs 2 Aan>—3 : * 1 
8 ne n- iR 2 36 
ceed all the following terms . 5 , 


— — 0 FER * a: 
But e may alſo be rendered ſo ſmall, that the ratio 
of — 0 2 — = the double of the 
third term, ſhall be greater than any ratio whatever 


| 1 | ; 1 e 
that ſhall be propoſed; and the ratio of 


=— 


| n X n—1x2—ee | 
— — ſhall come leſs ſhort of the 


nx e 
prry 
be named. Therefore let this ratio exceed the ratio 


| AX u—IAAU—2 e 
of r to s; then the term — pn exceed- 


ing the whole ſum of all the following terms 
in the ſeries denoting CK, the whole ſeries 


1 MX n—1x*—ee- | RF Ps 
— ＋ &c. or KF, will in 


ratio of to e, than any other ratio, that can 
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every Caſe bear to e, or E a greater ratio than that 


of r to 5, or of the velocity at F to the velo- 


city at E, which is abſurd. For it has above been 


ſhewn, that the firſt of theſe ratios is leſs than the 
laſt. 


26. If n be leſs than unite, te point in the line 


CD moves with a velocity continually decreaſing; 
and if » be a negative number, this point moves 


backwards. Bur in all theſe caſes the demonſtration 
1 in like manner. 


27. Tuus kave we here made appear, that from 


the relation between the lines AE ** CF, the 


Proportion between the velocities, wherewith they 


are deſcribed, is diſcoverable; for we have ſhewn, 
that the proportion of uxn- to an- is the true 
proportion of the velocity, wherewith CF, or 


a 
— augments, to the hs wherewith AE © or 


x is at the ſame time augmented. 


28. AGAIN, in the thice lines AB, — Er. 


— — | 


Or FL UXION S: &. 19 
where the points A, C, E are given, let us ſuppoſe 
G6, H and I to be three contemporary poſitions of 
the points, whereby the three lines AB, CD, EF 
are reſpectively deſcribed; and let the motion of the 
point deſcribing the line. EF be fo regulated with 
regard tothe motion of the other two points, that 


- the rectangle under El and ſome given line may 

I be always equal to the rectangle under AG and 

e CH. Here from the velocities, or degrees of ſwift- 

- neſs, wherewith the points deſcribing AB and CD 
move, the degree of ſwiftneſs, wherewith the point 
deſcribing EF moves, may be determined. 

A =_ = 

„ 


3 | 29. Tur points moving on the lines AB, CD 
7 | may either move both the ſame way, or one for- 
; wards and the other backwards. + 03-Z2k 


| 30. In the firſt place ſuppoſe them to move the 
| ; ſame way, advancing forward from A and C; and 
„„ ſince ſome given line forms with El a rectangle equal 
to that under AG and CH, ſuppoſe QT' x EI 
= AG x CH: then, if K, L, M are contem- 
porary poſitions of the points moving on the lines 
AB, CD, EF, when advanced forward beyond 
G, H-and I; and N, O, P, three other contem- 
3 porary politions of the ſame points, before they 
are arrived at G, H and 1; QT x EM will alſo be 
=AK x CL, and QTXEP = AN x CO; there- 

fore the rectangle under IM (the difference of the 
lines EI and EM) and QT will be= AK x HL 

+ CH x GK, and IP Xx QT = AN x HO + 
ine "= 


31. HERE the proportion of the velocity, which 
the point moving on AB has at &,; to that, which 
the point moving on CD has at H, may either keep 
always the ſame, or continually vary ſo, that one 
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20 DISCOURSE 
of theſe velocities (ſuppoſe that of the point mov- 
ing on the line CD) ſhall have to the other a pro- 


portion gradually augmenting; that is, if NG and 


GK are equal, HL ſhall either be equal to OH or 
greater. Here, ſince IM Xx QT is = AK x HL 
+ CH x GK, and IP x QT = AN x HO + 


CH xG N, where CH x GK is = CH x GN 
and AKH in both caſes greater than AN x HO, 


IM will be greater than IP; in ſo much that in 
both theſe caſes the velocity of the point, where- 
with the line EF is deſcribed, will have to the velo- 
city of the point moving on AB a proportion, gra- 
dually augmenting. Here therefore the line IM will 


bear to GK. a greater proportion, than the velocity 


of the point moving on the line EF, when at 
I, bears to the velocity of the point moving on the 


line AB, when at G; and the line PI will have a2 


leſs proportion to NG, than the velocity, which 
the point moving on the line EF, has at I, to the 
velocity, which the point moving on the line AB 


has at G. 
2 32. Now let R be to 8 as the velocity, which the 
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v- point moving on AB has at G, to the velocity, 


155 which the point moving on CD has at H; then [ 
d ſay, that the velocity, which the point moving on 
or EF has at I, will be to the velocity, which the point 
L moving on AB has at G, as AG x S+ CHxR 
1 to 5 
I, | 33. Ir poſlible let the velocity, which the point 
in moving on E F has at I, be to the velocity, which 
e- the point moving on AB has at G, as AGxS «4 
— CH xR to the rectangle under R and ſome line Q 
— 5 leſs than QT. : | 
17 34. Take W to GK in the ratio of Sto R; then 
at will AGxS4+CHx R be toR xQV as AGxXW 
he ICH OK to GK. Here, becauſe the ratio 
2 of the velocity of the point moving on the line CD to 
ch | the velocity of the point moving on AB either re- 
he 4 mains conſtantly the ſame, or gradually augments, 
B F W iscither equal to HL or leſs ; but when it is leſs, 


by diminiſhing HL the ratio of W to HL may be- 
come greater than any ratio whatever, that may be 
he propoſed, ſhort of the ratio of equality. The like 
is true of the ratio of AG to AK by the diminution 
of GK. Therefore let GK and HL be fo diminiſh- 
| ed, that the ratio of AG W to AK x HL ſhall 
de greater than the ratio of Q to QT; then the 
ratio of AGx W + CH x GK to AK x HL 
. CH x GK, that is, to QT x IM is greater 
than the ratio of QV to QT or of QV x IM to 
QT INM; therefore AG x W+CH x GK is 
greater than QV x IM; and the ratio of AG W 
CH GK to QV x GK is greater than the 
ratio of QV xx IM to QV x GK, or of IM to 
(E; but the ratio of IM to GK is greater than 
that of the velocity, which the point moving on E F 
has at I, to the velocity, which the point movin 
on AB has at G; therefore the ratio of AG x 


B-g oo 
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+ CHx GK to QV x GK, or that of AG * 8 
+CHxRroQV=xR, ſtill more exceeds the ratio 
of the velocity at I to the velocity at G; and con- 
ſequently the ratio of the velocity at I to the 3 


city at G is not greater than that of AG x S + 
CHxR to A 


35. AGAIN, if poſſible let the velocity, which the 
point moving on EF has at I, be to the velocity, 

which the point moving on AB has at G, as AGxS 
+CHxR to the rectangle under R and ſome line 
2 greater than QT. 


5. HERE let Y be to NG as S to R; then will 
AGxS+CHxR. be to RxQX as AGxY+ 
CHxNG to QXxNG. But Y will be either 
ha} than HO, or equal to it, and when greater, 

y diminiſhing HO, the ratio of Y to HO may be- 
come leſs than any ratio whatever, that ſhall be pro- 
poſed, greater than the ratio of equality, The like is 
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true of the ratio of AG to AN by the diminution 
of NG. Therefore let NG and HO be ſo dimi- 
niſhee, that the ratio of AGxY t0 ANxHO ſhall 


be 


rr | * 
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I = be leſs than the ratio of QX to Q; then the ratio 


0 of AGxY +CHxNG to ANXHO+CHxNG,, 
1- that is, to QTx1IP, is leſs than the ratio of Q to 
- QT, or of QXxIP to QTxIP. Conſequently 
+ AGxY+CHXxNG is leſs than QXx1IP, and the 
ratio of AGxY +CHxNG to QXxNG is leſs 
: than the ratio of QXxIP to QXxNG, or of IP 
16 to NG. Bur the ratio of IP to NG is leſs than 
Fa that of the velocity, which the point moving on EF 


has at I, to the velocity, which the point moving on 
ee 2 has at G. Therefore the ratio of AGxY+ 
1 CHxNG to QXxNG, or that of AGxS+ 
CHxR toQXXxR, is allo leſs than the ratio of the 
l velocity at I to the velocity at G. Conſequently, the 
8 ratio of the velocity at I to the velocity at G is not 
— leſs than that of AGxS+CHxR to QTxR. 


= 357. Ir the points deſcribing AB and CD move 

” } backwards together, the velocity at I will be the 

3 ſame, and the demonſtration will- proceed in like 
1 manner. 


38. Bur if one of the points, as that moving on 
CD, recedes, while the other on AB advances for- 
ward, take in CD any fix'd point at pleaſure Z; 
then the point on CD in reſpect of Z moves alſo 
forward. Again, take in the line EF, EI to AG 
as CZ to QT; then AGxCZis=QTxET; 
and AGxCH being =Q TX EI, AGxHZ will 
 . be=Q TxFl,; and by the preceding caſe AG 
Xx STZ HxXR will be to QT x Ras the velocity, 
wherewith the point moving on E F ſeparates from 
F, when at I, to the velocity, which the point mov- 
ing on AB has at G. But as AG is continually 
increaſing, and EF keeps always in the ſame propor- 
tion to AG; the point T will itſelf be in motion, 
oy I and the velocity of the point F will be to the velo- 
de city at G, as the line EF to AG, that is, as CZ to 
„ 8 B 4 0 Qh 
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24 DISCOURSE 
QT, or as CZ R to QTxR; therefore the velo- 
city, wherewith the point moving on EF, when at J, 
ſeparates from F, being to the velocity of the point 
moving on AB, when at G, as AGxS+ZHxR 
to QTxR; the abſolute velocity, which the point 
moving on EF has at I, will be to the abſolute velo- 


city, which the point moving on AB has at G, as 
AGxS oCHxRito Q XR; moving backwards, 


A 3 B 
3 rr 
Us — PP 
Q =. 
Fes — —_ 8 
W Y- 


when it ſeparates from I ſwifter than the point T 
itſelf moves, that is, when AG SZ H x R is 
greater than CZ x R, or AGxS greater than CHR; 
and when the point moving on EF, at J ſeparates 
from T with a ſlower motion, than that wherewith 
F moves, that is, when CZxR is greater than 
AGxS+ZHxR, or AGxS leſs than CHxR, the 
point moving on EF, at I advances forward. 


39. IN theſe demonſtrations the fluxions of lines 
only have been conſidered ; but by theſe the fluxions 
of all other quantities are determined. For we have 
already obſerved, that the fluxions of ſpaces, whether 
ſuperficial or ſolid, are analogous to the velocities, 
wherewith lines are deſcribed, that augment in the 


ſame proportion with ſuch ſpaces, 40. THUS 
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or FLUXIONS &. 25 
40. THUS we have attempted to prove the truth 


of the rules, Sir Iſaac Newton has laid down, for 
finding the fluxions of quantities, by demonſtrating 


the two caſes, on which all the reſt depend, after a 
method, which from all antiquity has been allowed 


as genuine, and univerſally acknowledged to be free 
from the leaſt ſhadow of uncertainty, 

41. Wx ſhall hereafter ® endeavour to make ma- 
nifeſt, that Sir Iſaac Newton's own demonſtrations 
are equally juſt with theſe here exhibited. But firſt. 
we ſhall prove, that in all the applications of this 
doctrine to the ſolution of geometrical problems, no 
other conception concerning fluxions is neceſſary, 
than what we have here given. And for this end it 
will be ſufficient to ſhew, how fluxions are to be ap- 
plied to the drawing of tangents to curve lines, and 


to the menſuration of curvilinear ſpaces. 


42. IF upon the line AB be erected in any angle 


another ſtreight line AC, and it be put in motion 


upon the line AB towards B keeping always parallel 


to itſelf, and proceeding on with a uniform velocity: 


if a point alſo | | E 
moves on the | x14 Q 
line AC with | 
a velocity 1n 
any manner 
regulated 
this point will 
deſcrit e with- Gb 
in the angle ATD oO H F N B 
under CAB ſome third line DE, which will be a 
curve, unleſs the point moves in the line AC like- 
wiſe with a uniform motion. | 


8.144. 


43. Heat, 
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5 43. Hezz, 1 fay, the line AC being advanced o 


any ſituation FG, by what has already been written 
on the nature of fluxions, without any adventitious 


conſideration whatever, a tangent may be aſſigned to 


the curve at the point G. 


44. Wu the point moves on the line AC with 
an accelerating velocity, the curve DE will be con- 
vex to the abſciſſe DB. Now if two other ſitua- 
tions HI and K L of the line A C be taken, one on 
each ſide. FG, and MG N be drawn parallel to AB; 
while the line AC is moving from the ſituation HI 


to FG, the point in it will have moved through the 


length 1M, and while the ſame line AC moves from 
FG to KL, the point in it will have paſſed over 
the length NL. And ſince the point moves with 
an accelerated velocity, IM yill be leſs, and NL, 
greater than the ſpace, which would have been de- 


ſcribed in the ſame time by the velocity, the point 


has at G. 1 


45. Lxr FO be taken to FG in the proportion 
of the velocity, wherewith the point F moves on 
the line AB, 1 

to the veloci- C 
ty, which the | 
point moving 
on the line FP 
has at G, and 
the ſtreight 
line OG Q be 


drawn cutting Bo | 
Hl in R, and 225 9 5 


— 


KL. in S; then FH will be to MR, and FK to 
Ns in the ſame proportion. Therefore, from what 
has been ſaid above, MR will be greater than MI. 


and NS leſs than NL; fo that the line OQ, which 


; unites 
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unites with the curve at the point G, lies on both 
ſides the point G, on the ſame ſide of the curve; 
that is, it does not croſs, or cut the curve (as geo- 
meters ſpeak) but touches it only at the point G. 


46. Wren the point moves on the line AC with 

a velocity en decreaſing, the curve will be 
concave towards the abſciſſe; but in this caſe the 
method of reaſoning will be ſtill the ſame. 


47. Ir the curve DE be the conical parabola, the 
latus rectum being T, and TX FG SD Fg, or 


FG the fluxion of DF will be to the 
fluxion of 240 that is, the fluxion of F G) as 
T to 2 DF; therefore OF is to FG in the ſame pro- 
portion of T to 2 DF, or of DF to 2 FG, and 
OF is half PF. Ig 


| 48. IN like manner by the conſideration of theſe 
velocities only may the menſuration of curvilinear 
ſpaces be effected. . | 


49. Suppos the curvilinear ſpace ABC to be ge- 
nerated by the parallel motion of the line BC upon 
the line AD with a uniform velocity, within the 
ſpace comprehended between the ſtreight line AD 
4 and the curve line AZ; and let the parallelogram 
'F AEFB be generated with it by the motion of BF 
Sj accompanying BC. Suppoſe another parallelogram 
GHIK to be generated at the ſame time by the mo- 
tion of the line GH equal to AE or BF, inſiſting 
7 on the line GL in an angle equal to that under 
4 CBD; and let the motion of GH be ſo regulated, 
| that the parallelogram GHIK be always equal M 
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the curvilinear ſpace ABC. Then it is evident, by 
what has been ſaid above in our explanation of the 
nature of fluxions, that the velocity, wherewith the 
parallelogram EABF increafes, is to the velocity, 


wherewith the parallelogram GHIK, or wherewith 


the curvilinear ſpace ABC increaſes ; as the velocity, 


wherewith the point B moves, to the velocity, where- 


with the point K moves. 


EEE. > 
— 5 


1 5 * 
— 1885 


50. Now I ſay, the velocity of the point B is to 


| the velocity of the point K as BF to BC. 


51. Surpos the curve line A CZ to recede far- 


ther and farther from AD; then it is evident, that 
while the parallelogram EAB F augments uniform- 
ly, the curvilinear ſpace ABC will increaſe faſter and 


f faſter; 


© £8 
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faſter ; therefore in this caſe the point K moves with 
a velocity continually accelerated. 7, 


52. Here, if poſſible, ſuppoſe the velocity of the 
point B to bear a leſs proportion to the velocity of 
the point K, than the ratio of BF to BC; that is, 
let the velocity of B be to the velocity of K, as BF 
to ſome line M greater than BC. Then it is poſſible 
to draw within the curve ACZ towards D a line, as 
ON, parallel to BC, which, though it exceed BC, 
ſhall be leſs than M; and the ratio of the velocity of 
the point B to the velocity of the point K, will be leſs 

than the ratio of BF to NO, or than the ratio of the 
| parallelogram BP to the parallelogram BO; therefore 
ſtill leſs than the ratio of the parallelogram BP to the 

ſpace BCON. . Farther let the parallelogram KIRQ_ 
be taken equal to the ſpace BCON, then will the 
point K have moved from K to Q in the time, that 
the point B has moved from B to N. Now the pa- 
rallelogram BP is to the parallelogram KR as BN 
to K Q. that is, as the velocity, wherewith the point 

B paſſes over BN, to the velocity, wherewith K 
would be deſcribed in the ſame time with a uniform 
motion. But as the point K moves with a velo- 

city continually accelerated, its velocity at K is leſs 

than this uniform velocity now ſpoken of ; therefore 
the velocity of the point B bears a greater proportion 
to the velocity of the point K than the parallelogram 

BP bears to the parallelogram KR; that is, than 
the parallelogram BP bears to the ſpace BCON ; 
but the firſt of theſe ratios was before found leſs 
than the laſt; which involves an abſurdity. There- 
fore the velocity. of B bears not to the velocity of K 
a leſs proportion than that of BF to BC. 


5 Aganc, if. Mble, let the velocity of B bear 
to the velocity of K a greater proportion than that 

_ ofBF to BC, that is, the proportion of m to 
| ome 
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ſome line 8 leſs than BC; and let the line TV be 
drawn parallel to CB, and greater than S, and the 


„ discounter 


parallelogram TB be compleated. Here the ratio 
of the velocity of the point B to the velocity of the 

int K will be greater than the ratio of BF to 
TV, or than the ratio of the parallelogram BW 
to the parallelogram BT, therefore ſtill greater than 


the ratio of the parallelogram BW to the curvilinear 
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ſpace .VTCB. Now if the parallel 


| ogram XYIK 
be taken equal to the ſpace VTCB, that the point 


deſcribing the line GL may have moved from X to 


K, while VT has moved to BC; ſince the parallelo- 
gram BW is to the parallelogram XI as VB to XK, 
that is, as the velocity, wherewith the point B has 
paſſed over VB, to the velocity, wherewith XK 
IS | would 
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 woutd be deſcribed in the ſame time with a uniform 
motion, the velocity of the point B bears a leſs pro- 
portion to the velocity of the point K, than the pa- 
rallelogram BW bears to the parallelogram XI, be- 
cauſe XK is deſcribed with an accelerating velocity: 
that is, the velocity of the point B Beats a leſs pro- 
portion to the velocity of the point &, than the = 
rallelogram BW bears. to the ſpace VTCB. But 
the firſt of thoſe ratios was before found greater than 
the laſt. Therefore the velocity of B does not bear 


to the velocity of K a greater proportion than that 
of BE EC. © 1 


8 the curve line Ac Z were of any other 
form, the demonſtration would ſtill proceed in the 
ſame manner. e 05 1 wie 


55. Hence it appears, that nothing more is ne- 
ceſſary towards the menſuration of the curvilinear 
ſpace ABC, than to find a line GK ſo related to AB, 
that, while they are deſcribed together, the velocity 
of the point, wherewith AB is deſcribed, ſhall bear 
the ſame proportion at any place B to the velocity, = 
wherewith the point deſcribing the other line GK 
moves at the correſpondent place K, as ſonſe given 
line AE bears to the ordinate BC of the curve ACZ. 


3556. Tun method of finding ſuch lines is the ſub» 
ject of Sir Iſaac Newton's Treatiſe upon the Qua- 
# drature of Curves. 5 5 


57. For example, if Ac be a conical parabola 
as F and TBC SAB; taking GK 
2 2 1; 8 7 
r 3 n 
AB x BC, is equal to the ſpace ABC; for GK be- 
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ing equal to TU Th the n ed GK or the 


velocity 
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velocity, wherewith'it is deſcribed at K, will be to the 
fluxion of AB, or the velocity, wherewith B moves, 
as 5nd or BC to GH or AE. 
58. HAVING thus, as we conceive, ſufficiently 

lained, what relates to the proportions between 


the velocities wherewith magnitudes are generated; 


nothing now remains, before we proceed to the ſe- 


cond part of our preſent deſign, but to conſider the 


variations, to which theſe velocities are ſubject. 


59. WHEN fluents are not augmented by a uni- 
form velocity, it is convenient in many problems to 
conſider how theſe velocities vary. This variation 
Sir Iſaac Newton calls the fluxion of the fluxion, and 
alſo the ſecond fluxion of the fluent; diſtinguiſhing 
the fluxions, we have hitherto treated of, by the 
name of the firſt fluxions. The ſecond fluxions may 
alſo vary in different magnitudes of the fluent, and 
the variation of theſe is called the third fluxion of 
the fluent. Fourth fluxions are the changes to which 


the third are ſubject, and ſo on ®. 


60. In the two fluents AE and CF, whoſe fluxions 
we compared at $. 15, &c. where AE being deno- 
minated by x, | | 
F was equal A LEG ___ B 


E 


9 * 


an— 1 


and C 


the fluxion of „„ | 
AE bore to the fluxion of CF the proportion of 
an—1 to ax il. Here it is evident, that the antece- 


dent 2-1 of this proportion being a fix'd quantity, 
and the conſequent an 1 a variable one ; the fluxion 


Fluxionum (ſcilicet primarum) fluxiones ſeu mutationes ma- 


ewt. Quadr. Curv. in Princip. 


of 
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of AE does not bear to the fluxion of CF always 
the ſame proportion. If be the number 2, the 
fluxion of AE is to the fluxion of CF as à to the 
variable quantity 2x; and if ꝝ be the number 3, the 
fluxion of AE to that of CF will be as ai to g **. 
Therefore if AE be deſcribed with a uniform velo- 
city, when # 1s any number greater than unite, CF is 

ſo deſcribed with a velocity continually accelerating, 
that when 7 is = 2, this velocity augments in the 
ſame proportion as CF itſelf increaſes ; and when 
n is S 3, it augments in the duplicate of that pro- 
portion, &c. 


3 * g 
3 Fa 1 


* 
8 


* 


+ S 
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2 3 2 
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61. HRE therefore we ſee, that while one quan- 
tity flows uniformly, the other is deſcribed with à 
varying motion; and the variation in this motion is 
called the ſecond fluxion of this quantity. 


82. IT is evident farther, that in this inſtance, 
when u is = 2, the variation of the velocity is uni- 
form ; for the velocity keeping always in the ſame 
proportion to x, while x increaſes uniformly, the 
velocity muſt alſo increaſe after the ſame manner. 
But when u is = 3 ; ſince the velocity is every where 
as x*, and x* does not increaſe uniformly ; neithet 

will the velocity augment uniformly. So that it 

appears by this example, that the variation in the 
velocity, wherewith magnitudes increaſe, may alſo 
vary, and this variation is called the third fluxion of 
the magnitude. | | | 


| 63. In the ſame manner may the fluxions of the 
following orders be conceived ; each order being the 
variation found in the preceding one. And the 
2X conſideration of velocities thus perpetually varying, 
and their variation itſelf changing, is a uſeful ſpecu- 
lation; for moſt, if not all, the bodies, we have any 
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acquaintance with, do actually move with velocities 
thus modified. 


64. A s$ToNs, for. inſtance, in its direct fall to- 
wards the earth has its velocity perpetually augmeat- 
ed; and in Galileo's Theory of falling Bodies, when 
the whole deſcent is performed near the ſurface of 


tions of velocity in equal times. In this caſe there- 
fore the velocity augments uniformly, and the ſecond 
fluxion of the line deſcribed by the falling body will 
in all parts of that line be the ſame; ſo that third 
fluxions cannot take place in this inſtance, ſince the 
variation of the velocity ſuffers no change, but 1s 
every where uniform, 


+660 tt net 


— 


65. Bur if the ſtone be ſuppoſed to have its gra- 
vity at the beginning of its l leſs than at the ſur- 
face of the earth, the variation of its velocity at firſt 
will then be leſs than the variation toward the 
end of its motion; or in other words, the ſecond 
fluxions in the beginning and end of its fall would be 
unequal; conſequently, third fluxions would here 

take place, ſince the variation would be ſwifter, as 
the body in its fall approached the earth. | 


S 


66. Tux ſtone in this laſt inſtance then not only 
moves with a velocity perpetually varying, as in the 
preceding example, but this variation continually 


ther this laſt variation nor any ſubſequent one can 


ever be uniform; ſo that fluxions of every order do 
here actually exiſt. | 


67. Taz ſame is true of the motion of the planets 
in their elliptic orbs; of the motion of light at the 
confines of different mediums, and of the motion 
of all pendulous bodies. 

” 68. In 


changes. In the true theory of falling bodies, nei- 


the earth, it is ſuppoſed to receive equal augmenta- i 


. * 90 


iP 2 
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| 68. 18 ſhort, a uniform unchangeable velocity is 


not to be met with in "wy of thoſe bodies, that tall 
0 


under our cognizance; for in order to continue ſuch 
a motion as this, it is neceſſary, that they ſhould 
not be diſturbed by any force whatever, either of 
impulſe or reſiſtance; but we know of no ſpaces, in 
which at leaſt one of theſe cauſes of variation does 


6g. HAVING thus explained the general con- 


ception of ſecond, third, and following fluxions; and 


having ſhewn, that they are applicable to the circum- 
ſtances, which do really occur in all motion, we are 
acquainted with ; we will now endeavour to declare 
the manner of aſſigning them, 


o. AND in the firſt place ſecond fluxions may 
be compared together as follows. Suppole any line 
to be ſo deſcribed by motion, that it always preſerve 
the ſame analogy to the firſt fluxion of any magni- 
tude ; then the velocity, wherewith this line is de- 
{cribed, that is, the fluxion of this line, will be ana- 


logous to the ſecond fluxion of the aforeſaid magni- 


tude. For it is evident, chat this line will perpetually 
alter in magnitude in the ſame proportion, as the 


fluxion, to which it is analogous, varies. 


71. Surpos AB to be a fluent deſcribed with a 
varying motion; the ſecond fluxion at any one point 
C may be compa- | | 


red with the l1e- A 3 = 2. . 
cond fluxion at a- | e ; 
ny other point D, E 2 E 70 


——y — 


by cauſing the line 


E to be deſcribed by the motion of a point, ſo as 
to keep always the ſame analogy to the firſt fluxion 


of the fluent AB. Suppoſe EG be to EH, as the 
C2: ma 


$$ DISCOURSE: 
firſt fluxion at C to the firſt fluxion at D; then the 
ſecond fluxion at C will be to the ſecond fluxion at 


D, as the firſt fluxion of the line EF at G, to the 
firſt fluxion of the ſame at H. | | 


72. In like manner, if another fluent IK be gene- 
rated along with the former fluent AB, and alſo de- 
ſcribed with a varia- x K 
ble motion; the ſe-— f 3 
cond fluxion of this 3 
latter fluent IK at ayy ME «© © = 
place L may be com- ZE oY 
pared with the ſecond fluxion at any part of the 
former fluent AB, by deſcribing the line MN with 
ſuch a motion, as always to preſerve the ſame ana- 
logy to the firſt fluxion of the fluent IK, as the line 
EF bore to the firſt fluxion of AB. Suppoſe MO 
to be to EG, as the firſt fluxion of IK at L to the 
firſt fluxion of AB at C; then the ſecond fluxion at 
L will be to the ſecond fluxion at C, as the velocity, 
 wherewith the line MN is deſcribed at O, to the ve- 
locity, where with the line EF is deſcribed at G. 


73. Ix the ſame manner if a line be deſcribed ana- 
logous to the ſecond fluxion of any magnitude, the 
fluxion of this line will expreſs the third fluxion of 
that magnitude, and ſo of all the other orders of 
fluxions. | 


74. In the next place the relation, in which the 
| ſeveral orders of fluxions ſtand with regard to each 
other, will appear by the following propoſition. 


75. LeT the line AB be deſcribed by the motion 
of the point C moving with a varying velocity, and 
let a ſeries of lines be adapted to this line AB in ſuch 
manner, that the point D moving upon the firſt line 
of this ſeries at the ſame time with the point C, may 

| ever 
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ever terminate a line ED analogous to the velocity 
of the point C; the point F at the ſame time termi- 


nating upon the ſecond line of this ſeries a line GE 
analogous to the velocity of the point D; and HI 


upon the third line being by the motion of the point 
I made ever analogous to the velocity of the point 


F; &c. a 
A 2 BK es 
= 2» _. « 
CF. 
FP 
„ 


76. Ir now another line KIL. be deſcribed by the 


motion of the point M, and if a ſeries of lines be 


adapted to this line KL in the like analogy by the 
motion of the points N, O, P, ſo that QM be to ED 
as the velocity of the point M to the velocity of 
the point C, RO to GF as the velocity of the point 
N to that of the point D, and SP to HI as the velo- 


1 | City of the point O to that of F; I ſay, that if the 
velocity of the point C has to the velocity of the 


point M always the ſame proportion at equal diſtances 
from A and K, that then the velocity of D to that 


of N will be in the duplicate of that proportion; the 
velocity of F to that of O in the triplicate of that 
proportion; the velocity of I to that of P in the 
quadruplicate of that proportion, and ſo on in the 
_ _ as far as theſe ſeries of lines are ex- 
tended, 1 2 | 0 WIE 
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77. Supposk the velocity of the point C be always 
to the velocity of the point M, as the line T to the 
line V, when theſe points are at equal diſtances from 
A and K. Thea, ſince the times, in which equal 
lines are deſcribed, are reciprocally as the velocities Þ} 
of the deſcribing puints ; the time, in which AC 
receives any additional increment, will be to the 
time, in which KM ſhall have received an equal 
increment, as V to T. En 
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78. Now ED is always to QN in the proportion 
of T to V. Therefore the variation, by increaſe or 
diminution, that ED ſhall receive to the like varia- 

tion, which QN ſhall receive, while, the lines AC, 
KM are augmented by equal increments, will be 
alſo as T to V. But the time, wherein ED will re- 
ceive that variation, to the time, wherein QN will 
receive its variation, will be as V to T. Conſequent- 
ly, ſince the velocities, wherewith different lines are 
deſcribed, are as the lines themſelves directly, and as 
the times of deſcription reciprocally, the velocity of 
the point D to that of the point N will be in the 
duplicate ratio of T xo V. Gas. 9 
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79. AGAIN, the velocity of D being to the velo- 
city of N, when AC and KM are equal, always in 
the ſame duplicate ratio of T to V, and GF being 
always to RO as the velocity of the point D to the 

5 velocity of the point N, the variation, by increaſe or 
. | diminution, of the line GF to the like variation of 
TR i RO, while AC and KM receive equal augmenta- 
"i tion, Will alſo be as the velocity of D to the velocity 
of N, that is in the duplicate ratio of T'to V. But 
the time, in which the line GF receives its variation, 

will be to the time, in which RO receives its varia- 8 
tion, as V to T. Hence the velocity of the e zz 
oy mr "wil 
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wilt be to the velocity of the point O in the tripli- 
care ratio of T to V. e et 


| 80. Arrzs the ſame manner, the velocity of the 
point I will appear to have to the velocity of the 
point P the quadruplicate of the ratio of T to V. 


r 
2 8 
E 
E · 3. ns 


$1. Bor from what we have ſaid above, it is evi- 
dent, that the velocity of the point D is to the velo- 
city of the point N, as the ſecond fluxion of AC 
to the ſecond fluxion of KM]; the velocity of the 
point F to the velocity of the point O, as the third 
fluxion of AC to the third fluxion of KM; and the 
velocity of the point I to the velocity of the point P, 
as the fourth fluxion of AC to the fourth fluxion of 
KM. And hence appears the truth of Sir Iſaac 
Newton's obſervation at the end of the firſt propo- 
fition of his book of Quadratures, that a ſecond 
fluxion, and the ſecond power of a firſt fluxion, or 
the product under two firſt fluxions ; a third fluxton, 
and the third power of a firſt, or the product under 
a firſt and ſecond, and ſo on; are homologous terms 
in any equation. For, as it appears by this propo- 
fition, that if the velocity, wherewith any fluent is 
augmented, be in any proportion increaſed ; its ſe- 
cond fluxion will increaſe in the duplicate of that 


„ Propor- 


— 1 » A "3 * we q FILE 1.55 JS” WM my 
tel K — * . INES A LET — — 5 — * 5 
e r rn, ge OR = _— - 
4 nh a 1 — — may ge — * Kg 
- . 8 c — . * 
3 wh — a — OI PR ENDS : 


0 ew 


$a * 


— rH e r 


0 ts. Hel OY AO * 8 * Ce I es. 
a KJ "+ — — * — 
5 B 4 rr 
— — "WR 22 * RR 2 = „ — — 33 A — ja * 
7 . — — —— be * oy * r —— ty ; — — 4 22S 9 — — 
n h . * a £2 f 7 p — 
44 - — i ow 3 i 2 2 


* r 
. 2 - 
ep r, * ” x - —_— — — a POE FIT > 
Ne ws — 3 r* g — "> 4 - 0 * 4 1 * "8 5 T a 2 — 
— cars —— 8 — "In 3 — * — —_ _—_ A oy 
- „ q ” 1 Wo 4 N 1 Dn memes - ——— of fa- e — 
0 = — . e ” r > s — — — 
- » * * Fe * ue gen x . he 2 
* 4 — - r n * N een * — 2. Fan? Ai 1 ap ori . ' ” ESD K - 
* 2 * n * . . : . o—_ . * 7 r — * ,- q — 
walls. drain = ES AE ON —_ CE YO — — r — — - 
7 "> I ui * & 48 r 2 * — * _ 
+ - 2 
7 W . 
» 


> 5 pe — DO 25 4 * "2 "I 
—_ _— 5 . 

2. abs * N — — 1 8 

PPP 


"773 
— B35? 


1 
#9 
® © 
i: Hh 
1 
6 4 
1.9 
379 
71 
1 
is 
Mn 
1 
{8 
#7 
13344 
is 
if 
" 
1 
4 
i' 
4 
8 
149 
11510 
17 
1 
il 
i l 
j 
41k 
j 


ul 
19 
hit 
1384 


1 
141 
{1s 
is 
ii 
MI. 
1461 
l 
10 | 
nt! 
— 1 
il 
T2 
Ar 
N 


40 DISC OU RSE 


proportion, the third fluxion in the triplicate, and 
the fourth fluxion in the quadruplicate of that ſame 


Proportion; it is manifeſt, that the terms in any 


equation, that ſhall involve a ſecond fluxion, will 
preſerve always the ſame proportion to the terms in- 
volying the ſecond power of a firſt fluxion, or the 
product of two firſt fluxions; the terms involving 
a third fluxion will preſerve the ſame proportion to 
the terms involving the third power of a firſt, or the 
product of a firſt and ſecond, or the product of 
three firſt fluxions; and the terms containing a fourth 
fluxion will keep the ſame proportion to the terms 
containing the fourth power of a firſt, the product 
of a ſecond and the ſecond power of a firſt, the 
ſecond power of_a ſecond, or the product of a firſt 
and third; &c. however be increaſed or diminiſhed 
the firſt fluxion, or the velocity, wherewith the fluents 
augment, . | — 8 — 


A. 
. 


82. IN the problems concerning curve lines, which 


relate to the degree of curvature in any point of thoſe 


curves, or to the variation of their curvature in dif- 
ferent parts, theſe ſuperior orders of fluxions are 
uſeful; for by the inflexion of the curve, whilſt its 
abſciſſe flows uniformly, the fluxion of the ordinate. 


muſt continually vary, and thereby will be attended 


with theſe ſuperior orders of fluxions. 


83. For example, were it required to compare the 
different degrees of curvature either of different 


curves, or of the ſame curve in different parts, and 


in order thereto a circle ſhould be ſought, whoſe 
degree of curvature might be the ſame with that of 


any curve propoſed, in any point, that ſhould be 


aſſigned; ſuch a circle may be found by the help of 
ſecond fluxions, When the abſciſſes of two curves 


flow with equal velocity; where the ordinates have 


equal firſt fluxjons, the tangents make equal an- 
| 1 gles 


Or FLUXIONS &. A1 


gle: with their reſpective ordinates. If now the 


econd fluxions of theſe ordinates are alſo equal, the 
curves in thoſe. points muſt be equally deflected 
from their tangents, that is, have equal degrees of 


curvature. Upon this principle ſuch circles, as have 


here been mentioned, may be found by the following 
method. | 


84. Tux curve ABC being given, let it be re- 
quired to find a circle equally incurvated with this 
curve at the point B. Suppoſe EFG to be this cir- 
cle, in which the tangent FH at the point F makes 
with the ordinate FI the ſame angle, as the tangent 


4 


BK, drawn to the other curve ABC at the point B, 
makes with the ordinate BL, of that curve. Now 
if the two abſciſſes AL and El are deſcribed with 


equal velocities, the firſt fluxions of the ordinates LB 


and IF will be equal; and therefore, if the two 
curves are equally incurvated at the points B and F, 
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the Grand fluxions of theſe ordinates. will be alfo 


equal. If M be the center of the circle EFG, and 
ME be. denoted — 4 and MI by x, IF will be 
Ir, and, by the rules for finding fluxions, 
the firſt fluxion of IE will will be to the Burion of MI, 
or of”: x, as x to V . 


ns Now ſuppoſe the line NO to be ſo Jeſcribed, 
t the! fluxion of Mf, or of x, 'fhall be to the 
ert fluxion of IF, as ſome given line e to NP in 


* 1 ep I 


the line NO, then vill NP be= . — Suppoſe | 


of aa -I 


thou the * R to be fo deſcribed, that the. 
fluxion of AL in the curve ABC ſhall be to the firſt 


fluxion of LB, as the ſame given line e to Qs in the 


line QR. Here the firſt fluxions of IF and LB 
being equal, NP and Qs are equal. And ſince the 
ſecond fluxions of IF and LB are equal, the fluxions 
of NP and Qs are alſo equal, But NP was 


= . and by the rules for finding fluxions, the 
— 


Ps. of NP will be to the fluxion of MI as eas 


to aa—xx 7» that is, as exEMy to IFc. Therefore 
in the curve ABC the fluxion of QS to the fluxion 


of AL will be in the ſame proportion of ex EMꝗ to 
IFc. Hence by finding firſt QS, then its frxion, 
from the equation expreſſing the nature of the curve 
ABC, the proportion of exEMq to IFc will be 
given. Conſequently the proportion of e to IF will 
be alto given, becauſe the ratio of EM to IFg is 
the ſame with the given ratio of HFq to HI, or of 


KBg to KLZ. And hereby the circle EFG will be 
given, whoſe curvature is equal to the curvature | 


of the curve ROO at the Fan 0 


86. Sup- 
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86. Surros the curve ABC to be the conical 
parabola, where ALq ſhall be equal to yX LB, y be- 
ing the latus rectum of the axis. Here e will be to 
as y to 2AL; for that is the ratio of the fluxion 
of AL to the fluxion of BL: therefore QS is 


== AL, and conſequently the fluxion of QS to the 


N. 
fluxion of AL, (that is ex EM to IFc) as 2c to 25 or 
as 2exEMg to yxEMy ; in fo much that IFe is =" 


— hal 
* 


. gy oY 


* 
4 


3yxE Mg, and the given ratio of IFq to EMę 
(namely the ratio of KLq to KBg) is the ſame with 
the ratio of 25 to IF: that is, IF is equal to half 
the latus rectum appertaining to the diameter of the 
parabola, whoſe vertex is the point B. | 


87. THIS is all we think neceflary towards giving 
a juſt and clear idea of the nature of fluxions, and 
for proving the certainty of the deductions made 
from 


44 „Ds ed 9 p 
from them. For it muſt now be manifeſt to every WF ' 
reader, that mathematical quantities become the pro- 5 
per object of this doctrine of fluxions, whenever 
they are ſuppoſed to increaſe by any continued motion 
of prolongation, dilatation, expanſion or other kind 
of augmentation, provided ſuch augmentation be 
directed by ſome general rule, whence the meaſure 
of the increaſe of theſe quantities may from time to 
time be eſtimated. And when different homogeneous 
magnitudes increaſe after this manner together, one 
may vary faſter than another. Now the velocity of 
increaſe in each quantity, is the fluxion of that 
quantity. This is the true interpretation of Sir Iſaac 
Newton's appellation of fluxions, Incrementorum 
velocitates. For this doctrine does not ſuppoſe the 
fAluents themſelves to have any motion. Fluxions 
are not the yelocities, with which the fluents, or even 
the increments, which thoſe fluents receive, are 
themſelves moved; but the degrees of velocity, 5 
where with thoſe increments are generated. Subjects "= 
incapable of local motion, ſuch as fluxions them- 
ſelves, may alſo have their fluxions. In this we do 
not aſcribe to theſe fluxions any actual motion; for 
to aſcribe motion, or velocity to what is itſelf only 
a velocity, would be wholly unintelligible. The 
fluxion of another fluxion is only a variation in the 
velocity, which is that fluxion. In ſhort, light, 
heat, ſound, the motion of bodies, the power of 
gravity, and whatever elſe is capable of variation, 
and of having that variation aſſigned, for this reaſon 
comes under the preſent doctrine z nothing more 
being underſtood by the fluxion of any ſubject, than 


* 


the degree of ſuch its variation. 
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88. TO aſſign the velocities of variation or in- 

creaſe in different homogeneous quantities, it is ne- 
, <ceſlary to compare the degrees of augmentation, 
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which thoſe quantities receive in equal portions of 


time; and in this doctrine of fluxions no farther 
uſe is made of ſuch increments : for the application 


of this doctrine to geometrical problems depends 
upon the knowledge of theſe velocities only. But 
the conſideration of the increments themſelves may 
be made ſubſervient to the like uſes upon other prin- 
ciples; the explanation of which leads us to the ſe- 
cond part of our deſign. | 
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PRIME and ULTIMATE 


89. 1 primary method of comparing toge- 
ther the magnitudes of rectilinear ſpaces 


is by laying them one upon another: thus all the MZ 


right lined ſpaces, which in the firſt book of Euclide 
are proved to be equal, are the ſum or difference of 
ſuch ſpaces, as would cover one another. This me- 
thod cannot be applied in comparing curvilinear 
ſpaces with rectilinear ones; becauſe no part what- 
ever of a curve line can be laid upon a ſtreight line, 
fo as wholly to coincide with it. For this purpoſe 
therefore the ancient geometers made uſe of a me- 
thod. of reaſoning, ſince commonly called the method 
of exhauſtions; which conſiſts in deſcribing upon 
the curvilinear ſpace a rectilinear one, which though 
not equal to the other, yet might differ leſs from it 

than by any the moſt minute difference whatever, 
that ſhould be propoſed ; and thereby proving, the 
two ſpaces, they would compare, could be neither 
greater nor leſs than each other. 


90. For example, in order to prove the equality 

between the ſpace comprehended within the circum- 
ference of a circle, and a triangle, whoſe baſe ſhould 
be equal to the circumference of that circle, and its 
altitude to the ſemdiameter, Archimedes takes this 


method. 
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or FLUXION;S &. 4 
method. About the circle he deſcribes a polygon 
as ABC; and makes it appear, that by muffipiping 


| - the fide of this polygon, there may at length be 
| deſcribed ſuch a: one, as ſhall exceed the circle leſs 


* 


than by any difference, that ſhall be propoſed, how 
minute ſoever that difference be. By this means it 
was eaſy to prove, that the triangle DEF, whoſe 


baſe EF ſhould be equal to the circumference of the 


Ai 


I. : "2 Cc 


circle, and altitude ED equal to the ſemidiameter, is 
not greater than the circle. For were it greater, 
how ſmall ſoever be the exceſs, it were poſſible to 
deſcribe about the circle a polygon leſs than the 
triangle; but the circumference of the polygon is 
greater than the circumference of the circle, there- 
tore the polygon can never be leſs, but muſt be 
always greater than the triangle; for the polygon is 
7 to a triangle, whoſe altitude is the ſemidiameter 
of the circle, and baſe equal to the circumference of 
the polygon. It appears therefore impoſſible for the 
triangle DEF to be greater than the circle. 


91. Tavs far Archimedes makes uſe of the poly- 
gon circumſcribing the circle and no farther: but 
inſcribing another within the circle he proves, by a 
ſimilar proceſs of reafoning, that it is impoſſible for 

—— _ 


=. DISCOUR SE 

the triangle to be leſs than the circle; becauſe if 
it were leſs, a polygon might be inſcribed within the 
Circle greater than this triangle, which he alſo proves 
to be impoſſible; whereby at length it becomes cer- 
tain, that the triangle DEF is neither greater nor 


leſs than the circle, but equal to it. 


92. Howeves, the triangle may be proved not to 
be leſs than the circle by the circumſcribed polygon 
alſo. For were it leſs, another triangle DEC, whoſe 
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baſe EG is greater than EF, might be taken, which 
ſhould not be greater than the circle. But a polygon 
can be circumſcribed about the circle, the circum- 
ference of which ſhall exceed the circumference of 
the circle by leſs than any line, that can be named, 
conſequently by leſs than FG, that is, the circum- 
ference of the polygon ſhall be leſs than EF, and 
the polygon leſs than the triangle DEG ; therefore ic 
is impoſlible, that this triangle ſhould not exceed the 
circle, ſince it is greater than the polygon : conſe- 
quently the triangle DEF cannot be leſs than the 
circle. | | 
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93. THUS the circle and triangle may be 
proved to be equal by comparing them with one 
5 polygon 
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Or FLUXIONS &c. ay 
polygon only, and Sir Iſaac Newton has inſtituted 
upon this principle a briefer method of conception 
and expreſſion far demonſtrating this fort of propo- 
ſitions, than what was uſed by the ancients; and his 
ideas are equally diftin&, and adequate to the ſub- 
ject, with theirs, though mote complex. It became 
the firſt writers to chooſe the moſt ſimple form of 
expreſſion, and the leaſt coripounded ideas poffible. 
But Sir Haae Newton thought, he ſhould oblige the 
mathematicians by uling brevity, provided he in- 


troduced no modes of conception difficult to be 


comprehended by thoſe, who are not unſkilled in 


the ancient methods of writing. 


94. Tur conciſe form, into which Sir Iſaac New- 
ton has caſt his demonſtrations, may very poſſibly 
create a difficulty of apprehenſion in the minds of 
ſome unexerciſed in theſe ſubjects. But otherwiſe 
his method of demonſtrating by the prime and ulti- 
mate ratios of varying magnitudes is not only juſt, 
and free from any defect in itſelf ; but eafily to be 
comprehended, at leaſt by thoſe who have made 
theſe ſubjects familiar to them by reading the an- 
cients. F a „ : 
95. IN this method any fixed quantity, which 
ſome varying quantity, by a continual augmenta- 
tion or diminution, ſhall perpetually approach, but 
never paſs, is conſidered as the quantity, to which 


; the varying quantity will at laſt or ultimately become 


equal; provided the varying quantity can be made 


in its approach to the other to differ from it by leſs 


than by any quantity how minute ſoever, that can 
be aſſigned , : 


96. Upon this principle the equality between the 
fore-mentioned circle and triangle DEF is at once 

„ * Princ, Philoſ. Lib. I. Lem. 1. | 

Vor. Il. "Il dedu- 


* 


50 Sun LCF 

deducible. For, ſince the polygon circumſcribing the 
circle approaches to each according to all the con- 
ditions above ſet down, this polygon is to be conſi- 
dered as ultimately becoming equal, to both, and 
conſequently they muſt be eſteemed equal to each 
other. N 5 T1 
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97. Tnar this is a juſt concluſion, is moſt evi- 
dent. For if either of theſe magnitudes be ſuppoſed 
leſs than the other, this polygon could not approach 
to the leaſt within ſome aſſignable diſtance. 
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98. RATIOS alſo may ſo vary, as to be con- 
fined after the ſame manner to ſome determined 
limit, and ſuch limit of any ratio is here conſidered 
as that, with which the varying ratio will ultimately 
coincide *. 
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| . From any ratio's having ſuch a limit, it does 

not follow, that the variable quantities exhibiting 
that ratio have any final magnitude, or even limit, 
which they cannot pals. Eb 
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100. For ſuppoſe two magnitudes, B and BA, 
whoſe difference ſhall be A, are each of them per- 
petually increaſing by equal'degrees. It is Evident, 

that if A remains unchanged, the proportion of 
B+A to B is a proportion, that tends nearer and 
nearer. to the proportion of equality, as B becomes 
larger; it is alſo evident, that the proportion of 
B+A to B may, by taking B of a ſufficient magni- 
tude, be brought at length nearer to the proportion 
of equality, than to any other aſſignable proportion; 
and conſequently the ratio of equality is to be con- 
ſidered as the ultimate ratio of B A to B. The 
ultimate proportion then of theſe quantities is 
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here aſſigned, though the quantities themſelves have 
no final magnitude. e's SAHA 


101. Tux ſame holds true in decreaſing quantities. 


102. THz quadrilateral ABCD bears to the qua- 
drilateral FBCF the proportion of ABC to 
BE+CE, provided the two lines AE and DF are 
parallel. Now if the line DF be drawn nearer to 
AE, this proportion of AB+DC to BE--CF will 
not remain the ſame, unleſs the lines DA, CB, FE 
produced will meet in the ſame point; and this pro- 
portion, by diminiſhing the diſtance between DF 
and AE,mayatlaſtbebrought © 5 
' nearer to the proportion of 3 

AB to BE, than to any other e | 
whatever. Therefore the pro- 4 — 5 | 
portion of AB to BE is to be 6 3 
conſidered as the ultimate 3 
proportion of AB+DC to | 
BE -CF, or as the ultimate ED | 
proportion of the quadrilate- E 1 
ral ABCD to the quadrilateral EBC F. 


103. HERE theſe quadrilaterals can never bear 
dne to the other the proportion between AB and BE, 
nor have either of them any final magnitude, or 
even ſo much-as a limit, but by the diminution of 
the diſtance between DF and AE they diminiſh con- 
tinually without end: and the proportion between 
AB and BE is for this reaſon called the ultimate 
proportion of the two quadrilaterals; becauſe it is 
the proportion, which thoſe quadrilaterals can never 
actually have to each other, but the limit of that 
proportion. | 1 


104. Tre quadrilaterals may be continually dimi- 
niſhed, either by dividing BC in any known propor- 
ä 3 2 | | nel 
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52 J) ._ 
tion in G drawing HGI parallel to AE, by divid- 


ing again BG in the like manner, and by continu- 
ing this diviſion without end; or elſe the line DF 


may be ſuppoſed to advance towards AE with an 
uninterrupted motion, *till the quadrilaterals quite 


_ diſappear, or vaniſh. And under this latter notion 


theſe quadrilaterals may very properly be called va- 
niſhing quantities, fince they are now conſidered, as 


never having any ſtable magnitude, but decreafing 


by a continued motion, till they come to nothing. 
And ſince the ratio of the quadrilateral ABCD to 


the quadrilateral BEFC, while the quadrilaterals di- 
 miniſh, approaches to that of AB to BE in fuch 


manner; that this ratio of AB to BE is the neareſt 


limit, that can be aſſigned to the other; it is by no 


means a forced conception to conſider the ratio of 
AB to BE under the notion of the ratio, wherewith 
che quadrilaterals vaniſh ; and this ratio may pro- 
perly be called the ultimate ratio of two vaniſhing 
quantities. | | 
105. TRE reader will perceive, I am endeavour- 
ing to explain Sir Iſaac Newton's expreſſion Ratio 


ultima quantitatum evaneſcentium and J have ren- 


dered the Latin participle evaneſcens, by the Engliſh 
one vaniſhing, and not by the word evaneſcent, 


which having the form of a: noun adjective, does 


not ſo certainly imply that motion, which ought 
here to be kept carefully in mind. The quadrila- 
terals ABCD, BEFC become vaniſhing quantities 
from the time, we firſt aſcribe to them this perpe- 
tual diminution ; that is, from that time they are 
8 going to vaniſh. And as during their 
iminution they have continually different propor- 
tions to each other; ſo the ratio between AB and 
BE is not to be called merely Ratio harum quaati- 
tatum evaneſcentium, but Ultima ratio *. 
Vid. Princ. Philoſ. Lib. I. Lem. xi. in Schol. 
1 0 100, SHOULD 
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106. SHovLD we ſuppoſe the line DF firſt to co- 
incide with the line AE, and then recede yen it, 
by that means giving birth 8 
to the quadrilaterals; under HA 


E this conception the ratio of . | 
2 to BE may very juſtly be A 1 


= conſidered as the ratio, G s 
3 wherewith the quadrilaterals B I 
by this motion commence z 
and this ratio may alſo 1 | . | 
perly be called the firſt or F. T 
prime ratio of theſe quadrilaterals at their origine. 


YH 107. Here I have attempted to explain in like 
manner the phraſe Ratio prima quantitatum naſcen- 
tium; but no Engliſh participle occurring to me, 
whereby to render the word naſcens, I have been 
3 obliged to uſe circumlocution. Under the preſent 
"8 { conception of the quadrilaterals they are to be called 
XX  naſcentes, not only at the very inſtant of their firſt 
production, but according to the ſenſe, in which 
ſuch participles are uſed in common ſpeech, after 
the ſame manner, as when we ſay of a body, which 
has lain at reſt, that it is beginning to move, though 
it may have been ſome little time in motion: on 
this account we muſt not uſe the ſimple expreſſion 
Ratio quantitatum naſcentium; for by this we ſhall 
not ſpecify any particular ratio; but to denote the 
ratio between AB and BE we muſt call it Ratio 
prima quadrilaterum naſcentium “. 
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108. We ſee here the ſame ratio may be called 
ſometimes the prime, at other times the ultimate ratio 
of the ſame varying quantities, as theſe quantities are 
XX conſidered either under the notion of vaniſhing, or 


7 K. 


5 
JN V Vid. Ibid, 139 
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of being produced before the imagination by an 


uninterrupted motion. The doctrine under exami- 


nation receives its name from both theſe ways of 
expreſſion. 


109. THUS we have given a general idea of the 
manner of conception, upon which this doctrine is 
built. But as in the former part of this diſcourſe we 
confirmed the doctrine of fluxions by demonſtrations 
of the moſt circumſtantial kind ; ſo here, to remove 
all diſtruſt concerning the concluſiveneſs of this me- 
thod of reaſoning, we ſhall draw out its firſt princi- 
ples into a more diffuſive form. 


110. FO R this purpoſe, we ſhall in the firſt place 
define an ultimate magnituce to be the limit, to 
which a varying magnitude can approach within any 


degree of nearneſs Whatever, though it can never 
ve made abſolute: ly equal to it. 


111. Tavs the circle aiſegutfed of above, accord- 
ing to this definition, is to be called the ultimate 
magnitude of the polygon circumſcribing it; be- 
cauſe this polygon, by increaſing the number of its 
ſides, can be made to differ from the circle, leſs than 
by any ſpace, that can be propoſed, how ſmall ſoever; 


and yet the polygon can never become either equal to 
the circle or leſs. 


— 


112. Ix like manner the circle will be the ultimate 


magnitude of the polygon inſcribed, with this dif- F 


ference only, that as in the firſt caſe the varying 
magnitude is always greater, here it will be leſs than 
ne om endes which is its limit. 


Ava, if EG, the baſe of the triangle 
DE 65 be ſuppoſed always equal to the circumference 
of che Polygon, the triangle DES will be the ulti- 


mate 


nce 
1]tt- 
gate 
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nate magnitude of the triangle DEG, ſince the 
baſe EG will conſtantly be greater than the vaſe 
EF, equal to the circumference of the circle oaly, 


and yet EG may be made to approach EF nearer 
than by any difference, that can be named. 


0 


* . 
114. UPON this definition we may ground the 
following propoſition ; That, when varying magni- 


tudes keep conſtantly the ſame proportion to each 


other, their ultimate magnitudes are in the ſame 


proportion. 8 


115. LET A and B be two varying magnitudes, 
which keep conſtantly in the ſame proportion to each 
other; and let C be the ultimate magnitude of A, 
and D'the ultimate magnitude of B. I ſay, that C is 
to D in the ſame proportion. | 


115. As A is a varying magnitude continually 
approaching to C, but can never become equal to it, 
A may be either always greater or always leſs than 
C. In the firſt place ſuppoſe it greater. x 


When A is greater than C, in ap- A. ; i 


proaching to C it is continually dimi- 
niſhed ; therefore B keeping always 


in the ſame proportion to A, B in ap- E. 


proaching to its limit D is alſo conti- 


nually diminiſhed, 1 117. Now, 


56 DISCOURSE 


i No, if. bolibia let the ratio of C to D be 
| ene than chat of A to B, that is, ſuppoſe C to 
ve to ſome magnitude E, greater than D, the ſame 
proportion as A has to B. Since C is the ultimate 
magnitude of A in the ſenſe of the preceding defini- 
tion, A can be made to approach nearer to C than by 
any difference, how ſmall ſoever that ſhall be 8 
poſed, but can never become equal to it, or leſs. 
Fhocefore, ſince C is to E as A to B, B will always 
exceed E,; conſequently can never approach to D fo 
near as by the excels of E above D : which is abſurd. 
For ſince D is ſuppoſed the ultimate magnitude of B. 


it can be approached T B nearer than by any aſſigned 
difference. 
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. ArrEx the ſame manner, neither can the 
ratio of D to C be greater than that EE A.: 
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119. Ir the varying magnitude A be leſs than C, 
it follows, in like manner, that neither the ratio of 
C to D can be leſs than that of A to B, nor the ratio 
of D to C leſs than that of B to A. 
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120. Ir is an evident corollary. from this drupal 
tion, that the ultimate magnitudes of the ame or 
equal varying magnitudes are em 
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121. NOW from this propoſition the fore-men- 
tioned equality between the circle and triangle DEF 
will again readily appear. For the circle being the 
uitimate magnitude of the polygon, and the triangle 
DEF the ultimate magnitude of rhe triangle DEG, 
when the polygon and the triangle DEG are equal, 
by - propoſition the circle _ my DEF ol 
de a 22 v1, | 
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122. Ir the preceding propoſition be admitted, as 
a genuine deduction from the definition, upon which 
it is grounded; this demonſtration of the equality 
of the circle and triangle cannot be excepted to. 
For no objection can lie againſt the definition itſelf, 
as no inference is there deduced, but only the ſenſe 
explained of the term defined in it. 


123, THE other part of this method, which 
concerns varying ratios, may be put into the ſame 
form by defining ultimate ratios, as follows. 


124. Ir there be two quantities, that are (one or 
both) continually varying, either by being continu- 
ally augmented, or continually diminiſhed; though 
the proportion, they bear to each other, ſhould 
by this means perpetually vary, but in ſuch a man- 
ner, that it conſtantly approaches nearer and nearer 
to ſome determined proportion, and can alfo be 
brought at length in its approach nearer to this de- 
termined proportion than to any other, that can be 
aſſigned, but can never paſs it: this determined 
proportion is then called the ultimate proportion, or 
the ultimate ratio of thoſe varying quantities, 


125. TO this definition of the ſenſe, in which the 
term ultimate ratio, or ultimate proportion is to be 
underſtaod, we muſt ſubjoin the following propoſi- 
tion: Thar all the ultimate ratios of the ſame varying 
ratio are the ſame with each other. | | 


126. Suprosk the ratio of A to B continually 
varies by the variation of one or both of the terms 
A and B. If the ratio of C to D be the ultimate 
ratio of A to B, and the ratio of E to F be likewiſe 
the ultimate ratio of the ſame; I ſay, the ratio of C 
to D is the fame with the ratio of E to F. 


127. 
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| 127. Ir poſſible, let the ratio of E to F differ 


from that of C to D. Since the ratio of C to D 
is the ultimate ratio of A to B, the ratio of A to B, 


in its approach to that of C to D, can be brought 
at length nearer to it, than to any other whatever. 
Therefore if the ratio of E to F differ from that of 


C to D, the ratio of A to B will either paſs that of 


E to F, or can never approach ſo near it, as to the 
ratio of C to D: in ſo much that the ratio of E to F 
cannot be the ultimate ratio of A to B, in the ſenſe 


of this definition. 


128. THE two definitions here ſet down, toge- 
ther with the general propoſitions annexed to them, 
comprehend the whole foundation of this method, 
we are now explaining. | | 


129. Wr find in former writers ſome attempts 
toward ſo much of this method, as depends upon 
the firſt definition. Lucas Valerius in a moſt excel- 
lent treatiſe on the center of gravity. of ſolid bodies, 
has given a propoſition nothing different, but in the 


. form of the expreſſion, from that we have ſubjoined 


to our firſt definition; from which he demonſtrates 


with brevity and elegance his propoſitions concern- 


ing the menſuration and center of gravity of the 


ſphere, ſpheroid, parabolical and hyperbolical co- 


noids. This author writ before the doctrine of in- 
diviſibles was propoſed to the world. And ſince, 
Andrew Tacquet, in his treatiſe on the cylindrical 
and annular ſolids, has made the ſame propoſition, 
though ſomething differently expreſſed, the baſis of 
his demonſtrations, at the ſame time very judiciouſly 


expoſing the inconcluſiveneſs of the reaſonings from 


indiviſibles. However, the conſideration of the li- 
mits of varying proportions, when the quantities ex- 
preſſing thoſe proportions have themſelves no limits, 
2 which 
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which renders this method of prime and ultimate 
ratios much more extenſive, we owe intirely to Sir 
Iſaac Newton. That this method, as thus com- 
pleated, is applicable not only to the ſubjects treated 
by the ancients in the method of exhauſtions, but to 
many others alſo of the greateſt importance, appears 
from our author's immortal treatiſe on the Mathema- 
tical principles of natural philoſophy. 


130. HOWEVER, we ſhall farther illuſtrate 
this doctrine in applying it to the ſame general pro- 
blems as thoſe, whereby the uſe of fluxions was above 
exemplified. | : 


131. Wx have already given one inſtance of its 

uſe in determining the dimenſions of curvilinear 
' ſpaces; we ſhall now ſet forth the ſame by a more 
general example. 


132. LET ABC be a curve line, its abſciſſe AD, 
and an ordinate DB. If the parallelogram EFGH, 
formed upon the given line EF under the ſame an- 
le, as the ordinates of the curve make with its ab- 
feilt, be in all parts ſo related to the curve, that 
the ultimate ratio of any portion of the abſciſſe AD 
to the correſpondent portion of the line EH, ſhall 
be that of the given line EF to the ordinate of the 
curve at the beginning of that portion of the ab- 
ſciſſe; then will the curvilinear ſpace ADB be equal 
to the parallelogram EG. | 8 


133. Ix the curve let the abſciſſe AD be divided 
into any number of equal parts Al, IL, LN, ND, 
and let the ordinates IK, LM, NO be drawn, and 
alſo in the parallelogram EG the correſpondent 
lines PQ, RS and TV. In the curve compleat the 
parallelograms IW, LX, NY, and in the parallel- 
ogram EG make the parallelogram PZ equal to the 


paral- 


3 5 1055 IW, the parallelogram RT equal to 
X, and the parallelogram TA equal to NY : then 
the whole figure IK WMXO VD will be equal to 
the whole figure PZ TAH. But in the curve, by 
increaſing the number and diminiſhing the breadth 
of theſe parallelograms, the figure IK WMXOYD 
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will approach nearer and nearer in magnitude to the 
curvilinear ſpace ADB; in ſo much that their differ- 
ence may be reduced to leſs than any ſpace, that ſhall 

be aſſigned; therefore the curvilinear ſpace ADB is 
the ultimate magnitude of the figure IRWMXOYD. 
Farther, fince the parallelogram EG is in all parts ſo 
related to the curve, that the ultimate ratio of every 
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portion, as LN, of the abſciſſe AD to RT, the 
correſpondent portion of EH, is the ſame with the 


ratio of EF or RS, to LM; the ultimate ratio of 
the parallelogram LX, or its equal RI, to the 


parallelogram RV, is the ratio of equality, This 
is alſo true of all the other correſpondent parallelo- 
grams; 'therefore, the ultimate ratio of the figure 
PZFAH to the parallelogram PG is the ratio of 
equality; that is, the figure PZTAH, by increaſing 


the number of its parallelograms, can be brought 


nearer to the parallelogram PG than by any differ- 
ence whatever, that may be propoſed. Moreover, 
by increaſing the number of ordinates in the curve, 


the reſiduary portion Al of the abſciſſe can be reduced 


to leſs than any magnitude, that ſhall be propoſed; 
whereby the parallelogram EQ, correſponding to 


| this portion of the abſcifſe, may be alſo reduced to 
leſs than any magnitude, whatever propoſed; and 


the parallelogram PG be brought to differ leſs from 
EG than by any aſſigned magnitude how ſmall ſo- 


brought nearer to the parallelogram PG than by any 


difference, that can be aſſigned; the figure PZFAH 
can be brought alſo nearer to the parallelogtam EG 
3 than by any difference that can be aſſigned. Con- 


ſequently the parallelogram EG is the ultimate mag- 
nitude of the figure PZ FAH. Therefore the figures 
PZFAH and IK WMXOYDP being equal varying 
magnitudes, and the ultimate nas of equal 
varying magnitudes being equal, the curvilinear ſpace 
ADB is equal to the parallelogram EG. 

134. SUPPOSE the curve ABC were a Cubical pa- 
rabola convex to the abſciſſe, that is, ſuppoſe @ 


da Ee then the parallelogram EG will be 
equal to the {pace ADB. 


As 


ever. Since therefore the figure PZFAH can be 
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| — + ER will be == SEE 
and ET 2 W 
5 . conſequently RT = 
ALœXLN +3 ALTXLNY AL ALx*LNc+ +LNgg 
8 | r | Ts, 
Therefore the parallelogram EG is here ſo related in 
| all parts to the curve, that LN is to RT as gx EF 
1 to ALc+3ALqgx LN + AL x L-Ng + 3LENc. 
1 Now it is evident, that the ratio of LN to RT can 
1 never be ſo great as the ratio of S* EF to ALe; 
ll but yet, by diminiſhing' LN, the ratio of LN to 
0 | RT may at length be brought nearer to this ratio than 
1 
WR 
160 
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to any other whatever, that ſhould be propoſed, 
Conſequently by the preceding definition of what is 
to be underſtood by an ultimate ratio, the ratio of 
Sg x EF to AL is, the ultimate ratio of EN to 
RT. But ALe being = Sg x LM, Sg Xx EF is to 
ALc as EF to LM. Therefore the ratio of EF to 
LM is the ultimate ratio of LN to RT. Con; 
ſequently, by the preceding general propoſition, 
the parallelogram EG is equal to the curvilinear 


ſpace ADB. And this parallelogram is equal to 


136. AGAIN, this method is equally uſeful in 


determining the - ſituation. of the tangents to curve 
lines, j 


137. In the curve ABC, whoſe abſciſſe is AD, let 
EB be a tangent at the point B. Let BF be the ordi- 
nate at the ſame point B, and GH another ordinate 
parallel to it, which ſhall meet the tangent in I, and 
the line BK, | Fg | 
parallel to the 
abſciſſe AD, in 
K. Here the 
ratio of HK, 
the difference 
of the ordi- 
nates, to BK 
can never. be LAS el RET 
the amewith A. £,@ . 
the ratio of BF 2 51 (47 
to FE, unleſs by the figure of the curve the tangent 
chance to cut it in ſome point remote from B; this 


ratio of BF to FE being the ſame with that of IK 
to KB. But it is farther evident, that the nearer 


GH is to FB, the ratio of KH to KB will approach 


ſo much the nearer to the ratio of IK to KB; and 


the angle, which the curve BC makes with the 
55 | tangent 
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rangent BI being leſs than any right-lined angle, 
it is manifeſt, that GH may $4 —.5 to eb 
atk EB, So ratio of HK to KB, ſhall at 
approach nearer to the ratio of IK to KB. ar. 
of F 15 FE, 9 e 85 4 
than to any | 1 
other ratio 


bo 


poſed; thar is, 
the ratio of 
BF to FE is 2 . 
the ultimate E 


ratio of HK A E PF @ 5 


toKB. There- | | 
fore, if from the properties of the curve ABC the 
ratio of HK to KB be determined, and from thence 
their ultimate ratio aſſigned; this ratio thus aſſigned 


will be the ratio of BF to FE; becauſe all the ulti- 


mate ratios of the ſame variable ratio are the fatne 
with each other. 4 1 


138. Supposx the curve ABC again to be a cubj- 
cal parabola, where BF is = mn and GH = 


herefore HK is to FG, or BK, as AF x AG + 
FGgq to Zq. Conſequently the ratio of HK to BK 
can never be ſo ſmall as the ratio of 3AFq to Zz; 
but by diminiſhing BK it may be brought nearer to 
that ratio than to any other determinace ratio what> 


ever; that is, the ratio of 3AFq to Zꝗ is the ultimate 


ratio of HK to KB. Therefore, if BF bear to FE 


the ratio of 3AFq to Z4, the line BE will couch the 


curve in B: and EF will be equal to AF. | 


139. 
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139. AFTER the ſituation of the tangent. has 
been thus determined, the magnitude of HI, the 
part of the ordinate intercepted between the tangent 


and the curve, will. be known. For example, in 
this inſtance ſince BF is to FE, that is IK to FG, 


AFq x FG 
as 3 AFq to 25, IK will be = 3-1 , and 
3AFxAGxFG+E * 


HK being = 


8 
| zAF x FGq + FGe 2 EG? 
de 77 8 x 3AF "FG. 
Now by this line HI may the curvature of curve 


lines be compared. 


, HI will 


140. Lr the freight fine AB touch the curve 
CBD in the point B; CE being the abſciſſe of the 
.curve, and BF the ordinate at B. Take any other 
point G in the curve, and through the points G,B, 
deſcribe the circle BGH, that ſhall touch the line 
AB in B; laſtly, draw IKG L parallel to FB. Here 
are two angles formed at the point B with the circle, 
one by the line BK, the other by the curve; and 
the proportion of the firſt of theſe angles to the 
ſecond will be different in different diſtances of the 
point G from the point B. And by the approach 
of G to B the angle between the circle and curve 
will be diminiſhed, even ſo much as at length to 
bear a leſs proportion to the angle between the circle 
and tangent, than any, that can be propoſed. That 
is, by the approach of the point G to B the angle 
between the tangent and circle may be brought 
nearer to the angle between the tangent and the 
curve, than by any difference how minute ſoever 
homogeneous to thoſe angles; therefore the mag- 
nirude of the circle being continually varied by the 
gradual approack of G to B, and the angle between 
the tangent and circle thereby alſo varied ; ; the angle 
Vor. IL E betweea 
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between the tangent and curve is the ultimate mag- 
nitude of theſe angles. That is, the ultimate of 
theſe circles determines the degree of curvature of 
the curve CBD at the point B. But in the circle 


the rectangle under LKG is equal to the ſquare of 


BK. And while the magnitude of KL varies per- 


petually by the approach of the point G towards 


B; if BM, taken in FB produced, be the ultimate 
magnitude of KL, the circle deſcribed through M 
and B to touch the tangent AK in B will be the 
circle, by which the curvature of the curve CBD in 
B is to be eſtimated. | 


NI 
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141. Soros the curve CBD to be the cubical 
parabola as before, where Zq x FB is = CFc, then 
KG will be = 24 Scr ＋ FI. Hence LK 


E n _ BKg, 24 
EXC, = Bb * 0 o-FT 


is evident, that in a given ſituation of the tangent 


AB the ratio of BK? to Fly is given; therefore 


But it 


LK 
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LK will be reciprocally as 3CF + FI, and will 


continually increaſe, as the point G approaches to 
the point B, but can never be ſo great, as to equal 
BEE. 
Flg © 3CF* 
to B, LK may be brought nearer to this quantity than 


3 yet by the near approach of G 
3 5 5 


-- "be any difference, that ſhould be propoſed. There- 


fore, by our former definition of ultimate magni- 
BKg a ax ; „ 
tudes, Fl * CF is the ultimate magnitude of 
LK. Conlequently, if BM be taken equal to this 
BK? 24 3 3 3 
Th. * CF" the circle | deſcribed through M is 


that required. 


142. WE have now gone through all, we think 


needful for illuſtrating the doctrine of prime and ulti- 


mate ratios; and by the definitions, which have been 


here given of ultimate magnitudes and proportions, 


compared with the inſtances ſubjoined of the appli- 
cation of this doctrine to geometrical problems, we 
hope our readers cannot fail of forming ſo diſtinct a 
conception of this method of reaſoning, that it ſhall 


appear to them equally geometrical and ſcientific 
vwith the moſt unexceptionable demonſtration. 


143. THEREFORE we ſhall in the next place pro- 


ceed to conſider the demonſtrations, which Sir Iſaac 
Newton has himſelf given, upon the principles of 


this method, of his precepts for aſſigning the fluxions 
of flowing quantities. 
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Of demonſtrating his Rules for finding 
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464. 0 I R Ifaac Newton has „ his 

| directions for computing the fluxions of 
quantities in two propoſitions; one in his Intro- 
JuRion to his treatiſe on the Quadrature of curves; 
the other is the firſt propoſition of the book. itſelf. In 
the firſt he aſſigns the fluxion of a ſimple power, the 
latter is univerſal for all quantities whatever, 


| 145. FOR determining the fluxion of a imple wer 
ſuppoſe the line AB to be denoted by x, and ano- 


ther line CD to be denoted by — or by TY 
ing a as unite, CD will be denoted by x". 


146. SupPosE the pointsB andD to move in equal 
Tpaces of time into two other poſitions E and F; 
— DF will be to BE in the ratio of the velocity, 

where with DF would be deſcribed with a uniform 


motion, 


Cb is deſcribed, 
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motion, to the velocity, wherewith BE. will be de- 
ſcribed in the ſame time with a uniform motion. 


But if the point | 1 
deſcribing Mike = B F 


line AB moves éĩé?⸗2bẽ ſÄ ᷣꝑo] ꝰ 
uniformly; the ; | | 
velocity, where- . , ba 


+ 
— | ; 


with the line C_ 


—— 
A 


— 


1 
5 


will not be uniform. Therefore the ſpace DF is 
not deſcribed with a uniform velocity; in ſo much 
that the velocity, wherewith DF would be uni- 


formly deſcribed, is never the ſame with the velo- 
city at the point D. But by diminiſhing the mag- 


nitude of DF, the uniform velocity, wherewith DF 
would be deſcribed, may be made to approach at 


pleaſure to the velocity at the point D. Therefore 


the velocity at the point D is the ultimate magnitude 
of the velocity, wherewith DF would be uniformly 
deſcribed. Conſequently the ratio of the velocity at 
D to the velocity at B is the ultimate ratio of the 
velocity, where with DF would be uniformly de- 
ſeribed, to the velocity, wherewith BE is uniformly 


deſcribed. But DF being to BE as the velocity, 


wherewith DF would be uniformly defcribed, to that, 
wherewith BE is uniformly deſcribed, the ultimate 
ratio of DF to BE. is alſo the ultimate ratio of the 
firſt of theſe velocities to the laſt; becauſe all the 
ultimate ratios of the ſame varying ratio are the ſame 
with each other. Therefore the ratio of the velocity 
at D to the velocity at B, that is, of the fluxion 
of CD to the fluxion of AB, is the ſame with the 


: ultimate ratio of DF to BE. 
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147. Ir now the augment BE be denoted by o, the 


ux 1 


* * 
, 
* 


augment DF will be denoted by nx + . 


MX — I XU —2 


A262 + 7 Gn —3g3 + &c. And here 


it is obvious, that all the terms after the firſt taxen 
together may be made leſs than any part whatever of 
the firſt, that ſhall be aſſigned. Conſequently the pro- 
portion of the firſt term xn 10 to the whole augment 
may be made to approach within any degree whatever 


of the proportion of equality; and therefore the ulti- 


1 


a f og ” F N * 2—1 1 5 
mate proportion of 1 + . „-%. + 
1 „ I X 1 — 2 1 . 
PP — x i, + &c.' to o, or of DF to 


BE, is that of 2-10 only to o, or the proportion 


of uxn—1 to 1. 


148. AND it has already been proved, that the pro- 


portion of the velocity at D to the velocity at B is the 


lame with the ultimate proportion of DF to BE; 
therefore the velocity at D is to the velocity at B, or 
the fluxion of * to the fluxion of x, as nx i to 1. 


149. IN the firſt propoſition of the treatiſe of Qua- 


dratures the author propoſes the relation betwixt 


three varying quantities x, y, and z to be expreſſed 
by this, equation x3—xy* + a*z - o. Suppoſe 
theſe quantities to be augmented by any contem- 


poraneous increments great or ſmall. Let us alſo 
ſuppoſe ſome quantity o to be deſcribed at the 
tame time by ſome known velocity, and let that 
velocity be denoted by m; the velocity, wherewith 
the augment of x would be uniformly deſcribed in 
that time be denoted by x; the velocity, wherewith 
the augmeat of y would be uniformly deſcribed " 
* 8 f che 


4 — 
* 


e 


x+ =, y is become y + = and 2⁊ become 2 + 


W 
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the ſame time by 5; and laſtly the velocity, where- 
with the augment of z would be uniformly deſcribed 
in the ſame time by 2. Then > 2, and = 
will expreſs the contemporaneous increments of 
*. and x reſpectively. Now when x is become 


0 3 a | * 
2 the former equation will become x + : 
WET M8 „ 2 * 


e e _ eff . 4 2 
„ nl 
5 = O. Here, as the firſt of theſe equations exhi- 


7 m* m "> ... 


bits the relation between the three quantities x, , z, 


as far as the ſame can be expreſſed by a ſingle equa- 
tion; ſo this ſecond equation, with the aſſiſtance of 


the firſt, will expreſs the relation between the aug- 
ments of theſe quantities. But the firſt of theſe equa- 
tions may be taken out of the latter; whence will 


; „ * x0*XXx 
ariſe ' this third equation —.— + : m— + 


0 oxy* a2xoyy 2x0*Jy wxo*yy 


IS mW 2 m 
— xo'yy a*0Z 
relation between the ſeveral increments; and hke- 
wiſe if o be a given quantity, this equation will 
equally expreſs the relation between the velocities, 
wherewith theſe ſeveral increments are generated 
reſpectively by a uniform motion. And this equa- 
tion being divided by o will be reduced to more 
ſimple terms, and yet will equally expreſs the rela- 
tion of theſe velocities; and then the equation will 

- . oe become 


= 0; Which alſo expreſſes the | 
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| 3x*x r „„ ooy® 
ee BE 
mn „ _— 
2xyy 2xoyy  xoyy Xo*yy * 
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Now let us form an equation out of the terms of 
this, from which the quantity 0 is abſent. This 
2 . 

equation will be — = I 4 5 
and this equation multiplied by m becomes 3754 = 
* — 2 + a*$= ©. It is evident, that this 
equation does. not expreſs the relation of the fore- 
mentioned velocities; . yet by the diminution of o 
this equation may come within any degree of ex- 
reſſing that relation. Therefore, by what has 
= ſo often incalcated, this equation will expreſs 


7 the ultimate relation of theſe velocities. But the 


fluxions of the quantities x, y, 2 are the ultimate 
magnitudes of theſe velocities; fo that the ultimate 
relation of theſe © velocities is the relation of the 
fluxions of theſe quantities. Conſequently this laſt 


equation repreſents the relation of the fluxions of the 
—— * Js E. 


ES 50. IT is now preſumed, we have removed all dif- 
ficulty from the demonſtrations, which Sir Iſaac 


— has himſelf _ of his rules for finding 
fluxions. 


151. IN the begi inning of this diſcourſe we have en- 
deavoured at ſuch a deſcription of fluxions, as might ? 


not fail of giving a diſtinct and clear conception of 
them. We then confirmed the fundamental rules 


for comparing fluxions together by demonſtrations 
of the moſt formal and unexceptionable kind, And 
now having juſtified Sir Iſaac Newton's own de- 
monſtrations, we have not only ſhewn, that his 
doctrine of fluxions 1 is an unerring guide in the ſo- 


lution 


4 
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Jution of geometrical problems, but alſo that he 


5 himſelf had fully proved the certainty of this me- 

thod. For accompliſhing this laſt part of our un- 
25 dertaking it was neceſſary to explain at large ano. 
of ther method of reaſoning eſtabliſned by him, no 
lis leſs worthy conſideration; ſince as the firſt inabled 


him to inveſtigate the geometrical problems, where- 

8 by he was conducted in thoſe remote ſearches into 

nature, which have been the ſubject of univerfal 

admiration, ſo to the latter method is owing the 

ſurprizing brevity, wherewith he has demonſtrated 
thoſe diſcoveries. 5 
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152. HUS we have at length finiſhed the 

whole of our deſign, and ſhall therefore 
put a period to this diſcourſe with the explanation 
of the term momentum frequently uſed by Sir Iſaac 
Newton, though we have yet had no occaſion to 
mention 1t. 5 . 


153. AND in this I ſhall be the more particular, be- 
cauſe Sir Iſaac Newton's. definition of momenta, That 
they are the momentaneous increments or decrements 
of varying quantities, may poſſibly be thought obſcure. 
Therefore I ſhall give a fuller delineation of them, 
and ſuch a one; as ſhall agree to the general ſenſe of 
his deſcription, and never fail to make the uſe of this 
term, in every propoſition, where it occurs, clearly 
to be underſtood. % | 


I 54. IN determining the ultimate ratios between the 
_ contemporaneous differences of quantities, it is often 
previouſly required to conſider each of theſe differ- 
ences apart, in order to diſcover, how much of thoſe 
differences is neceſſary for expreſſing that ultimate 
ratio. In this caſe Sir Iſaac Newton diſtinguiſhes, 
by the name of momentum, ſo much of any differ- 

| ence, 


RIC 


FFF 
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ence, as conſtitutes the term uſed in expreſſing this 
ultimate ratio. 1 e 
155. Tuus in $ 147, where BE is = 0, and DE 


| equal to nx2—19 2 5 3 & 292 ＋ — 


X x- -% + &c. the ultimate ratio of DF to BE be- 
ing the ratio of : roar ot bn af f 


nxn ig too, ſuch 3 B * e 


a part only o- ß ꝙék —— 
D Fas is denoted 5801 

by nun —10, with- n 3 
out the addition e 2; 5 og 


of any ef the fol- 


lowing terms of the ſeries, conſtitutes the whole of 
the momentum of the line CD; but the momentum 
of AB is the ſame as the whole difference BE, or o. 


155. In like manner, if A and B denote varying 
quantities, and their contemporaneous increments 


be repreſented by @ and 5; the rectangle under any 


given line M and à is the contemporaneous in- 
crement of the rectangle under M and A, and 


Ax b TBA T ax is the like increment of the 


rectangle under A, B. And here the whole incre- 
ment Mx a repreſents the momentum of the rect- 
angle under M, A; but AX ＋ BNA only, and 
not the whole increment A&x BT Bxa+8@ax6b, is 
called the momentum of the rectangle under A, B; 


becauſe ſo much only of this latter increment is re- 


quired for determining the ultimate ratio of the 
increment of Mx A to the increment of AxB, this 


ratio being the ſame with the ultimate ratio of 


Mxa to Axb + Bxa; for the ultimate ratio of 
Axb+Bxato Axb+ Bxa+ax is the ratio 


of equality. Conſequently the ultimate ratio of 


Mx 
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Mxa ta Axb +Bxa differs, not. from the ulti- 
mate ratio of M to Ax b + Bxa ＋T axb... 


137. THESE momenta equally relate to the decre- 


ments of quantities, as to their increments, and the 


ultimate ratio of increments, and of decrements at 
the ſame place is the ſame; therefore the momentum 
of any quantity may be determined, either by con- 
ſidering the increment, or the decrement of that 
quantity, or even by conſidering both together. 
And in determining the momentum of the rectangle 
under A and B Sir Iſaac Newton has taken the laſt 


of theſe methods; becauſe by this means the 


fluous rectangle is ſooner diſengaged from the . 
en. 


1 


7 58. HERE 1 dun 8 1 nine 
the only uſe, which ought ever to be made of theſe. 
momenta, is to compare them one with another, 
and for no other purpoſe than to determine the ulti- 
mate or prime proportion. between. the ſeveral incre- 
ments or decrements, from whence they are deduced *. 
Herein the method of prime and ultimate ratios 
eſſentially differs from — of indiviſibles; for in the 
method of indiviſibles momenta are conſidered abſo- 
lutely as parts, whereof their reſpective quantities are 
actually compoſed, But though theſe momenta have 
no final magnitude, which would be neceſſary to make 
them parts capable of compounding a whole by accu- 
mulation; yet their ultimate ratios are as truly aſſign- 
able as the ratios between any quantities whatever. 
Therefore none of the objections made againſt the 
doctrine of indiviſibles are of the leaſt weight againſt 
this method: but while we attend carefully to the ob- 
ſervation here kad down, we ſhall be as ſecure, againſt 
error, and the mind will receive as full ſatisfaction, 

* Neque ſpectatur magnitudo momentorum, ſed prima naſ- 


centium proportio. Newt. Princ. Phil. Lib. II. Lem. 2. 
| as 


* 
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as in any the moſt unexceptionable demonſtration of 


159. WE ſhall make no apology for the length of 
this diſcourſe: for as we can ſcarce ſuſpect, after what 
has been above written, that our readers will be at 
any loſs to remove of themſelves, whatever little 


_ difficulties may have ariſen in this ſubje& from the 


brevity of Sir Iſaac Newton's expreſſions; ſo our 
time cannot be thought miſemployed, if we ſhall at 
all have contributed, by a more diffuſive phraſe, to 
the eaſier underſtanding theſe extenſive, and cele- 
brated inventions. 
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PRECEDING. DISCOURSE. 


Firſt Frome in The Preſent State of the Republick | 
of Letters for October I "7 IT. 


0 OME 8 having 1 ariſen concern- 
ing Sir 1/aac Newton's doctrines of fluxions, 
and of prime and ultimate ratios; this treatiſe was 


written with deſign to give ſuch an idea of both theſe 


ſubjefts, as might clear them from uncertainty, 
without entering into the diſcuſſion of any particular 
objections. 

2. For this end the author has been careful, not 
only to diſtinguiſh both theſe methods from that 
uſually known by the name of indiviſibles, but alſo 


from each other. 


3. The manner wherein the ancients demonſtrated, 


what relates to the menſuration of curvilinear ſpaces, 
not giving any diſtinct notion of the principles, upon 
hic 


they built their analyſis of ſuch problems; 
about thirty years before Sir 1/aac Newton invented 
his method of fluxions, Cavalerius, a mathematician 
of Italy, propoſed in theſe problems a new form of 
reaſoning *, He ſuppoſes, that all ſurfaces might 


* In Geometria Indiviſibilibus promota, Edit. 1635. 


il 


. 
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be filled up with parallel lines, and all ſolids by 


parallel planes; and then lays down this fundamental 
propoſition, That different planes are in the ſame 
proportion to each other as all the lines contained in 
each, and different ſolids in the ſame proportion as 
all the planes contained in them. As this is a man- 
ner of expreſſion hardly accompanied with any ideas; 
ſince it is not at all intelligible to ſpeak of the collect - 


ive number of lines or planes, where their number is 


wholly undetermined and infinite: this method was 
from the beginning oppoſed, as ungeometrical, and 
in no meaſure agreeable to that clearneſs of concep- 
tion and expreſſion, for which the mathematical 
ſciences had ever been celebrated. But however, as 
by proper cautions error in the concluſions might be 
avoided, and this method promiſed great aſſiſtance 
in the analyſis of a ſubject, wherein the ancients had 
made the leaſt progreſs; it was warmly eſpouſed by 
Torricellius, an Js om of the moſt illuſtrious geo- 
meters. Our countryman Dr. Vallis, and many 
after him, thought it an improvement of this me- 
thod to ſubſtitute, in the room of lines, parallelo- 
grams, whoſe breadth was to be called infinitely ſmall; 


and for the planes, whereby ſolids were ſuppoſed to 


be filled up, priſms or cylinders of an infinitely ſmall 
altitude: ſo that the method of indiviſibles at length 
ſuppoſed all geometrical magnitudes, whether lines, 
ſurfaces, or ſolids, to be compoſed of an infinite 


number of homogeneous magnitudes, each infinitely 


ſmall}: 

4. But this is a mode of expreſſion no way more 
intelligible than the other. Sir Iſaac Newton there- 
fore inſtituted a manner of conception upon quite 
different principles. He obſerving (to uſe his own 


words) that indiviſibles have no being either in geo- 


metry or in nature“; inſtead of this infinite and in- 


2 Tranſact. No. 342. p. 205. or Commer. Epiſtolic. 
p. 38. . | 8 | 
con- 
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conceivable ſubdiviſion of magnitudes already formed, 
he conſidered them as produced before the imagina- 
tion by ſome motion. And thus the ſame magni- 
tude will in ſome parts increaſe faſter than in others, 
and different magnitudes deſcribed together increaſe 
by different degrees of ſwiftneſs. Now if the pro- 
portion between the celerity of increaſe of two mag- 
nitudes produced together is in all parts known; it is 
evident, that the relation between the magnitudes 
themſelves muſt from thence be diſcoverable. 
5. This is the foundation of his method of fluxi- 

ons. And to form a true idea thereof, we muſt 
_ diſtinguiſh between the increaſe, which a line or 
figure receives in any given ſpace of time, and the 
velocity, wherewith that increaſe is generated: for 
though by the velocity, wherewith any line or figure 
continually augments, the quantity, of its increaſe 
may be known; and on the contrary, from the 
quantity of the increaſe the velocity, wherewith that 
Increaſe was produced ; yet the quantity thus added 
is not the velocity, wherewith it is generated. And 
the method of -fluxions requires the knowledge of 
theſe velocities of increaſe only: as Sir Iſaac New- 
tons other method of prime and ultimate ratios pro- 
ceeds entirely upon the conſideration of the increments 
produced. | | „ 
6. In the method of fluxions are introduced no 
forms of expreſſion. but what convey very clear and 
diſtinct ideas, and ſuch as have not the leaſt affinity 
with the mode of conception ſchemed out in that of 
indiviſibles. This manner therefore of conſidering 
magnitudes, as they are gradually produced before 
the mind, is a genuine way of diſcovering the 
relation between ſuch magnitudes, which may after- 


wards be proved to bear that relation by a ſubdiviſion 


into parts, as practiſed by the ancient geometers; 
ſince it is ſhewn in this diſcourſe, that the rules for 
| 5 | finding 
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finding fluxions are demonſtrable according to the 
ancient forms. | | 

7, The demonſtration here given for the fluxion 
of a power, is formed upon the model of that deli 
vered by Sir Jaac Newton himſelf; but may be other- 
wiſe performed after the following manner. 

8. Let A, BC, DE, FG, HI, KL, and A, BM. 
DN, FO, HP, KQ be two ſeries's of continued 
proportionals beginning with the ſame term A; then 
if þ be a number denoting the diſtance of the terms 
KL, KQ from A, and & a number denoting the 


A — 

ee 

_— 

* GRSO 

j 
K. — TT 


diſtance of the terms FG, FO from the ſame; the 
ratio of LQ, the difference of the terms KL, KQ 
the moſt remote from A, to GO, the difference of 
the other terms FG, FO, is greater than the ratio 
of hx KL to kx FG, and leſs than the ratio of 
bxKQ to &x FO. Ss 
9. The ratio of DE to DN is the duplicate of the 


| ratio of BC to BM; for the ratio of DE to A is the 


duplicate of that of BC to A, and the ratio of A to. 
DN is the duplicate of that of A to BM]; therefore, 
by equality, the ratio of DE to DN is the duplicate 


of the ratio of BC to BM. 
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10. In like manner the ratio of FG to FO is the 
triplicate of the ratio of BC to BM, and ſo of the 
reſt. Inſomuch that between any two terms in theſe 
ſeries's, equally diſtant from the firſt term A, as 
many mean proportionals in the ratio of BC to BM 
will fall, as are the number of the intermediate terms 
in either ſeries between theſe terms and A. Thus 
between FG and FO fall the mean proportionals FR, 
FS, and between KL, KQ, the mean proportionals 
KT, KV, KW, KX. Here the differences GR, 
RS, SO will be equal in number to &, by which is 
denoted the diſtance of the term FG from A, and 


the differences LT, TV, VW, WX, XQ will be 


equal in number to . Now KL is to FG as LT to 
GR, and LT, TV, VW. WX, XO are in the 


fame continued proportion as GR, RS, SQ: there- 


fore KL is to FG as LW, the ſum of LT, TV, VW, 
whoſe number is k, to GO, the ſum of GR, RS, 


SO, whoſe number is likewiſe E. But the ratio of 


LQ to GO is compounded of the ratio of LQ to 


LW, and of that of LW to GO. Now the ratio 


of LQ to LW is greater than the ratio of h to x; 
therefore the ratio of LW to GO being the ſame 
with that of KL to FG, the ratio of LQ to GO is 
greater than that compounded of the ratio of h to &, 
and of that of KL to FG; that is, greater than the 
ratio of x KL to kx FG. . . 
11. Again: KQ is to FO as QX to Os; there 
fore QX, XW, WV, VT, TL being in the ſame 
continued. proportion with OS, SR, RG; KQ is to 
FO as QV, the ſum of QX, XW, WV whoſe 
number is k, to GO. But the ratio of LQ to GO 
is compounded of the ratio of LQ to QV, which is 
leſs than the ratio of h̊ to k, and of the ratio of Q to 
GO, or of the ratio of KQ to FO. Therefore the 
ratio of LQ to GO is leſs than that of x KNA to 8 
kx FO. e = 


S.. | 12. 
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12. Again, I ſay, that LQ and GO may be taken 


ſo ſmall, that the ratio of LQ to GO ſhall be leſs 


than any ratio, that ſhall be propoſed greater than 
the ratio of KL to * FG; or greater than any 


ratio, that ſhall be propoſed leſs than the ratio of 


x KO to xXx FO. 


13. Let DE, DN be the terms in theſe ſeries's 
at the ſame diſtance from A, as KIL, is from FG; 
then DE will be to A as KL to FG, and þ x DE 
to kx A as BRL to xXx FG; likewiſe DN to A 
as KQ to FO, and 4xDN to & A as bþxKQ to 
k x FO. | | 


14. Now in the firſt place take þ x DN in a leſs 
ratio to & x A, than the ratio propoſed greater than 


that of þx KL to xXx FG, Then the ratio of 


beKQ to #x FO will be leſs than the ratio pro- 


poſed; but the ratio of LQ to GO is leſs than that | 


of þx KQ to kx FO, and therefore will be leſs than 
the ratio propoſed. _ TT 

15. In the next place, let þx DE be taken to 
kx A in a greater ratio than the ratio propoſed leſs 
than that of 4x KQ to #x FO. Then will the 
ratio of Xx KL to xx FG be greater than that now 
propoſed. But the ratio of LQ to GO is greater 
than that of * KL to kx FG, conſequently greater 
than that now propoſed. 
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16. Now in the figure at 8 16. of this book, 
AE being denoted by x, let CF be denoted by 


— 


n 


— and x repreſenting any two whole numbers. 
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Then AE and CF will be two terms in a ſeries of 
proportionals beginning from a, the number » de- 
noting the place of AE, and m the place of CF. 
Here I ſay, the velocity, wherewith the point de- 
ſcribing CD moves at F, is to the velocity of the 
point moving on AB at E, as Xx CF to nx AE; 


— mn a 
n — 


- 22 
Gn ß W 
11 | | 


— . 


that is, as mx 


I 


a ® 


17. In the firſt place G and H, as likewiſe I and 
K being other contemporary poſitions of the points 
moving on AB and CD; AG and CH will be terms 
in a ſeries of proportionals beginning from a, and 
likewiſe AI and CK terms in another ſeries of pro- 


portionals alſo beginning from à ſituated in like 


manner, as the terms AE and CF in the ſeries, to 
which they belong. Therefore, if m be greater than 
u, from what has above been written, FH bears a 
greater proportion to EG, and KF a leſs proportion 


to El than mx CF bears to » x AE, Conſequently, 


if IE be equal to EG, KF will be leſs than FH; 


inſomuch that if the point on AB moves with a uni- 


form velocity, the point on CD moves with a velo- 
city continually accelerated. „ 
18. Nov, if poſſible, let the velocity at F bear to 
the velocity at E a greater proportion than that 
aſſigned, ſuppoſe the ratio of p to 9. 
19. Becauſe the ratio of p to ꝗ is greater than that 
of mx CF to nx AE, let the ratio of Xx CH to 


n AE be lefs than the ratio of p to 3. Then, by 
what has been above written, the ratio of FH to 


EG is leſs than the ratio of * CH to »x AE, 
conſequently leſs than the ratio of p to , or of the 
velocity at F to the velocity at E; which is abſurd, 

the firſt of theſe ratios being greater than the laſt, 
20. Again, ſuppoſe the velocity at F bear to the 
. 855 velocity 
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velocity at E a leſs proportion than that aſſigned, 
ſuppoſe the ratio of 1 to 5. 3 

21. The ratio of 7 to s being leſs than that of 


- mx CF to X AF, let the ratio of mx CK to 


ax AE be greater than the ratio of 7 to 5. Then 
the ratio of KF to IE will be greater than the ratio 
of mx CK to nx AE; conſequently greater than the 
ratio of 7 to s, or of the velocity at F to the velo- 
city at E; which is abſurd, the firſt of theſe ratios 


being leſs than the laſt. | 


22. If the point on the line AB ſhould move from 
I to G, not with a uniform velocity, but with a 


velocity continually increaſing; ſince, when IE is 


equal to EG, KF is leſs than FH, the point on CD 
will move with a velocity more accelerated; and if 
the point moving from I to G proceed with a de- 


_ creaſing velocity, the motion from K to H will at 
| leaſt decreaſe flower : inſomuch that in theſe caſes alſo 


the proportion of FH to EG will be greater, and that 
of KF to IE leſs than that of the velocity at F to 


the velocity at E. Therefore the demonſtration will 
here proceed in the ſame manner as before, | 


23. If n be leſs than 2, KF will be greater than 
FH, and the point on the line CD move with a de- 


_ creaſing velocity, when the motion from I to G is 
uniform; but the demonſtration will here alſo pro- 
ceed after the like manner. Nor will it be different 


when one of the numbers #2 or is negative. 

24. The doctrine of fluxions, as delivered by Sir 
Jaac Newton, conſiſts of two parts; the form of 
conception we have above deſcribed, and the method 
of applying it for the ſolution of mathematical pro- 
blems. The ſurprizing improvements Sir Iſaac 
Newton has made in the analytical part of geometry 
by theſe principles, his immortal treatiſe on the qua- 
drature of curves abundantly ſets forth. But the 


author of this diſcourſe deſigning only to conſider 


the mode of conception propoſed in this doctrine, he 
| . has 


n * 
— a 


— otros 
3 — — 
= 


— _ 


| 
| 


\ 5 
8 
F 
+ 
. | 4 
'" 


- — by —— — 5 
73 1 3 — 2 
——— 1 ens. N —y ——————— en a wr ny - 


3 * * 
x — 
i halts eee eee eee . — 


—— oe SAS 
_— — —  — 


2 dA 


. —— 
P 


——— i BI 
3 


og 

* 

r 5 
SIG 


P 


— ID 
r q 
BEE. TIES 


Ae 

has avoided any particular explanation of the forms 
of calculation, that having been largely performed 
by others. But as the introduction to this ſubject, 
the molt read, has accommodated theſe calculations 


to the ſyſtem of indiviſibles®, it has occafioned the 


true mode of conception, ſa neceſſary to give this 


doctrine a place in geometry, to be very much neg- 


leaed. The author therefore has ſhewn at large, 


how we may carry along with us the genuine form 


of conception in the application of this doctrine ta 
the menſuration of curvilinear ſpaces, the drawing 
of tangents, and other problems, to which theſe 
principles are to be applied. 


25. FLuxioxs not affording the moſt convenient 
means for ſynthetic demonſtration, Sir Jaac Newton, 


who in all his writings has ſhewn the ſtrongeſt deſire 


of uſing brevity, invented ſtill another form of rea- 


ſoning, from what he calls the prime and ultimate 
ratios of the increments or decrements of varying 


quantities, whereby to avoid the length of the ancient 
— ER by exhauſtions. - 


26. This method is as eſſentially different from 


that of indiviſibles, as the former; but however, 


requires ſomewhat greater attention to avoid falling 
into that faulty manner of conception, It depends 
on the firſt lemma of his mathematical principles of 
natural philoſophy, the genuine meaning of which 

is, That thoſe quantities are to be eſteemed ultimately 
equal, and thoſe ratios ultimately the ſame, which 
are perpetually approaching each other in ſuch a 


manner, that any difference how minute ſoever be- 


ing given, a finite time may be aſſigned, before the 
end of which the difference of thoſe quantities or 


' Tatios ſhall become leſs than that given difference. 


* Analyſe des infiniment petits. Par le Marquis de E 


ital. 
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27. What Sir Jaac Newton intends we ſhould un- 
derſtand by the ultimate equality of magnitudes» 
and the ultimate identity of ratios propoſed in this 
lemma, will be beſt known from the demonſtration 


_ annexed to it. By that it appears, Sir 1/aac New- 


ton did not mean, that any point of time was aſſign- 
able, wherein theſe varying magnitudes would be- 
come actually equal, or the ratios really the ſame; 
but only that no difference whatever could be named, 
which they ſhould not paſs. The ordinate of any 
diameter of an hyperbola is always leſs than the ſame 
continued to the aſymptote; yet the demonſtration 
of this lemma can be applied, without changing a 


ſingle word, to prove their ultimate equality. The 
fame is evident from the lemma immediately follow- 


ing, where parallelograms are inſcribed, and others 
circumſcribed to a curvilinear ſpace. Here the firſt 
iemma is applied to prove, that. by multiplying the 
number and diminiſhing the breadth of theſe paral- 
lelograms in inſinitum, that is, perpetually and with- 
out end, the inſcribed and circumſcribed figures be- 
come ultimately equal to the curvilinear ſpace, and 
to each other; whereas it is evident, that no point 
of time can be aſſigned, wherein they are actually 


caqual; to ſuppoſe this were to aſſert, that the varia- 


tion aſcribed to theſe figures, though endleſs, could 
be brought to a period, and be perfectly accom- 


pliſhed; and thus we ſhould return to the unintelli- 


gible language of indiviſibles. The excellence of 
this method conſiſts in making the ſame advantage 
of this endleſs approximation towards equality, as 
by the uſe of indiviſibles, without being involved in 
the abſurdities of that doctrine. In ſhort, the differ- 
ence between theſe two may be thus explained. 

28. There are but three ways in nature of com- 
paring ſpaces: one is by ſnewing them to conſiſt of 
ſuch, as by impoſition on each other will appear to 
occupy the ſame place: another is by ſhewing their 
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roportion to ſome third; and this method can only 
be directly applied to the like ſpaces as the former, 
for this proportion muſt be finally determined by 
ſhewing, when the multiples of ſuch ſpaces are equal, 
and when they differ: the third method, to be uſed 
where theſe other two fail, is by deſcribing upon the 
ſpaces in queſtion ſuch figures, as may be compared 
by the former methods, and thence deducing the 
relation between thoſe ſpaces by that indirect manner 
of proof commonly called deductio ad abſurdum; and 
this is as concluſive a demonſtration, as any other, 
it being indubitable, that thoſe things are equal, 
which have no difference. Thus Euclide and Arcbi- 
medes demonſtrate all they have writ concerning the 
compariſon and menſuration of curvilinear ſpaces. 
The method advanced by. Sir IJſaac Newton for the 
ſame purpoſes differs from theirs, only by applying 
this indirect form of proof to ſome general propoſi- 
tions, and from thence deducing the reſt by a direct 
form of reaſoning. Whoever compares the fourth 
of Sir 1/aac Newton's lemmas with the firſt, will ſee, 
that the proof of the curvilinear ſpaces there conſi- 
dered having the proportion named depends wholly 
upon this, that if otherwiſe the figure inſcribed within 
one of them could not approach by ſome certain 
diſtance to the magnitude of that ſpace: and this is 
preciſely the form of reaſoning, whereby Euclide 
proves the proportian between different circles. As 
this method of reaſoning is very diffuſely ſet out in 
the writings of the ancients, and Sir 1/aac Newton 
has here expreſſed himſelf with that brevity, that the 
turn of his argument may poſſibly eſcape the unwary; 
the author has recommended the reading the ancients, 
as the beſt introduction to the knowledge of this 
method. The impoſſible attempt of comparing 
curvilinear ſpaces without having any recourſe to the 
fore mentioned indirect method of arguing produced 
the abſurdity of indiviſibles. 197 : 
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29. As the magnitudes called in this lemma ulti- 
mately equal may never abſolutely exiſt under that 
equality; ſo the varying magnitudes holding to each 
other the. variable ratios here conſidered may never 
exiſt under that, which 1s here called their ultimate 
ratio. Of this Sir 1/aac Newton gives an inſtance, 
which the author of this treatiſe has repeated after 
him, from lines increaſing together by equal addi- 
tions, and having from the firſt a given difference. 


For the ultimate ratio of theſe lines in the ſenſe of 


this lemma, as Sir Iſaac Newton himſelf obſerves, 
will be the ratio of equality, though theſe lines can 
never have this ratio; ſince no point of time can be 
aſſigned, when one does not exceed the other. | 

30. In like manner the quantities, called by Sir 
Jſaac Newton vaniſhing, may never ſubſiſt under that 
proportion, here eſteemed their ultimate. 

31. In § 137. of this treatiſe, where BF bears the 
ſame proportion to the ſubtangent FE, as that where- 


with the lines HK, KB vaniſh, theſe lines muſt not 


be conceived, by the name of evaneſcent or any other 
appellation, ever to ſubſiſt under that proportion; 
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for ſhould we conceive theſe lines in any manner to 
ſubſift under this proportion, though at the inſtant 

of their vaniſhing, we ſhall fall into the unintelligi- 
ble notion of indiviſibles, by endeavouring to repre- 
ſent to the imagination ſome inconceivable kind of 


_ Exiſtence of theſe lines between their having a real 
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magnitude, and becoming abſolutely nothing. Sir 
Jſaac Newton was himſelf apprehenſive, that this 
miſtake might be made; for as he thought fit (in 
compliance. with the bad taſte, which then prevailed) 
to continue the uſe of ſome looſe and indiſtinct ex- 
preſſions reſembling thoſe of indiviſibles, for which 
he has himſelf apologiſed, he expreſsly cautions us 
_ againſt miſinterpreting him in this manner, when he 
fays: Si quando dixero quantitates quam minimas, vel 
evaneſcentes, vel uitimas, cave intelligas quantitates 
tudine determinatas, ſed cogita ſemper diminuendas 
ine limite. Thus expreſsly has he declared to us, that 
vaniſhing quantities, or whatever other leſs accurate 
appellation he names them by, are to be conſidered 
as indeterminate quantities bearing to each other 
under their different magnitudes different propor- 
tions; and that the limit of thefe proportions, which 
the quantities themſelves can never obtain, is that, 
for the ſake of which, theſe quantities are conſidered : 
inſomuch, that fince theſe quantities have different 
proportions, white they obtain the name of vaniſhing 
quantities, the author of this treatiſe has juſtly ob- 
ſerved the term ultimate to be neceſſarily added to 
denote that proportion, which is the limit of an 
endleſs number of varying ones. The like remark is 
neceſſary, when theſe quantities are conſidered in the 
other light as ariſing before the imagination: for then 
the proportion intended muſt be ſpecified by calling 
it the firſt or prime proportion of theſe quantities. 
And as this additional epithet is neceſſary to expreſs 
the proportion intended, ſo it is abſurd to apply it 
to the quantities themſelves; as Sir Iſaac Newton lays, 
there are rationes prime quantitatum naſcentium, but 
not guaniitates prime naſcentes F. | 
32. The author of this treatiſe thought, the rea- 
dieſt method to guard againſt all errors of this kind 
Princip. Phil. Lem. xi. in ſchol. 8 


+ Philofophical Tranſat, No. 342. pag. 205. or Commer. 
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Tux PRECEDING DiscouRsE, 91 
was to repreſent the principles of prime and ultimate 
ratios, and their application to geometrical ſubjects 
under ſuch a form of expreſſion, as might be fo to- 
tally inconſiſtent with indiviſibles, as not to be capa- 
ble by any miſinterpretation of being accommodated 
to that erroneous manner of conception. But at the 
ſame time he took care, that his phraſe ſhould not 
differ eſſentially from Sir 1/aac Newton's; as will 
appear by comparing the two modes of expreſſion in 
the following inſtance, being the ſeventh of Sir Jaac 
Newton's lemmas concerning prime and ultimate ra- 
tios, which 1s to this effect. f | 

33. If any arch ABC be ſubtended by a chord 
AC, and at A, where the curvature is underſtood to 
be uninterrupted, it be touched by the ftreight line 
Ab; if the point C be ſuppoſed to approach towards 
A, till thoſe points coincide, the ultimate ratio of 
the chord, arch, and tangent will be the ratio of 
equality; provided the tangent AD be terminated 


by ſome line DC drawn from C, the extremity of the 
arch, fo as always to make ſome angle with the tan- 
gent AD. 4 

34. This Sir Jaac Newton thus demonſtrates. 
35. While the point C approaches to the point A, 
ſuppoſe AC and AD always to be produced to the 
diſtant points E and F, and EF to be drawn parallel 
to CD; and let the arch AGE be always fimilar to 
| the 


Acco d or 


the arch ABC. Now when the points A and C co- 
| aleſce, the rectilinear angle under EAF mutt vaniſh; 
therefore the right lines AE, AF, which are always 
of a finite magnitude, and alſo the intermediate arch 
AGE muſt coincide, and conſequently become equal. 
Therefore the ultimate ratios of the ſtreight lines AC, 
AD, and the curve ABC, all which vaniſh, when 
the point C coincides with A, will be the ratio of 
equality. 
36. Now in the phraſe of this book, it mult be 
ſaid, that the arch AGE can never be equal to the 


chord AE; nor the chord AE equal to the rangent 


AF, unleſs when the angles under AEF and under 

AFE chance to be equal. But, by cauſing the point 
C to approach the point A, the ratios of theſe three 
lines to each other may at laſt be brought nearer to 
the ratio of equality than to any other whatever. 

Therefore, according to the definition in $ 124. of 
this treatiſe, the ultimate ratio of any one of thefe 
three lines to either of the others is the ratio of equal- 
ity. And again, ſince the ſtreight lines AC, AD, and 
the arch ABC are always to each other in the ſame 
proportion with the lines AE, AF, and the arch 
AGE; the ultimate ratios of the three lines AC, 
AD, ABC will be the ſame with the ultimate ratios 
between AE, AF, AGE, by the propoſition ſub- 
Joined to that definition. therefore the ultimate ratio 
between any two of thele lines AC, AD, ABC is 
the ratio of equality. : 
37. By this inſtance it is manifeſt, that the file, 
under which the author has treated this ſubject, is 
only an interpretation of Sir Iſaac Newton's; and 
ſuch an interpretation he thought alone ſufficient to 
anſwer the purpoſe of his writing. No objection 
had been made againſt the truth of the concluſions 
drawn from this method of reaſoning. Indeed all 
error of that kind may be avoided by proper circum- 
tpection even in the uſe of indiviſibles. But as ay 
L only 
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only ſuſpicion lay againſt the propriety in the con- 
ception and expreſſion advanced in this doctrine; if 
his interpretation involves in it no perplexed or im- 

erfect ideas, which the author flatters himſelf will 

be allowed, it is a full juſtification of this method. 
38. The author believes himſelf as deſirous, as 
any one can be, to preſerve propriety of expreſſion 
and perſpicuity of conception in mathematical ſub- 
jets. He therefore freely acknowledges, that he has. 
not vindicated this doctrine, unleſs he ſhall be found 
to have accommodated to it a clear and unexception- 
able mode of expreſſion, nor freed the inventor from 
cenſure, unleſs he has alſo ſhewn, that the turn of 
phraſe recommended by Sir 1ſaac Newton, without 
any forcible conſtruction, is adapted to convey the 
ſame ideas. The author has often lamented the neg- 
ligence of geometrical writers in regard to their ſtyle 
and dition. The introduction of the terms of arith- 
metic into geometry by Des Cartes, and the favour- 
able reception of the unintelligible jargon of indiviſi- 
bles have overwhelmed the mathematical ſciences 
with ſuch a profuſion of intricate and inconceivable 
forms of ſpeaking, that they began to be no longer 
that guide to ſound reaſoning, which they had hi- 
therto been thought. To reſtore in ſome meaſure 
geometry from this corruption was the deſign of Sir 
lſaac Newton in advancing the doctrine of prime and 
ultimate ratios; and how far the author of this treat- 
iſe has proved him ſucceſsful, muſt be ſubmitted to 
the judgment of the publick. 1 
39. Sir Jaac Newton has made uſe of prime and 
ultimate ratios chiefly for ſynthetic demonſtrations; 
yet as they furniſh a direct manner of proof, it is 
manifeſt they may be alſo applied to the analyſis of 

problems. | 

40. To compleat the deſign of this treatiſe, it was 
neceſſary to explain Sir 1/aac Newton's own demon- 
ſtrations of his rules for finding fluxions; for which 
purpole 
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any longer to confound theſe two methods together. 


© ACCOUNT os 


purpoſe nothing more was thought neceſſary than to 


dilate Sir 1/aac Newton's words by a {mall paraphraſe. 


For though Sir Iſaac Newton demonſtrates theſe rules 
upon the principles of prime and ultimate ratios, yet 
ter what had been written, it ſeemed ſcarce poſſible 


Indeed when the author conſiders, how expreſsly Sir 


Jaac Newton himſelf has diſtinguiſhed them, he owns 
himſelf ſurpriſed, that this miſtake ſhould ever have 


been made. - 
41. The treatiſe concludes with an explication of 
what is to be underſtood by the momentum of quan- 


tities, which is a term appertaining to the doctrine 
of prime and ultimate ratios only“. 


42. The term momentum being of no other uſe | 


than to give the expreſſion in particular caſes greater 
brevity, the truth of this doctrine has no dependance 


on the ſenſe of this term; therefore it was not neceſ- 


fary to be taken notice of in this general account; 
but as it has been conceived to contain ſomething 
very abſtruſe, it not unintelligible, the author has 
explained it at large. 

43. And here the author confeſſes, he met with 
the greate ſtdifficulty; for it muſt be acknowledged, 
that Sir 1/ſaac Newton's deicription is capable of an 
interpretation too much reſembling the language of 
indiviſibles. But were we to allow Sir Iſaac New- 
ton's definition of momenta to be founded entirel 
upon that erroneous doctrine, the utmoſt, that will 
follow from ſo large a conceſſion, is only this, that 
though he invented the doctrines of fluxions, and of 
prime and ultimate ratios; yet he has demonſtrated 
ſome of the propoſitions in his mathematical prin- 


* Theſe ſymbols o and + are put for things of a different 
kind: the one is a moment, the other a fluxion or velocity. 

Mr. Leibnitz hath no fymbois of fluxions in his method. He 
uſed the ſymbols of moments or differences dx, dy, dx, Philz/: 
Tran. N. 342. p. 204. and Commer, Epiſtolic. p. 37, 38. _ 
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ciples of natural philoſophy by the means of in- 
diviſibles. It cannot hence be inferred, that his 
doctrine of prime and ultimate ratios has any con- 
nexion with indiviſibles, or was inſufficient for theſe 
caſes. The author of this treatiſe has certainly freed 
the doctrine from this latter imputation by ſhewing, 
that ſuch a ſenſe may be put upon the word momen- 
rum, as will render thoſe very demonſtrations. of Sir 
Iſaac Newton, where this word is uſed, as juft as any 
other upon the principles of prime and ultimate ra- 
tios. For this purpoſe the author, without confining 
himſelf to the expreſs words of Sir 1/aac Newton, 
has given ſuch a definition of this term, as he thought 
moſt ſuitable to the principles of that method. 

44. The author of this treatiſe undertook not to 
prove, that Sir [/aac Newton has never deviated 
from the utmoſt propriety of expreſſion, nor that 
he never demonſtrated any propoſition upon the 
principles of indiviſibles. He knows Sir Iſaac News- 
ton did ſometimes make ule of that method of rea- 
ſoning; but this he contends for, that the methods 
under conſideration are abſolutely different from that 
doctrine. 9 „ 

45. When Sir Iſaac Newton firſt invented his me- 
thod of fluxions, he demonſtrated the rules of that 
method by indiviſibles, as he acknowledges himſelf *, 
That in his calculus he made uſe of the character or 
ſymbol o to denote an infinitely ſmall quantity. This 

he did both in his treatiſe of ſeries and fluxions writ- 
ten in the year 1671, and alſo in his treatiſe on qua- 
dratures as he at firſt writ it, from which we have a 
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* Philoſ. Tranſ. No. 342. p. 205. or Com. Epiſt. p. 38. 

In his (Nezotor”s) calculus there is but but one infinitely little 
quantity repreſented by a ſymbol, the ſymbol o. | 

Mr. Newton uſed the letter o in his analyſis, and in his book 

of quadratures, and in his principia philo/ophiz, and ſtill uſes it 

in the very ſame ſenſe as at firſt, Philoſ. Tranſ. Ibid. p. 204. 

or Com, Epiſtol. p. 37. 
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tranſcript in Dr. Wallis“ not as he afterwards cor- 
rected it in his own edition of that treatiſe. He has 
likewiſe made uſe of the ſame in one propoſition of his 
Principles of natural philoſophy tf. And he informs 
us, that though in demonſtrating any propoſition he 
choſe to uſe the letter o for a finite moment of time, 
Sc. and perform the whole calculation by the geo- 
metry of the ancients in finite figures or ſchemes 
without any approximation, and when the calcula- 


tion was at an end, and the equation reduced, to 


ſuppoſe the moment o to decreaſe in inſinitum and va- 
niſh, yet in the inveſtigation, when it would make 
diſpatch, he would ſuppoſe the moment o to be infi- 


nitely little, uſing all manner of approximation, 


which he conceived would produce no error in the 
concluſionl. Accordingly we find in his treatiſe of 
quadratures, he freed his demonſtrations from this 
defect, under which they firſt laboured; and the 
propoſition of his principles of philoſophy, where he 


continued the uſe of indiviſibles, is only the analyſis 


of a problem. = | 
46. Thus it appears, that Sir J/aac Newton did 
ſometimes allow himſelf the uſe of indiviſibles; but 
it alſo appears, that he always had a diſlike to that 
method, as we learn from his own words, when he 
ſays, Since we have no ideas of infinitely little quan- 
tities, he introduced fluxions, that he might proceed 
by finite quantities as much as poſſible d. But as 
the brevity, wherewith he choſe to write, obliged 
him ſtill to bave recourſe to indiviſibles for demon- 


ſtrating the rules of this new method, he at length 


invented his other method of prime and ultimate 
ratios, and thereby entirely got over that difficulty. 


* Oper. Vol. I. p. 392. 

+ Lib II. prop. 10. 
= [| Philof. Tranſ. No. 342. p. 179. or Com. Epiſtol. p. . 
F Philof, Tranſ. Ibid, p. 205, or Com. Epiſtol. p. 38. 


47. 


5 


a@ 


* 


QA Ii } OO 


ene. Lone... 8. i HS. 


Tux PRECEDING DisCouRsE. 97 
47. We may likewiſe hence learn, how it came to 


paſs, that his definition of momenta ſhould contain 


expreſſions bearing ſome analogy to thoſe of indiviſi- 
bles: for he informs us, that originally he uſed the 
word moment in a ſenſe agreeable to that doctrine; 
telling us, That from the moments of time he gave 
the name of moments to the momentaneous increaſes, 
or infinitely ſmall parts generated in moments of 


time“; though in his principles of philoſophy: he 
directs us to interpret his meaning according to the 
doctrine of prime and ultimate ratios, where he ſays, 


neque ſpectatur magnitudo momentorum ſed prima naſ- 
centium propertio +; and the author of the preſent 
treatiſe has accommodated his deſcription of momenta 
to this, which he conceives to be Sir [/azc Newton's 


_- intention; 7 - --- | 


48. As the proportion between the increments of 
magnitudes is in this doctrine conſidered: only for 
diſcovering, what is here called their ultimate ratio; 
when the real proportion of theſe increments is not 
to be expreſſed, but by terms too complex, it is 
convenient, by neglecting ſome ſuperfluous part of 
the increments, or by a proper addition to them, to 
form new quantities, which ſhall not only bear tc 
each other a more ſimple proportion, but the ultimate 
ratio alſo of each quantity, thus formed, to the in- 
crement, whence it is deduced, ſhall be the ratio of 
equality: for by the proportion of ' ſuch quantities 
the ultimate ratios of the increments are more readily 
aſſignable. Theſe are the quantities called momenta. 
For example; if the increment of any line denoted 
by x be repreſented by o, the -increment of the line 

1—1 


denoted by any power x" will be 1 + x 
x32 00 + Sc. Here as the ultimate ratio of the | 
* Phil. Tran. Ibid. p. 178. or Com. Epiſt. p. 7. 


+ Lib. II. Lem. 2. 
Vol. II. TE os firt 


eon: 
firſt of theſe increments to the laſt is that of 0 ta 
| uxn—10, the line denoted by this term mx*—"o only is 
1 ſufficient to expreſs that ultimate proportion, and 
| | therefore may be aſſumed for the momentum of K*; 
. and then, to preſerve a ſimilitude of phraſe, the en- 
tire increment of x is alſo to be called the momentum 
of that line. e | 
49. Although it is a great miſtake to ſuppoſe the 
validity either of the doctrine of fluxions, or of that 
of prime and ultimate ratios, to depend upon what 
Sir 1ſaac Newton has demonſtrated concerning the 
momenta of quantities; yet ſince his demonſtration 
of the momentum of a rectangle had been contro- 
verted, the author has given a brief account of the 
principles, upon which that demonſtration proceeds. 
And this may be repreſented more at large as 
follows. 4 ob a3 Fs bk 514 
50. To give this demonſtration its utmoſt extent, 
ſuppoſe ſome third variable line Z, to which. A and 
B, the ſides of the rectangle in queſtion, are in any 
manner related; and let @ and & not be the real in- 
crements of A and B, but bear to the increment of 
Z the moſt ſimple relation, whereby they can ex- 
preſs the ultimate ratio of the increments of A 
and B to the correſpondent increment of Z; then 
may à and 6 be called the momenta of A and B 
reſpectively. And ſince, at the ſame magnitudes 
of Z, A, and B the ultimate ratios berween their 
decrements are the fame with thoſe between their 
increments, by the ſame magnitudes @ and + may 
be alſo expteſſed the ultimate ratios of the decre- 
ens of A and B to the correſpondent decrement 
51. In like manner the ultimate ratio of the in- 
crement of the rectangle under A, B to the corre- 
ſpondent increment of any other rectangle under A 
and ſome given line M will be the fame with the 
ultimate ratio of the decrement of the rectangle Ax B 
to 
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to the correſpondent decrement of the rectangſe 


Ax M at the ſame magnitudes of A and B. There- 
fore the ultimate ratio of the inctement of Ax B to 
the correſpondent increment of A x M, will be the 
ſame with the ſum of fuch increment arid decrement 


of AxB to the ſum of the correſpondent increment 


and decrement of A&M. 8585 
52. Farther, the ultimate ratio of the increment 


of Ax B to the correſpondent increment of A x M 


will be the ſame with the ultimate ratio of that 
augmentation, which the rectangle under A, B will 
receive by increaſing the ſides, either by their re- 
ſpective momenta, er by analogous parts of thoſe 
momenta, to the augmentation, which the rectan- 
gle under A, M will receive from the moment 
of A, or a ſimilar part thereof. Therefore the 


ultimate ratio of the increment of A x B to the 


correſpondent increment of AxM will be the ſame 
with the ultimate ratio of that augmentation, which 
the rectangle A x B will receive from increaſing 
its ſides A and B by half their momenta @ and 
b, to the augmentation, which A x M will receive 
from increafing A by half its momentum a. In 
like manner the ultimate ratio of the decrement 
of Ax B to the correfpondent decrement of A M 


will be the ſame with the ultimate ratio of chat 
diminution, which the rectangle A x B will receive 


{( ÞF 


by taking from each of its ſides half its momentum 
to the diminution, which the tectangle A x M will 
receive from half the momentum of A. age 

53. Hence it follows, that the ultimate ratio of 
the increment of A* B to the correſpondent in- 
crement of AxM is the ſame with the ultimate 
ratio of the ſum of the augmentation and dimi- 


nution, which the rectangle A x B will receive 


from half the momenta of its ſides, to the ſum 
of the augmentation and diminution, which the 
rectangle AxM will receive from half the mo- 
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mentum of A; that is, the ſame with the ulti- 


mate ratio of 2 ax B+ + bxA ++taband+axB 
++: UX A — + ab together, or of ax B+ x A, 
to axM. | 5 
54. As the ſquare is comprehended under this 
general propoſition for all rectangles, ſo by a ſimilar 


artifice we may demonſtrate the momentum of any 
other power. For inſtance, in the cube of any va- 


riable quantity A, whoſe increment or moment is o, 
if we divide that increment into two parts p and g, 
that the ratio of p to q may be ſubduplicate of 


the ratio of 3A — 4 to 3A +p; 3A xx pp ＋ . 


will be equal to 3A x gg — 45, whereby the cube 


of A p, or A* + 3A p⁰ + 3Ap* + p, will ex- 


ceed the cube of A — q, or A — 3A*q + 3445 


-, by 3A! xp +9, or 3A“ x o, the momentum 
5 3. : : . 


of A Fit 
_ 55. Here dividing the increment o into two equal 
uo. will not anſwer the. purpoſe intended ; for 
y deducting the cube of A — 4%, or A* —4 A0 
4 A0 — $03, from the cube of A + 2%, or 
A +3A*o TATA + 403, the reſidue will be 


3A + 203, exhibiting more than is neceſſary 


for the momentum of the cube of A; for the mo- 
mentum ſhould be the ſimpleſt term, whereby the 
intended ultimate ratio can be expreſſed. 4; 
56. In other compound quantities the demonſtra- 
tion may be conducted upon the ſame model by 
ſuch a diviſion, as each particular caſe ſhall re- 
quire, of the moments of the original quantities, 
whereof thoſe under conſideration are compounded; 
bur when ſuch diviſion is of too perplex a kind, 
another method of demonſtrating is to be pre- 


57. This 1s abundantly ſufficient for explaining 


the demonſtration in queſtion. And as the author 


of this diſcourſe preſumes, he has given through- 
out a genuine repreſentation of Sir 1ſaac Newton's 
„ © © 
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real and ſole intention: ſo he hopes it will appear, 
that however leſs exact in the choice of his ex- 
preſſions that great man may have been at any 
other time; yet when he purpoſely deſcribes theſe 
methods, and explains their principles, he is not 
only perfectly conſiſtent with himſelf, but has alſo 
delivered his meaning with ſuch perſpicuity, that 
we need not have recourſe to any deference for his 
authority to be fully ſatisfied of the truth of theſe 


doctrines. 
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Some of the principal Objections that have 


been made to the Doctrines of Fluxions 
aud Ultimate Proportions; with ſome 
Renarks on the different Methods, that 
have been taken to obuiate them. 


Firf publiſhed in The Preſent State of the Re- 
publick of Letters for December 1735. 


15 3 objections, that have been made to the 

conception and nature of fluxions, have 
principally ariſen, either from confounding this doc- 
trine with the method of indiviſibles, and the differ- 
ential calculus of foreigners, or from ſuppoſing (as 
fluxions are ſaid to be velocities) that the fluxion of 
a quantity, and the velocity of a quantity, were ſyno- 
nimous terms; forgetting that it is not to the quanti- 
ties themſelves, but to their degree of increaſe or 
decreaſe, that this velocity intended by the fluxion is 
aſcribed. But as theſe miſtakes can be no longer made 
without the greateſt negligence or diſingenuity; it 
may be reaſonably ſuppoſed, that no exception of 


this kind will for the future be inſiſted on. We ſhall 


there: 
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therefore at this time confine ourſelves to the objecti- 


ons of another kind; ſuch as have been urged againſt 
thoſe operations, by which the proportion of the 
fluxions of different flowing quantities are deter- 


mined. 


2. Theſe objections have been particularly levelled 
at that expreſſion of Sir Iſaac Newton, Fluxiones ſunt 
in prima ratione augmentorum naſcentium, — or in ul- 
lima ratione partium evaneſcentium*. Which being 


_ uſually thus tranſlated, that fluxions are in the prime 


ratio of the naſcent augments, — or in the ultimate 
ratio of the evaneſcent parts} z; it has been from 
hence aſked, What theſe naſcent or evaneſcent parts, 
augments or decrements are? If of any magnitude, 
then it will be confeſſed by the eſpouſers of this 


doctrine, that their ratio is not the ſame with the 


ratio of the fluxions. If it is anſwered, that they are 
of no magnitude; it is then ſaid, that to talk of the 
ratio of nothings, is ſuch a ſtrain of language, as it 
is ſuppoſed, the warmeſt followers of the inventor 
will ſcarce undertake to defend. | 
3. To obviate this objection, two explanations 
have been given of this quotation. 
4. The firſt endeavours to ſhew, how this imagined 
difficulty may be avoided, not by conſidering theſe 
naſcent augments and evaneſcent decrements as being 


actually vaniſhed, in which caſe they can have no 


proportion, nor yet as being of any real magnitude, 


when their proportion cannot be the ſame with the 


proportion of the fluxions; but by ſuppoſing that there 
can be repreſented to the mind ſome intermediate 
ſtate of theſe angments or decrements at the very 
inſtant, in which they vaniſh. a 

5. Another writer, in his diſcourſe concerning 
the nature and certainty of Sir [aac Newton's me- 


* Introdud, ad Quadrat. Curvy. „ 
I Harris's Lexicon Technicum, Vol. II. in the word Quadra- 
ture. ; ; | | ' ; 


G 4 thods 


11 
thods of fluxions and of prime and ultimate ratios, 
has endeavoured to ſhew, that this objection is 
founded on an erroneous hypotheſis; for that by the 
ultimate proportion of varying quantities was only 
meant the limit of their varying proportions, and not 
a proportion, that theſe varying quantities could ever 
exiſt under during their variation; and conſequently 
that the true explication of this paſſage ſhould be, 
fluxions are in that proportion, which is the ultimate 
to all thoſe varying proportions, that the decrements 
bear to each other, whillt they are vaniſhing or di- 
miniſhing; that is, the limit of the proportions, that 
the decrements bear to each other, as they diminiſh, 
is the true proportion of the fluxions. By this inter- 
pretation, which is ſupported by Sir 1/aac Newton's 
own words, the above-mentioned objection imme- 
diately falls to the ground; ſince it is altogether 
founded on the ſuppoſition, that the decrements in 
their imagined evaneſcent ſtate did really bear to each 
other the proportion of the fluxions; whereas this 
paſſage, when truly underſtood, does not ſuppoſe, 
that the decrements can, in any circumſtance what- 
ever, bear to each other that proportion; but aſſerts 
on the contrary, that the proportion of the fluxions 
is only a proportion limiting all the varying propor- 
tions, that theſe decrements have to each other in 
their various degrees of diminution. 

6. At the ſame time that this objection was raiſed 
againſt the doctrine of fluxions, the method of prime 
and ultimate ratios was excepted to: in particular it 
was urged, that the quantities or ratios, aſſerted in 
this method to be ultimately equal, were frequently 
fach, as could never abſolutely. coincide. As for 
inſtance, the parallelograms inſcribed within the 
curve 1a the ſecond Lemma of the firſt book of Sir 
Iſaac Newton's Principia, cannot by any diviſion be 
made equal to the curvilinear ſpace they inſcribed ; 
whereas in that Lemma it is aſſerted, that they are 
ultimately equal to that . | 7. And 
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7. And here again two different methods of ex- 
planation have been given. The firſt, ſuppoling that 
by ultimate equality a real aſſignable coincidence is 
intended, aſſerts, that theſe parallelograms and the 
curvilinear ſpace do become actually, perfectly, and 
abſolutely equal to each other. But the author of the 
above-mentioned treatiſe has given ſuch an interpre- 
tation of this method, as did no ways require any 
ſuch coincidence. 
8. In his explication of this doctrine of prime and 
ultimate ratios he defines the ultimate magnitude of 
any varying quantity to be the limit of that varying 
quantity, which it can approach within any degree of 
nearneſs, and yet can never paſs. And in like manner 
the ultimate ratio of any varying ratio is the limit of 
that varying ratio. Theſe definitions being premiſed, 
he demonſtrates, that when varying magnitudes keep 
always in the ſame proportion, then their ultimate 
magnitudes will be in that ſame proportion; and that 
all the ultimate ratios of any particular varying ratio 
is the ſame. From theſe propoſitions thus eſtabliſhed, 
all, that has at any time been demonſtrated by the 
ancient method of exhauſtions, may be moſt eaſily 
and elegantly deduced; and that by a method not 
yielding in brevity to the artleſs inconcluſive proceſs 
by indiviſibles. 

9. It is evident, that no coincidence of the varying 
quantity and its limit is at all ſuppoſed neceſſary in 

this method; ſince the ultimate magnitude of a vary- 
ing one is not to be denominated from any ſuch co- 
incidence of the varying one with it, but from its 
being that magnitude, which the varying one can 
approach within any degree of nearneſs. 

10. It has been ſuppoſed, that the accuracy of the 
demonſtrations founded on this doctrine did in reality 
depend on this coincidence; but this miſtake has 
ariſen from forgetting, that the demonſtrations de- 
duced from this method are applied to the limits of 

| | 8 varying 
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varying magnitudes and proportions, and not to the 


varying quantities or proportions themſelves. 

11. Thus, if by means of a polygon deſcribed 
about a circle, we were to demonſtrate the equality 
of that circle to a triangle, having for its baſe the 


circumference of that circle, and the ſemidiameter 
for its altitude, the proof would not be founded on 


the real coincidence of the polygon and circle, ſince 


this could not be effected by any diminution of the 


ſides of the polygon; but its demonſtration would 
. altogether proceed by ſhewing, that as the circum- 
| ſcribed polygon could approach both the circle and 
triangle within any degree of nearneſs, and yet could 


paſs heither of them; therefore the circle and trian- 


gle, thus ſhewn to be the limits or ultimate magni- 
tudes of the ſame varying magnitude, cannot differ 
from each other. 5 N 

12. In like manner in demonſtrating the propor- 
tion that the fluxions of two flowing quantities bear 


to each other, the demonſtration is not founded on 


the coincidence of the proportion of the decrements 
with that 2 which is given for the propor- 
tion of the fluxions; for the coincidence of theſe 
proportions cannot by any diminution of the decre- 
ments be ever effected: but the proof depends upon 
this, that, ſince by diminiſhing the decrements the 
proportion of thoſe decrements can be brought within 
any degree of nearneſs to that given proportion, and 
alſo to the proportion of the fluxions, and yet can 
never paſs either of them; therefore that given pro- 
portion, and the proportion of the fluxions, cannot 
differ from each other, they being thus ſhewn to be 
each of them the limit or ultimate proportion of the 
ſame varying proportion. | = 
13. From hence it appears, that the coincidence 
of the variable quantity and its limit, could it be 
always proved, would yet bring no addition to the 
accuracy of theſe demonſtrations; . and ſince by the 
: diviſion 
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diviſion of magnitudes no ſuch coincidence can ever 


take place, why to the natural difficulty of theſe _ 


ſubjects ſhould the obſcurity of ſo ſtrained a concep- 
tion be added? certainly neither brevity, perſpicuity, 
nor exactneſs can be at all promoted, by ſuppoſing 


in theſe demonſtrations that circumſtance to bt ever 


neceſſary, which in numberleſs inſtances is not poſſi- 


ble; and which by its taking place or not, can no 


ways affect the juſtneſs of the concluſion. 

14. But it has been urged againſt this explication, 
that Sir 1/aac Newton does in his firſt Lemma of his 
firſt book aſſert ſuch a coincidence; and therefore, 
though the method of managing prime and ultimate 
proportions here deſcribed may be concluſive, yet it 
is not a true interpretation of Sir J/aac Newson. 

15. What foundation, there is for this charge, 
will beſt appear by conſidering the Lemma; and that 
this may be done with more convenience, we will 
inſert a literal tranſlation of it. 

16. Qzantities, and the ratios of quantities, that 
during any finite time conſtantly approach each other, 


and before the end of that time approach nearer than 


any given difference, are ulitmately equal. 
17. In order that the coincidence between the 
variable quantity and its limit ſhould be intended in 


this Lemma, it is neceſſary, that the phraſe of given 
difference ſhould mean a difference, that may be taken 
at pleaſure, after the celerity or degree of approach 


of theſe quantities or ratios is in every part deter- 
mined. | 1 


ny 


18. But if, according to the moſt uſual and au- 


thentic ſigni fication of this phraſe, there is meant by 
the given difference, in this Lemma, a difference firſt 
aſſigned, according to which the degree of approach 
of theſe quantities may be afterwards regulated; 
then variable quantities or ratios, and their limits, 


though they do never actually coincide, will come 
within the deſcription of this Lemma; ſince the differ- 
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ence being once aſſigned, the approach of theſe quan- 
tities may be ſo accelerated, that in leſs than any 
given time the variable quantity, and its limit, ſhall 
differ by leſs than the aſſigned difference. 

19. Now that the latter ſenſe is the true interpre- 
tation, will appear from the demonſtration and ap- 
plication of the Lemma. p | 
20. In the firſt place, the demonſtration of this 
Lemma may, without the change of a ſingle word, 
be applicd to prove, that the ultimate ratio of the 
ordinate of the hyperbola to the ſame ordinate con- 
tinued to the aſymptote is the ratio of equality; and 
yet it is confeſſed, that in this caſe there can never be 
an actual coincidence. 5 8 ; 

21. In the next place, the quantities in many of 
the ſucceeding Lemmas, to which the firſt is applied, 
are ſuch, where the approach is * by a 
ſubdiviſion into parts; but by this method of pro- 
ceeding it is obvious, that no coincidence can ever 
be obtained. . 

22. However it is ſaid, that by motion this coin- 
cidence may be actually made to take place even in 
theſe quantities; as, ſuppoſe in the ſecond Lemma 
a point E to deſcribe the line EA with a continued 
motion in the ſpace of an hour, and let it be con- 
ceived, that in every point of time during that hour, 
a rectangle, as ABl, is raiſed upon AB, that point 
of the line EA, which at that point of time is yet 
undeſcribed; alſo upon every other part of the line 
equal to AB let other rectangles be erected, as in the 
figure, at the ſame point of time. It is ſaid that by 
this means, at the end of the hour, when the point 
E arrives at A, the curvilinear ſpace and the in- 
ſcribed figure will actually coincide. 

23. To this it may be replied, that ſuppoſing the 
coincidence could by this means rake place, it would 
prove, that no ſuch coincidence was ever intended by 


Sir Iſaac Newton; ſince had he regarded it as a 
neceſſary 
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n- neceſſary circumſtance, he would certainly have ap- 
plied to this Lemma a method of inſeribing the figure, 
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by which ſuch a coincidence might be ſhewn; whereas 
by deſcribing the parallelograms by a continual divi- 
ſion, and making their baſes conſtantly equal, and 
always ſome aliquot part of the whole, he has neceſ- 
farily excluded the deſcription of them by motion, 
by which means only it is ſuppoſed, that this coin» 
| Cidence can be brought about. 5 
24. But farther, this ſuppoſed demonſtration, that 
an actual coincidence of the inſcribed figure may be 
effected by the forementioned motion, is really in- 
concluſive; ſince from a like method of proceeding 
may be deduced this abſurd concluſion, that hyper- 
bolas coincide with their aſymptotes. ag 
25. Suppoſe an hyperbola BD, its diameter AH, 
and its aſymptote AF. Now let the line AH revolve 
about the center A with an angular motion, till it 
coincides with the line AF; then, ſince it is demon- 


ſtrated 
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ſtrated by geometers, that every right line drawn 
within the angle FAH will, if produced, meet with 
the hyperbola; it is evident, that the line AH will 
meet with it in every part of its motion through the 
angle FAH. Moreover, as the line approaches the 
aſymptote, the interſection thereof with the curve 
will continually become leſs and leſs diſtant from the 
aſymptote; inſomuch that this line may be made to 
approach ſo near the aſymptote, that this interſec- 
tion ſhall be leſs remote from it, than by any diſtance, 
how minute ſoever, that can be named. Now let us 


H 


A IM 


fuppoſe the line AH to employ any given ſpace of 
time, as an hour, in paſſing over the angle HAF; 
then does the interſection of the revolving line with 
the hyperbola continually approach to the aſymptote 
during the ſpace of this hour, and before the end of 


the hour this point in the hyperbola will approach 


nearer to the aſymptote than by any difference, that 
can be propoſed; conſequently by the method of 
reaſoning above made uſe of, we muſt conclude, that 
at the end of the hour the hyperbola actually coin- 
cides with the aſymptote. „ | 
26. If it be examined, wherein lies the fallacy 
of theſe concluſions, it will be found, that though 
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the meeting of the hyperbola and its aſymptote, and 
the coincidence of the inſcribed figure and the curvi- 
linear ſpace, ſeem to be pointed out and determined 
by this form of reaſoning; yet to continue the hyper- 
bola and aſymptote till they actually meet, requires 
the delineation of a line longer than any line, that 


can be aſſigned; and to deſcribe a figure within the 


curve under the ſuppoſed circumftance of coincidence, 
requires the delineation of a line leſs than any line, 
that can be aſſigned: both which operations are equally 
impoſſible. 1455 | 111 2 

27. It may perhaps be worth while to examine, 


how it happens, that the meeting of the hyperbola 


and its aſymptote ſhould be acknowledged impoſſi- 


ble, and yet the coincidence of the inſcribed 


ithout difficulty granted, that the delineation or 
conception of any ſuch magnitude was impoſſible. 
Whereas, when a quantity diminiſhed without 
limit, the imagination could trace it during the whole 
time of its diminution z and conſequently the con- 


ception of a quantity leſs than any whatever, has 


been thought poſſible by ſome, who allow the ab- 


ſurdity of pretending to conceive a quantity greater 


than any whatever. V | 

28. If it be ſaid, that though the hyperbola and 
its aſymptote cannot be deſcribed under the circum- 
ſtance of meeting each other; yet the inſcribed figure 
and the curvilinear ſpace can be deſcribed under the 
circumſtance of coincidence; ſo that the curvilinear _ 


ſpace itſelf is the laſt form of its inſcribed figure. 


29. I anſwer, this is not true; for the ſuppoſed 
laſt form of the inſcribed figure mult eſſentially differ 
| from 
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from the curvilinear ſpace, the perimeter of the in- 


| ſcribed figure contiguous to the curve being in every 


deſcription, and conſequently in this imagined laſt 
equal to the ſum of the lines aA, AE: whereas if the 


curvilinear ſpace was really the laſt form of the in- 


ſcribed figure, their perimeters could not differ. 


Since then the curvilinear ſpace is not the laſt form 
of the inſcribed figure, and ſince the laſt form of this 


figure cannot be deſcribed, but by the delineation or 
conception of a line leſs than any line, that can be 
aſſigned ; it is evident, that the coincidence in this 


caſe does equally, with the meeting of the hyperbola 


and its aſymptote, involve an impoſſibility. 
30. But the ſtrongeſt proof, that Sir 1/aac Newton 
does not always conſider this coincidence of the varia- 
ble quantity, or ratio and its ultimate, as neceſſary 
in his method, is, that he himſelf tells us, that if two 
lines increaſing without limit have always a given dif- 
ference, then their ultimate ratio will be the ratio of 
equality. Now the phraſe of ultimate ratio is pecu-. 


| liar to him and to his method, and cannot poſſibly 


be ſuppoſed in this place to have a ſignification differ- 


ent from what, it had in the firſt and ſubſequent 


Lemmas; conſequently the ultimate ratio is, by his 


own expreſs deſcription, . a ratio, that the variable 


one, it is aſcribed to, cannot always coincide with. 
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DISSERTATION 


SHEWING, 


That the account of 'the doftrines of 
Fluxions, and of prime and ultimate 
Ratios, delivered in a treatiſe, en- 
titled, A diſcourſe concerning the 
nature and certainty of Sir J1/aac 
Newton's methods of fluxions, and 
of prime and ultimate ratios, is a- 
greeable to the real ſenſe and mean- 
ing of their great inventor. 7 20 


Firſt publiſhed in The Preſent State of the Re- 


publick of Letters for April 1736. 


1. 'T*% 2 principal purſuit of the geometers of 


the laſt century was in ſearch after general 
methods for diſcovering the nature and properties of 


curved figures. Sir Iſaac Newton ſucceeded ſo hap- 
pily in this attempt, as to eſtabliſh a very extenſive 
method of computation for theſe purpoſes. And 
being diſſatisfied with the doctrine of indiviſibles, or 
of infinitely ſmall quantities, which had been hither- 
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to employed in theſe enquiries, he introduced his 
doctrines of fluxions, and of prime and ultimate ra- 
tios, as juſter principles, whereon to found this me- 


thod of computation. The book, we are now go- 


ing to conſider, is confined to the explanation of 
theſe principles. 2 
2. The ſubſtance of what we have there ſaid with 


relation to the conception and nature of fluxions, is 


as follows. 


„„ B 


3. Let the line AB be ſuppoſed to be tracing out 


by the motion of a point ſetting forward from A; 


then the velocity of that point in any part of its mo- 
tion, as at C, will be the fluxion of the line AC 
at that time deſcribed. _ | 7 5 

4. And as the velocity of this point in different 
parts of its motion may be ſuppoſed to be any how 


increaſed or diminiſhed, the degree of this increaſe 


or diminution at C is the ſecond fluxion of the line 


AC. F 
5. Again, ſince this increaſe or diminution may 
be of different degrees at different places, it may it- 


ſelf alſo have a change, which at different places will 


be greater or leſs. And the degree of this change at 
the place C is the third fluxion of the line AC. 
6. The fluxion of other quantities is not the ve- 


locity of the motion, whereby they are increaſed, but 


the rate of that increaſe. And here the terms velo- 
city, celerity, and degree of ſwiftneſs, which origi- 


nally belong to actual motion, being applied to this 


rate of increaſe in a ſenſe ſomewhat figurative, Sir 
Jſaac Newton in lines choſe to call the actual motion, 
wherewith they are deſcribed, the fluxion of thoſe 
lines, as being an idea more obvious than the rate of 
their increaſe, which otherwiſe might have been aſ- 
(+ EC. ſigned 
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ſigned for the fluxion of lines, as well as of all other 
quantities. 

The caſe of lines being thus the b in che 
doctrine of fluxions, we have ſhewn in our diſcourſe, 
how that of all other flowing quantities may be re- 


duced to this by cauling a point fo to pals over any 


ſtreight line, that its length meaſured out, while the 
other flowing quantity is deſcribing, ſhall augment 
in the fame proportion with ſuch flowing quantity. 
So that the fluxion or velocity of increaſe of this 
fluent, will be ever proportional to the actual velocity 


of the point deſcribing the line. And from this con- 


ſideration we demonſtrated in particular, that when 
a curvilinear ſpace is ſuppoſed to be deſcribed by the 


uniform and parallel motion of an ordinate, the 


fluxion of that ſpace will be every where as the length 
of the ordinate. 
8. That our account of fluxions is the fame with 
that given by Sir Jſaac Newton, will appear from his 
own words. In the introduction to his treatiſe of 
Quadratures he ſays, Quantitates mathematicas, non 
ut ex partibus quam minimis conſtantes, ſed ut motu- 
continuo deſcriptas hic confidero. Linee deſcribuntur, 
ac deſcribendo generantur, non per appoſitionem par- 
. ſed per morum continuum punctorum, ſuperficies 
per motum continuum linearum, &c. Confiderando igi- 
tur, quod quantitates equalibus temporibus creſcentes, & 
creſcendo genitæ, pro velocitale majori vel minori qua 


creſcunt ac generantur, evadunt majores vel minores g/ 


methodum quærebam determinandi quartitates-ex veloci- 


latibus motuum vel incrementorum, quibus generantur; 


. 
% 


As is done in Dr. Wallis's Works, Vol. I. p-. 391. where 
it is ſaid of him, Per fluentes quantitates intelligit indeterminatas, 
id eſt quæ in generatione curvarum per motum localem perpetus augen- 
tur vel diminuuntur, et per earum fluxionem intelligit celeritatem in- 
crementi vel decrementi. And alſo in the quotation F. 8. from 
the Quadratures, Sir Iſaac Newton, ſpeaking of the fluxions of 
fluents in general, ſays, Et earum fluxiones- ſeu celeritates creſcendi. 
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bas motuum vel incrementorum velocitates nominando 
fiuxiones, & quantitates genitas nominando fluentes, 6c. 
Again, in the book itſelf he ſays, Quantitates inde- 
ter minatas, ut motu perpetuo creſcentes vel decreſcentes, 
id eſt, ut finentes vel defiuentes, in ſequentibus conſidero, 
deſignogue literis z, y, x, y, & earum fluxiones, ſeu 
celeritates creſcendi noto iiſdem literis pundtatis. Sunt 
& barum fiuxionum flu xiones, ſive mutationes magis aut 
minus celeres, 740 ipſarum 2, y, x, v fluxiones ſe- 
cundas nominare licet, Sc. Moreover, in ſome ob- 
ſervations he made on a letter of Leibnitz, which 
were printed at the end of Raphſon's Hiſtoria Fluxio- 
num *, he declares, That in a paper written by him 
ſo long ago as 1065, the direct method of fluxions 
was ſet down in theſe words: An equation being given 
expreſſirg the relation of two or more lines X, Ys Z, Se. 
deſeribed in the ſame time by two or more moving bodies, 
A; 8, C, Sc. 10 find the relation of their velocities, 
1 p., q, r, Cc. And in the Philoſophical Tranſacti- 
| ons, N* 342, p. 190 7, he ſays, When he conſiders 
lines as fluents diſer bed Ly points, wheſe velocities in- 
creaſe or decreaſe, the velocities are the firſt fluxions, 
and their increaſe the ſecond. And theſe laſt have 
particular regard to the firſt part of his deſcription of 
fluxions, where he calls them velocitates motuum. 

9. Here it moſt manifeſtly appears, that our de- 
ſcription of fluxions is the very fame, Sir Iſaac New- 
ton has himſelf delivered; and as he has never at- 
tempted to repreſent chic in any other light, we 
cannot ſufficiently admire, how he came to be charg- 
ed by a late writer with kaving given ſo various and 
inconſiſtent accounts of them ||. And this notion of 
fluxions and their different orders is evidently tree 

not only from any impoſſible, but even obſcure ſup- 
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P. 116, or Recueil de diverſes n fer la Philoſophie, Sc. 
2 Amſterd. 1720, tom. II. p. 89. 


+ Or Commercium Epiſtolic p. 10. 


| Defenſe of Free-Thinking in Mathematicks, p. 41. 
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poſitions. Inſomuch that this writer, for the ſup- 
port of his objections againſt this doctrine, found it 


neceſſary to repreſent the idea of fluxions as inſepa- 
rably connected with the doctrine of prime and ulti- 


mate ratios, intermixing this plain and ſimple de- 


ſcription of fluxions with the terms uſed in that other 


doctrine, to which the idea of fluxions has no rela- 


tion: and at the ſame time by confounding this lat- 
ter doctrine with the method of Leibnitz and the fo- 


reigners, has proved himſelf totally unſkilled in both. 


10, Theſe two methods of Sir Iſaac Newton are 


ſo abſolutely diſtinct, that their author had formed 
his idea of fluxions before his other method was in- 


vented, and that method is no otherwiſe made uſe of 
in the doctrine of fluxions, than for demonſtrating 
the proportion between different fluxions. For, in 
Sir Iſaac Newton's words“, as the fluxions of quan- 
tities are nearly proportional to the contemporaneous 
increments generated in very ſmall portions of time, 


ſo they are exactly in the firſt ratio of the augmenta 


naſcentia of their fluents. With regard to this paſ- 


ſage the writer of the Analyſt has made a twofold 
miſtake. Firſt, he charges Sir [/aac Newton, as ſay- 


ing theſe fluxions are very nearly as the increments 


of the flowing quantity generated in the leaſt equal 
particles of time. Again, he always repreſents theſe 
auęmenta naſcentia, not as finite indeterminate quan- 
tities, the neareſt limit of whoſe continually varying 
proportions are here called their firſt ratio, but as 
quantities juſt ſtarting out from non-exiſtence, and 


yet not arrived at any magnitude, like the infiniteſi- 


mals of the differential calculus. But this is con- 
trary to the expreſs words of Sir J/aac Newton, who 


after he had ſhewn how to aſſign by his method of 


* Fluxiones ſunt quam proxime ut fluentium augmenta #- 
qualibus temporis particulis quam minunis genita, &, ut accu- 
rate loquar, ſunt in prima ratione augmentorum naſcentium. 
Newton, Introd. aq Quad. Carv. . | ws; ' 
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prime and ultimate ratios the proportion, that diffe- 
rent fluxions have to one another, he thus concludes. 


In finitis autem quantitatibus Analyſin fic inſtituere, & 
finitarum naſcentium vel evaneſcentium rationes primas 
vel ullimas inveſtigare conſcnum eſt geometriæ veterum : 
S volui oſtendere, quod in icibedo fuxionum non opus 


fit figuras infinite parvas in geometriam introducere. 


11. And this leads us to conſider Sir Iſaac New- 
ton's doctrine of prime and ultimate ratios, which is 
of the greateſt uſe in demonſtrations relating to 


curves. It is no other than an abbreviation and im- 
provement of the ſorm of demonſtrating uſed by 
the ancients on the like occaſions. For this reaſon 


we. premiſed to our explanation of prime and ulti- 
mate ratios a ſhort deſcription of that method, which 
we ſhall now conſider more at large. | 

12. As no two different curves can be ſo laid on 
each other as to coincide either in whole or in part, 
it 1s evident, that the ſpaces bounded by ſuch curve 
lines cannot be immediately compared either with 
each other, or with right-lined figures; nor for the 
Jame reaſon can ſuch ſpaces be the ſums or diffe- 
rences of others, that are capable of being thus com- 
pared. Ir examining then the dimenſions and pro- 
portions of theſe curvilinear ſpaces, ſome other me- 


thod muſt be made uſe of, than thoſe that are re- 
quired in the compariſon of right-lined figures. 


13. Suppoſe a ſpace bounded by the curve AC, 
and the right lines AB, BC. Let the baſe BC be 
divided into any number of parts, and on thoſe di- 
viſions let parallelograms be drawn forming the fi- 
gures ADOEPFQGCB and KOIPHQRDB, the firſt 
ci: cumſcribing, and the laſt inſcribing the given 
ſpace ACB. It is now obvious, that by diminiſhing 
the breadth of theſe paralielograms, theſe figures 
may be made to differ from the ſpace ACB, and 
from each other by leſs than any ſpace, how minute 
ſoever, that ſhall be named; that is, the circum- 


{ſcribed 


1 
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ſcribed figure can be made leſs than any ſpace greater 


than the curvilinear ſpace, and the inſcribed figure 
greater than any ſpace leſs than that curvilinear ſpace. 
14. If by conſidering the properties of theſe in- 


ſcribed and circumſcribed figures, which ariſe from 


the nature of the curve, they are adapted to, a right- 
lined ſpace LMN can be aſſigned, that ſhall be 
greater than every inſcribed figure, and leſs than e- 
very circumſcribed figure, this right-lined ſpace LMN 


may be proved to be equal to the curvilinear ſpace 


AGB: | 

15. For were it greater, a circumſcribed figure 
could be made leſs; and if it were leſs, an inſcribed 
figure could be made greater. 

16, Inſtead of both inſcribed and circumſcribed 


figures, we might have made uſe of one of them on- 


ly, ſuppoſe of the inſcribed, by proving the ſpace 


MLN to be greater than every inſcribed figure, and 
alſo capable of being approached by ſuch a figure 


within leſs than any given difference. For thus the 


ſpace MLN can neither be leſs nor greater than the 
curvilinear ſpace. - If it were leſs, an inſcribed figure 
would exceed it; and if it were greater, no inſcribed 
figure could approach it ſo near as its exceſs above 
the curve. | EE es 
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3 17. Again, ſuppoſe there are two curvilinear 
ſpaces, ACB, and MON. If parallelograms, whoſe 
breadth may be any how diminiſhed, are drawn in- 


ſcribing and circumſcribing theſe curves; and if they 


are deſcribed in ſuch a manner, that the circum- 
ſcribed figure of one curve to the circumſcribed fi- 
gure of the other, and the inſcribed to the inſcribed, - 
has one and the ſame conſtant proportion in every 
deſcription : 1 ſay, that the curvilinear ſpace ACB 
is to the curvilinear ſpace MON in that proportion, 


which the inſcribed and circumſcribed figures con- 
ſtantly bear to each other. | 


M 
PR 


| A. 


- Rp „ —_— 
18. For no ſpace greater than ACB can have to 
MON this proportion; ſince if it could, a figure 
might be circumſcribed about ACB leſs than this 
ſuppoſed greater ſpace, and this circumſcribed figure 
to its correſpondent figure circumſcribing MON 
would be in the ſame. proportion, as the ſuppoſed 


greater ſpace to the curvilinear ſpace MON ; that is, 


tour quantities being in the ſame proportion, the firſt 
would be leſs than the third, and the ſecond greater 


than the fourth. Nor can any ſpace leſs than ACB 


have to MON the conſtant proportion of the figures 


— 


in 
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in one curve to the figures in the other. For if it 


could, a figure might be inſcribed within ACB, 
which would be greater than this ſuppoſed leſſer 


ſpace z and this inſcribed figure to its correſpondent 
figure inſcribing MON would be in the ſame pro- 


portion, as this imagined leſſer ſpace to the curvi- 
linear ſpace ON; that is, four quantities being in 


the ſame proportion, the firſt would be greater than 


the third, and the ſecond leſs than the fourth. Thus 
no ſpace but ACB can be ro MON in the conſtant 
proportion of the circumſcribed and inſcribed figures. 

19. If the proportion of the circumſcribed fi- 
gures, or of the inſcribed is not the ſame in every 


_ deſcription, but conſtantly. changing (ſuppoſe one 


of the ratios perpetually increaſing, and the other 
diminiſhing) as the breadths of the parallelograms 
are contracted ; then it will be ſhewa by a ſimilar 


proceſs, that the ratio, which is greater than every 
increaſing proportion, and leſs than every diminiſh- 
ing proportion, will be the true ratio of the curvili- 


near ſpaces. | 

20. The demonſtration may here too proceed by 
the inſcribed or circumſcribed figures only, as in the 
firſt example, if they bear a conſtant unchangeable 
ratio in every deſcription, or if the ratio can be 
found, which the ratio of thoſe figures does per- 
petually approach, and to which by diminiſhing the 
parallelograms it will at laſt come nearer, than to any 
other ratio, that ſhall be given. 5 

21. Though we have here made uſe of parallelo- 


grams, yet any other method of deſcribing the circum- 


{cribed and inſcribed figures, may equally take place; 
provided the figures ariſing from ſuch deſcription 
can be made to Giffer from the curvilinear ſpace by leſs 
than any difference whatever, that ſhall be propoſed. 


And in the deſcription of theſe figures lies the great 


artifice of theſe demonſtrations ; for they ought to 
be ſo drawn, that the right lined ſpace in our firſt in- 
Po og | ſtance, 
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ſtance, greater than the inſcribed, and leſs than the 


circumſcribed figure, may from the conſideration of 
theſe figures be moſt eaſily determined; or that the 
proportions of theſe figures in the following in- 
ſtances, may in every deſcription be eaſily aſſignable. 
22. In the manner here deſcribed did the ancient 
meters demonſtrate, whatever they diſcovered re- 
lating to the dimenſions or proportions of curve 


lines, curvilinear ſpaces, and ſolids bounded by 


curved ſurfaces. And this is the form of demon- 
ſtration, which is now called the method of ex- 
hauſtions. But as theſe demonſtrations, by deter- 
mining diſtinctly all the ſeveral magnitudes and 


proportions of theſe inſcribed and circumſcribed 


figures, did frequently extend to very great lengths, 


other methods of demonſtrating had been contrived, 


whereby to avoid theſe circumſtantial deductions. 
The firſt attempt of this kind, known to us, is that 

we mentioned to have been made by Lucas Valerius. 
But afterwards Cavalerius, an Talian, about the year 
1635, advanced his method of indiviſibles, in which 
he propoſes not only to abbreviate the ancient demon- 


ſtrations, but to remove the indirect form of reaſon- 


ing uſed by them of proving the equality or propor- 
tion between lines and ſpaces from the impoſſibility 
of their having any different relation; and to apply 
proof, that was before applied to right lined quantities. 

23. This method of comparing magnitudes in- 
vented by Cavalerius, ſuppoſes lines to be com- 


Pounded of points, ſurfaces of lines, and ſolids of 
planes; or, to make uſe of his own deſcription, 


ſurfaces are conſidered as cloth conſiſting of parallel 
threads, and ſolids are conſidered as formed of parallel 
planes, as a book is compoſed of its leaves, with 
this reſtriction, that the threads or lines, of which 
ſurfaces are compounded, are not to be of any con 


ceivable breadth, nor the leaves or planes of ſolids of 


any. 
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any thickneſs. He then forms theſe propoſitions, 
that ſurfaces are to each other as all the lines in one 
to all the lines in the other, and ſolids in like man- 
ner in the proportion of all their planes. 

24. But this method of indiviſibles, as here ex- 
plained, is manifeſtly founded on inconſiſtent and 
impoſſible ſuppoſitions. For while the lines, of 
vhich ſurfaces are ſuppoſed to be made up, are real 
lines of no breadth; it is obvious, that no number 
of them can form the leaſt imaginable ſurface: if 
they are ſuppoſed to be of ſome ſenſible breadth, in 
order to be capable of filling up ſpaces, that is, in 
reality to be parallelograms, how minute ſoever be 
their altitude, the ſurfaces may not be to each other 
in the proportion of all ſuch lines in one to all the 
like lines in the other; for ſurfaces are not always in 
the ſame proportion to each other with the parallelo- 
grams inſcribing them. 
= Jq+ The ſame contradictory ſuppoſitions do ob- 
viouſly attend the compoſition of ſolids by parallel 
planes, or of lines by ſuch imaginary points. 

26. This heterogeneous compoſition of quantity, 
and confuſion of its ſpecies, ſo different from that 
diſtinctneſs, for which the mathematicks were ever 
famous, was oppoſed at its firſt appearance by ſeveral 
eminent geometers, particularly by Guldinus and 
Tacquet, who not only excepted to the firſt princi- 
ples of this method, but tax the concluſions formed 
upon it, as erroneous. But as Cavalerius took care, 
that the threads or lines, of which the ſurfaces to be 
compared together were formed, ſhould have the 
ſame breadth in each (as he himſelf expreſſes it) the 
concluſions deduced by his method might generally 
be verified by founder geometry; ſince the compart- 
ſon of theſe lines was in effect the comparing * 
ther the inſcribed figures. 

257. As in the application of this method, error 
by proper caution might be avoided, the aſſiſtance 


- it 


* 
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it ſeemed to promiſe in the analytical part of geo- 
metry, made it eagerly followed by thoſe, who were 
more deſirous to diſcover new propoſitions, than 
ſollicitous about the elegance or propriety of their 
demonſtrations. Yet fo ſtrange did the contradic- 
tory conception appear of compoſing ſurfaces out of 
lines, and ſolids out of planes, that in a ſhort time 

it was new modelled into that form, which it ſtill 
retains, and which now univerſally prevails amongſt 
the foreign mathematicians. : 

28. In this reformed notion of indiviſibles, ſur- 
faces are now ſuppoſed as compoſed not of lines, but 
of parallelograms, having infinitely little breadths 
and ſolids in like manner as formed of priſms having 
1nfinitely little altitudes. By this alteration it was 
imagined, that the heterogeneous compoſition of 
Cavalerius was ſufficiently evaded, and all the ad- 

vantages of his method retained. 5 
209. But here again the ſame abſurdity occurs, as 
before. For if by the infinitely little breadth of theſe 
parallelograms we are to underſtand, what theſe 
words literally import, that is, no breadth at all; 
then they cannot, any more than the lines of Cava- 
lerius, compound a ſurface; and if they have any 
breadth, the right lines bounding them cannot coin- 
cide with a ſurface bounded by a curve line. 
30. The followers of this new method grew bolder 
than the followers of Cavalerius; and having trans- 
formed his points, lines, and planes, into infinitely 
little lines, ſurfaces and ſolids, they pretended, they 
no longer compared togeth-r heterogeneous quan- 

tities, and inſiſted on their principles being now be- 
come genuine: but the miſtakes, they frequently fell 
into, were a ſufficient confutation of their boaſts. 
For notwithſtanding this new model, the ſame limi- 
rations and cautions were ſtill neceſſary. For in- 

| ttance, this agreement between the inſcribing figures 
and the curved ſpaces, to which they are adapted, is 


only | 
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only partial, and in applying their principles to pro- 
politions already determined by a juſter method of 
reaſoning, they eaſily perceived this defect: both in 
ſurfaces and ſolids it was evident at the firſt view, 
that the perimeters diſagreed. But as no one inſtance. 
can be given, where theſe indiviſible or infinitely lit- 
tle parts do ſo compleatly coincide with the quan- 
tities, they are ſuppoſed to compound, as in every. 
circumſtance to be taken for them without producing 
erroneous concluſions z we find where a ſurer guide 
to correct their reaſoning was wanting or diſregarded, 
theſe figures were often imagined to agree, where 
they ought to have been ſuppoſed to differ. v4 
31. We might produce numerous inſtances of ſuch; 
errors from the writings of modern computiſts. The 
moſt celebrated of theſe, Leibniz and John Bernoulli, 
will furniſh us with ſufficient examples, from the ſin- 
gle error of ſuppoſing infinitely ſmall arches abſolute- 
ly to coincide with their chords. fo ET, 
32. The firſt, in two diſſertations, one on the re- 
ſiſtance of fluids, and another on the motion of the 
heavenly bodies, has on this principle reaſoned falſly, 
concerning the lines intercepted between curves and 
their tangents, as has been obſerved by Sir Iſaac Newton 
himſelf *. And Bernoulli, in a diſſertation likewiſe on 
the reſiſtance of fluids, has made the ſame miſtake, 
and even inſulted over Sir 1/aac Newton, where he 
had by means of his juſter method of reaſoning 
avoided that error; and Bernoulli upon the ſame 
principles had erred formerly in a pretended ſolu- 
tion of the problem concerning iſoperimetrical 
u ( | | | ; 
33. But the proceeding of Monſ. Parent is ſo very 
extraordinary, that it delerves alſo to be mentioned. 
He has had the raſhneſs to oppoſe erroneous deduc- 
_ * Philoſoph. Tranſ. No 342. p. 208. Or Comm. Epiſt. p. 42. 
+ Acta Erudit. An. 1706. | ” 
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tions from this abſurd principle to the moſt indubita- 
ble demonſtrations of the great Hagens. It having 
been ſhewn by Galileo, that any heavy body will de- 
ſcend through the chord of a circle terminating at its 
loweſt point in the ſame time, as it will fall through 
its. perpendicular diameter; from this principle of 
indiviſibles, that the arch and the chord do at laſt 
coincide, it was FN concluded, thar the time of 
the fall chrough the ſmalleſt arches muſt be equal to 
the time of the fall through the diameter. This con- 
teſt between demonſtration and error has been thought 
of ſuch importance, that ſeveral elaborate diſſertati- 
ons have been publiſhed to ſhew by what means, the 
idolized doctrine of infinitely ſmall quantities could 
produce fallacious concluſions . 

34. Thus it appears, that the doctrine of indivi- 


ſibles contains an erroneous method of reaſoning, and 


in conſequence thereof, in every new ſubject, to which 
it ſhall be applied, is liable to freſh errors. 

335. It is alſo manifeſt, that the great brevity it 
gave to demonſtrations, aroſe entirely from the ab- 

rd attempt of comparing curvilinear ſpaces in the 
ſame direct manner, as right lined figures can be com- 
pared; for in order to conclude directly the equality 
or proportion of ſuch ſpaces no ſcruple was made of 
ſuppoling, contrary to truth, that rectilinear figures 

capable of ſuch direct compariſon could adequately 
fill up the ſpaces in queſtion; whereas the doctrine 
of exhauſtions does not attempt from the equality or 
proportion of the inſcribing or circumſcribing figures 
to conclude directly the like proportions "of theſe 
ſpaces, becauſe thoſe figures can never in reality be 
— equal to the ſpaces, they are adapted to. But as 
theſe figures may be made to differ from the ſpaces, 
to which they are adapted, by leſs than any ſpace pro- 


propoſed, how minute ſoever ; it ſhews, by a uit 


* Sec Memoires de Acad. des Sciences, 1 722. 
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though indirect deduction, from theſe inſcribing and 
circumſcribing figures, that the ſpaces, whoſe equa- 
lity is to be proved, can have no difference, and that 
the ſpaces, whoſe proportion is to be ſhewn, can- 
not have a different proportion from that aſſigned 
them. 
36. But Sir Taac Newton, by his doctrine of prime 
and ultimate ratios, has found out the proper me- 
dium, whereby to avoid the impoſlible notion. of. 
indiviſibles on the one hand, and the length of ex- 
hauſtions on the other. As it was Sir Iſaac Netans 
expreſs deſign abſolutely to free his method of rea- 
ſoning from every part of the obſcurity and incon- 
ſiſtent notions of indiviſibles, and as all the objections 
raiſed againſt him have entirely been grounded on a 
ſuſpicion, that he has not fully ſucceeded in that de- 
ſign; we thought the readieſt method of vindicating 
this doctrine was to caſt it into a form as remote as 
poſſible from any appearance of agreement with that 
abſurd ſyſtem. 

37. For this purpoſe we defined the ultimate mag- 
nitude of any varying magnitude to be a fixt quan- 
tity, which the varying one can approach within any 

degree of nearneſs, and yet can never paſs: And the 
ultimate ratio of any varying ratio to be a fixt ratio, 
which the varying one can approach with on degree 
of nearneſs, but yet can never paſs. . 

38. Theſe definitions thus premiſed, we demon- 
ſtrated the two following propoſitions. 

I. That when the varying magnitudes continue 
always in the ſame ratio, their ultimate magnitudes 
will be alſo in the ſame ratio. 

11. Thar all the ulcimate ratios of the ſame vary- 
ing ratio are the ſame to each other, 

39. In this form it was eaſy to explain the. doc- 
trine of prime and ultimate ratios without the uſe of 
any of thoſe expreſſions, which had been miſunder- 
ſtood to bare reference to the method of e 

ut 
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But to make appear the identity of this doctrine, as 
by us expounded, with what Sir Jaac Newton has 
himſelf delivered; we premiſed a ſhort repreſenta- 
tion of the true ſenſe, in which we apprehended, his 
phraſcology ought to be underſtood: As he founded 
his doctrine on the firſt lemma in the firſt ſection of 
Kis Principia Philoſophie, i in my difcourſe I have thus 
repreſented his meaning in that lemma, That in this 
method any fixt quantity or ratio. which ſome vary - 
ing quantity or ratio by a continual augmentation or 


diminution ſhall perpetually approach, but never 


paſs, is conſidered as the quantity or ratio, to which 
the varying one will at laſt or. ultimately become 
equal ; provided the varying quantity or ratio can 
be made i in its approach to the other to differ from it 
lefs than by any difference how minute ſoever, that 
can be aſſigned. Conſonant to this repreſentation of 


Sir Iſaac Newton's meaning, in the account en of 


my book, this lemma was thus interpreted; thoſe 
quantities are to be eſteemed ultimately equal, and 
thoſe ratios ultimately the ſame, which are perpe- 


tually approaching each other in ſuch a manner, that 
any difference how minute ſoever being given, a finite 


time may be aſſigned, before the end of which the 


difference of thoſe quantities or ratios ſhall become 


leſs than that given difference. 

40. And to this interpretation the following re- 
mark was ſibjoined, That this lemma did not mean, 
or neceſſarily imply, that any point of time was aſ- 
fgnable, wherein theſe varying magnitudes would 


become actually equal, or the ratios really the fame ; 


but only that no difference whatever could be named, 


- which they ſhould not paſs. 1 


41. This interpretation of Sir Jſaac Newton is evi- | 


. dently conformable to our definitions. 


42. A learned gentleman, who, Eontealed under 
the name of Ph:lalethes Cantabrigienſis. had expreſsly 


entered into ee wich the author of the 


; | Ana »ft 
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Ana yt, though he oY the truth of our method of 


ne to be unqueſticnable; yet he thinks, we 


have in ſome meaſure deviated from the exact inten- 
tion of Sir Iſaac Newton. He has interpreted the 
forementioned lemma after a manner ſomething dif- 
ferent. But his interpretation does not aſcribe to the 
word given, uſed by Sir Ifaac Newton in this lemma, 
the true ſenſe of that word in geometry, but ſuppoſes 
it to ſtand for aſſignad/e; whereas it properly ſignifies 
only, what is actual affigned.  Philalethes inſinuates, 
that by our interpretation, and the. forementioned 
remark upon it, Sir Iſaac Newton is rendered ob- 
noxious to the charge of firſt ſuppoſing, what he 
would prove, and with proving only what he has 
before ſuppoſed. But our interpretation cannot poſ- 
ſibly mean leſs than this, that thoſe quantities and 
ratios will have no laft difference, which are perpe- 
tually approaching each other in ſuch a manner, that 
any difference how minute ſoever being given, a fi- 
nite time may be aſſigned, before the end of which 
the difference of thoſe quantities or ratios ſhall be- 
come lefs than that given difference. This is cer- 
tainly no identical propoſition, though its truth be 
very obvious; and Sir /ſaac Newton's s demonſtration 
of it is accordingly very ſhort. 
43. However I acknowledge, had Sir Tſaac New- 
ton here no other intention, but ſimply to prove ſo 
obvious a truth, a diſtinct propoſition. for this pur- 
poſe only might perhaps have well been ſpared; But 
ve muſt conſider this propoſition in another light. 
There are two ways, whereby. good writers explain 
the uſe of terms they introduce: one is by expreſsly 
defining them; another, when, to avoid that for- 
mality, they convey the ſenſe of ſuch terms by their 
manner of uſing them. And to make appear, that 
Sir Iſaac Newton, by the demonſtration annexed to 
this lemma, has ſufficiently evinced; in what ſenſe 
the lemma itſelf muſt be underſtood; and at the 
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ſame time to prove what that ſenſe is, it was ſhewn, 

that this demonſtration is no leſs applicable to quan- 

tities, which only approach without limit to the ratio 

of 1 than it will agree to ſuch quantities, as 
a 


at laſt become actually equal. For this purpoſe this 
demonſtration was applied to the ordinate oF an hy- 
perbola, compared with the ſame continued to the 
aſymptote, which do approach without limit to the 
ratio of equality, though they never become actually 
equal. But as Pbilalethes has taken exception to this 


| Inſtance, not conceiving how to regulate this ap- 


proach, ſo as to bound it within a finite time; with- 
out enquiring how far that limitation was neceſſary 
to our purpoſe, we ſhewed a method of adding this 
circumſtance by cauſing a line to turn upon the cen- 
ter of the hyperbola, and paſs with an equable mo- 
tion from the diameter to the aſymptote: for by 
ſuppoling the forementioned ordinate continually to 
accompany the interſection of this line with the hy- 

rbola, the whole motion here required will be 
Fate within ſuch a finite ſpace of time, as he ima- 
gined neceſſary. And in this view it is equally ma- 
nifeſt, that the ordinate, and its continuation, can 
never become equal, till they are both extended to 
infinity, and all idea of them is loſt “*. | 
44. By this we think it very evident, that Sir Jaac 
Newton has neither demonſtrated the actual equality 
of all quantities capable of being brought under 


45. When- 


* Philalcthes not perceiving, how the demonſtration of Sir 


 Thaace Newtor's firſt lemma could be applied to this caſe, Mr. 


Robins thus ſhewed it. : | | 
Here the hypotheſis aſſumed is a property of the hyperbola 
commonly known, That the curve continually approaches its 
aſymptote, as it is farther exſtended, ſo that by removing any 
ordinate farther and farther from the vertex, it will approac 
nearer and nearer in magnitude to the {ame continued to the 


aſymptote, without limit, New to prove the ultimate _— 
| | ä 0 


% 
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45. Whenever the quantities or ratios compared 
in this lemma are capable of an actual equality, they 
muſt really become ſo. But when they are incapable 
of ſuch equality, the phraſe of ultimately equal muſt 
of neceſſity be interpreted in a ſomewhat laxer ſenſe ; 


that is, as Sir [/aac Newton in the 71 propoſition of 
the firſt book of his Principia expreſſes it, pro qua- 


libus habeantur, are to be eſteemed equa! *, and means 
only, that ſuch quantities or ratios approach without 
limit. Accordingly we find, that immediately after 
this lemma he uſes the expreſſions ultimo in ratione 
. and ultimo A as ſynonymous terms. 

owever, as in every ſubject of this lemma all ulti- 


mate difference is excluded, the conſequences drawn 


of theſe two lines, let us ſay thus. If you deny it, let them be 
ultimately unequal, and let their difference be D; therefore 
they cannot approach to equality nearer than by the given dif- 
ference D, contrary to ee Thus is the demonſtra- 
tion of this lemma, without changing a ſingle word, applied to 
the preſent caſe f. Preſent State of the Republick of Letters for 
Auguſt 1736, p. 100. | | 

* Philalethes objected to this tranſlation, are to be ęſteemed equal, 
and contended, that it ought to have been rendered, let them te 
taken for equal, or, let them be efleemed equal. To which Mr. Reb:rs 
replied thus _ : ; 

But why is habeantur the imperative mood ? Philalethes was 


_ deceived by the preceding words, which direct certaia conftruc- 


tions; but here, where a. conſequence is concluded from thcſe 
conſtructions, the potential mood is required, in which, to uſe 
the learned Linacer's words, indicatio eft potentiæ, debitive, ali- 


quando voluntatis; How then is, are to be efteemed equal, a falſe 


tranſlation ? Is not that pro equalibus haberi debent ? Juſt as non 
exßectes, ut ſtatim gratias agat, qui ſanatur invitus, is expounded ' 
by this great grammarian non debes eæpectare. See his excellent 


. treatiſe, De emendata ftructura latini ſermonis, lib. I. De Medo. 


I have quoted Linacer, becauſe he was the firſt, who gave the 
name of potential to this mood, when it bears any of the three 


| res here mentioned : -but this form of the verb having 
al 


theſe ſenſes is a point agreed among grammarians. See 
Alvarez and Vaſſius. Preſent State of the Republick of Letters 
tor Auguſt 1736, p. 102. 
3 8 Review, § 20, 
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from it are equally juſt and perſpicuous, whether the 
quantities do or do not become actually equal, and 
the ratios actually coincident. And this reſtriction 
of the ſenſe of this lemma is abſolutely neceſſary to 
be attended to in this doctrine z becauſe Sir Iſaac 
Newton himſelf has applied it to quantities and ratios 
incapable of an actual equality or agreement. 

46. In the account of our Diſcourſe, the lemma 
immediately following, where parallelograms are in- 
ſcribed, and others circumſcribed to a curvilinear 
ſpace, was produced as an example of this. It was 
there alſo obſerved, that vaniſhing quantities may 
never actually have that proportion, which, accord- 
ng to this lemma, is ſaid ultimately to belong to 
them. 

47. In this ſecond lemma Sir Iſaac Newton directs, 
that the number of theſe parallelograms ſhould be 


augmented in infinitum. This muſt not be inter- 


preted, till the number become infinitely great: for 
this is the expreſs language of indiviſibles. We ren- 
der the words 77 infinitum, endlejsly, and perform, 
what is here directed, by that ſimple and obvious 
method practiſed by the ancient geometers, of con- 
tinually fubdividing the baſe of the curve *. And 
| 1 e 115 


: '® P}ilalethes thus animadverted on : this Viace, 

I apprehend our preſent enquiry is, not how Mr. Robins per- 
orms what is here birefted ; but how Sir Laac Nexwton intended 
it ſhould de performed. 

There are two ways, which we may conceive the baſe of the 
curve to be continually ſubdivided. One is, the method practiſed 
by Euclid and the other ancient Geometers, which conſiſts in con- 
tinually repeating the operation directed in the tenth propoſition 
of the firſt book, or in the teath propoſition of the Arn book 
of the Elements. | 

To which animadverſion Mr. Robins made this reply. 

Mr. Nobins thinks himſelf directed by the words of Sir 1/aac 
Newton to make the ſubdiviſion in the manner here propoſed. 
Philalethes, in not underſtanding this place, confirms Mr. Robins 


in his opiaion, how needful a knowledge in the ancients is to 


quality 
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it is manifeſt, that ſuch. ſubdiviſion can never be 


actually finiſhed. Philaleihes on the other hand en- 


deavours to deſcribe a complex kind of motion, 
whereby he apprehends this multiplication of the 
parallelograms can be brought to a period. But as 
the inſcription and circumſcription of theſe figures 
require, that the baſes of thoſe parallelograms be 
conſtantly equal, and each ſome aliquot part of the 
whole baſe, any ſuch deſcription by continued mo- 
tion is neceſſarily excluded, as has been already ob- 
ſerved *. Philalethes charges this with being too 
haſty an aſſertion : becauſe in another lemma, 
namely the third, parallelograms are ſuppoſed to 
be deſcribed to a curve, whoſe baſes ſhould not be 
equal. But ir was not aſſerted, that Sir Jaac New- 
ion had ſuppoſed this equality in all the propoſitions, 
wherein he may have had occaſion to conſider paral- 
lelograms deſcribed to curves; but that it was con- 
ſtantly and always to take place in this ſecond lemma; 


which being a diſtinct and ſeparate propoſition, muſt 


have a demonſtration compleat within itſelf. 

48. However, {ſhould we ſo far depart from Sir 
Iſaac Newton, as to admit of this complex kind of 
motion, what idea can we form of the inſcribed 
or circumſcribed figure, to which we are at laſt 


qualify a perſon far underſtanding either Sir //aac Neawton or 
binſelf. But however P-ila/e:hes has endeavoured to ſnew his 


knowledge in the ancients by quoting two propoſitions from 
Euclid?'s Elements; one of which teaches. how to divide a line in 


tie ſame proportion as ſome other line is divided, the other ſhews, 
that by taking from any quantity more than half, and from the 
remainder more than half continually, the reſidue may be re- 
duced within any degrce of ſmallneſs. How) much theſe pro- 
politions are to the purpoſe of inſcribing and circumſcribing 
parallelograms to a curvilinear ſpace, let Philalethes ſhew. 
When Ppilaletbes has gone further in the ancients than che 
Elements of Eaclide, he will be better able to comprehend Mr. 


 Robins's meaning, and judge upon the point in queſtion. Prgſent 


State of the Republick of Letters for Auguſt 1730, p. 107. 
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actually to arrive, which with any propriety of ſpeech 
is to be ſtiled equal to the curve? | 0 

49. Sir Jaac Newton in the corollaries annexed to 
the third lemma expreſsly declares, there is no ulti- 
mate ſum of theſe parallelograms, nor no ultimate 
figure compounded of them, diſtinct from the very 
curve itſelf. Philalethes himſelf acknowledges this. 
Though how far this conceſſion agrees with the reſt of 
his opinion, will be beſt underſtood hereafter. But 
at preſent we ſhall examine more particularly Sir 
Jaac Newton's meaning in the corollaries now men- 

50. The treatiſe of Sir 1/aac Newton, in which 
this doctrine is delivered, is written throughout with 


that degree of brevity, as occaſions a general com- 
plaint of the difficulties attending the ſtudy of it. 
And this conciſeneſs is no where perhaps more re- 


markable than in the ſection now under conſidera- 
tion; inſomuch, that it often requires careful atten- 
tion to diſcover the exact meaning, and full force of 


the expreſſions. More than once Sir 1/aac Newton, 


to convey his intention the eaſier to thoſe, who had 
been accuſtomed to the method of indiviſibles, has 


introduced ſome expreſſions analogous to the phraſeo- 


logy of that doctrine, when the brevity, he had pre- 
ſcribed to himſelf, occaſioned his not giving expreſs 
notice of it. Of this kind we muſt reckon the con- 
cluſion of the following paſſage. Ullimæ raticnes 
ill, quibuſcum quantitates evaneſcunt, revera non ſunt 
rationes quantitatum ultimarum, ſed limites ad quos 
quantitatum fine limite decreſcentium rationes ſemper ap- 
Prepinquant; et quas propius aſſequi poſſunt quam pro 


data quavis differentia, nunquam vero tranſgredi, neque 
Prius atlingere quam quantitates diminuuntur in infini= 


tum. The laſt words of this paſſage mean in reality 


no more, than that the quantities will never have the 


* Newtoni Princip, Lib. 1. Lem, xi. in Schol, 
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ratio mentioned; and the only reaſon to be aſſigned, 
why Sir Iſaac Newton expreſſed this in the manner he 
has done, is, that he addreſſes himſelf to thoſe, who 
had been accuſtomed to indiviſibles, and accommo- 
dates himſelf to their language. The expreſſion in 
the firſt of the corollaries before- mentioned is evi- 
dently adapted to the ſame deſign. The ultima ſum- 
ma there mentioned, in ſtrict propriety of ſpeech, 
has no kind of meaning, for it is really infinite. His 


intention could only be here to ſignify, that what in 


the language of indiviſibles might be called the laſt 


ſum of theſe parallelograms, or the figures ſuppoſed 
in that method to be compoſed of ſuch infinite num- 
ber of parallelograms, or other right-lined figures, 


is really nothing diſtinct from the curve itſelf. 
51. To aſſert that any collection of theſe inſcribed 
or circumſcribed parallelograms can ever become 


actually equal to the curve, is certainly an impro- 


priety of ſpeech; for equality can properly ſub- 
ſiſt only between figures diſtinct from each other. 


Such expreſſions therefore are ſo far from giving any 


additional advantage to this method of reaſoning, 
that they can only tend to confound this method with 
indiviſibles. For we have already ſhewn, that the 


eſſence of indiviſibles conſiſts in endeavouring to 


repreſent to the mind ſuch inſcribed or circum- 
{ſcribed figure, as actually ſubſiſting, equal to the 
curve. That method does not merely depend on a 
particular ſet of exceptionable expreſſions; but how- 
ever the phraſeology be varied, yet while the ſame 


mode of thinking is attempted, we are ſtill involved 


in that erroneous doctrine. Whatever ſtate of the 


inſcribed or circumſcribed figure is ſuppoſed previous 


to this equality, or by whatever changes 1t 1s con- 
ceived to degenerate into its imagined laſt form : 
yet as long as we fancy ourſelves capable of ſeeing 
directly in this laſt form thoſe properties, which 
theſe figures had before, we are ſtill immerged in 
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the doctrine of indiviſibles. It is certainly therefore an 
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advantage to this method, to ſeclude from it any ex- 
preſſions leading towards ſuch faulty conceptions. 
52. But Philalethes ſeems apprehenſive of weak- 


ning the force of Sir Iſaac Newton's demonſtrations 


by this means, when he tells us, that Sir Jaac New- 
ton contents not himſelf with any the moſt near approxi- 
mations, but carries his demenſtrations to the utmoſt ac- 
curacy and geometric rigor; accordingly every one of the 
examples he has given in the lemmata of the firſt ſeckion, 
are of ſuch quantities and ratios, as do attually arrive at 
their reſpective limits. Does Phi!alethes here ſuppoſe 
the truth of Sir 1/aac Newton's demonſtrations to de- 
pend on this actual equality of the variable quantity 
and its limit? He confeſſes our demonſtrations to 
be juſt, which do not-ſuppoſe this actual equality. 
53. Heallo ſays, that ihe ſuppoſing this actual equalily 
ſeems greatly to exceed the method of the ancients in perſpi- 
cuity as well as in the conciſeneſs of its demonſtrations. 
54. That this method ſhould be more perſpicuous 
is impoſſible, the method of the ancients being per- 
fect in that reſpect. Certainly there are not in their 


method, what Philalethes (though I think without rea- 


ſon) inſinuates of this, any demonſtrated truths, that 
muſt be owned, though we do not perfectly ſee every 
ſtep, by which the thing is brought about. That it 


excceds the method of the ancients in conciſeneſs is 


true; but that is not occaſioned by this ſuppoſed 
actual equality of the variable quantity and its ulti- 
mate; ſince, as we have ſhewn this to be at the beſt 
but a ſuperfiuous circumſtance, the ſuppoſing it ne- 
ceſſary is fo far from promoting conciſeneſs, that it 
adds to the length of this doctrine, by obliging us to 
labour in every caſe after ſome idea of motion how- 
ever intricate, whereby to repreſent to our minds this 
actual equality. In the caſe we have been conſider- 
ing, the motion propoſed for forming theſe paralle- 
lograms is ſufficiently intricate. If, it were convem- 
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ent to make uſe of a polygon deſcribed within or 
without a curve, as in the firſt propoſition of the ſe- 


cond ſection of the firſt book of the Principia, ano- 
ther kind of motion muſt be accommodated to that 


caſe. And ſo for every variation of theſe inſcriptions 
and circumſcriptions we muſt ſtrain our imagination 


for ſome involved and perplexed kind of motion ap- 
plicable to each “. 5 
55. The ſum of what, we have been ſaying, a- 
mounts to this, that in our interpretation of Sir 1/aac 
Newton, no ſubtle inquiry after means to bring about 
an actual equality between the curve and the inſcrib- 
ed and circumſcribed figures is at all neceſſary ; 


which is affixing iatricate circumſtances to this me- 


thod, no way neceſſary to the truth or clearneſs of 
| 


On this paſſage Philalzehes thus obſerves. 
However, ſince Mr. Robins is pleaſed to talk ſo much about 


training our imagination for ſome involved and perplexed kind of mo- 


tion, let us ſee, if we cannot find ſome plain and eaſy way, of 


_ repreſenting to the imagination, that actual equality, at which the 


inſcribed and circumſcribed figures will arrive with each other, and 
with the curvilineal figure, at the expiration of the finite time. 

Accordingly Philalethes attempted to repreſent to the imagina- 
tion, what he calls the actual equality, at which the inſcribed 
and circumſcribed figures will arrive with each other, and with 
the curvilinear figure, at the expiration of the finite time. 

To this Mr. Robins anſwered, Is this producing any continued 
motion for the purpoſe, Mr. Robins ſpeaks of? 

However, Philalethes, in executing his own deſign imagined 


two curves to be deſcribed, whoſe ordinates might expreſs con- 


tinually the proportion between the inſtribed and circumſcribed 


parallelograms in queſtion ; by the interſection or concurrence. 


of which curves it might be found, when the inſcribed and cir- 
cumſcribed ſigures become equal. But though each of theſe lines 
are drawn by Philaletbes in his figure, as ſimple curves; yet in 
reality they are each compounded of an endleſs number of por- 
tions of as many different curves combined together. This, adds 


Mr. Robins, is a ſpecimen of Philalethes's ſcill in the common al- 


83 of curve lines, to give us an equation expreſſing the nature 
of a ſingle curve, one which in reality includes an infinite ſeries. 
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| the 


+. 

jd 

4 
4 1 
£ 

' 

1 


1 
1 
| 


* 


138 ' Dis$ERTATION ON THE 


the demonſtrations. For this actual equality can 

ſcarce be repreſented to the mind, but in ſuch com- 
plex, not to fay confuſed ideas, that will bring us 
upon the very borders of indiviſibles, and render us 
perpetually obnoxious to the abſurdities of that doc- 


trine. It is therefore without queſtion an advanta- 


geous repreſentation of this method, to free it from 


every perplexity of this kind. And we have ſhewn 
our interpretation, which thus removes this doctrine 


quite beyond the reach of every objection, that has 
Hitherto been levelled againſt it, to be conformable 
to the moſt proper ſignification of Sir Jaac Newton's 
words, both in his ſecond lemma, where thoſe fi- 
gures are conſidered, and alſo in the firſt, where the 
principles of this method are eſtabliſhed,  _ 
56. And our interpretation of this firſt lemma is 


ſtill more abundantly neceſſary in applying this lem- 
ma to what, Sir Iſaac Newton calls vaniſhing quanti- 


ties. For as theſe quantities are ſuppoſed: continually 
to diminiſh, and by that means to have their propor- 
tions varied; nothing is more evident, than that 
their dimunition will never bring them actually to 
bear that ratio to one another, with which in this 
lemma the ratio of theſe quantities is ſaid to become 


ultimately. the ſame. 


57. This will moſt evidently appear by Sir Jaac 
Newton's words, Ultime rationes illæ, quibuſcum quan- 
titates evaneſcunt, revera non ſunt rationes quantitatum 


ullimarum, ſed limites, ad quos quantitatum fine limite 


decreſcentium rationes ſemper appropinquant , & quas 


proprius aſſequi poſſunt quam pro data quavis tifferentia, 


nunquam vero tranſgredi, neque prius atlingere, quam 


quantitates diminuuntur in infinitum. Res clarius in- 


telligetur in infinite magnis. Si quantitates duæ, quarum 


data eſt differentia, augeantur in inſinitum, dabitur ha- 


rum ultima ratio, nimirum ratio æqualitatis; nec tamen 
ideo dabuntur quantitates ullimæ, ſeu maximæ, quarum 
ita eſt ratio. In ſequentibus igitur, fi quando facili 
. rerum 
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rerum conceptui conſulens, dixero quantitates quam mini- 
mas, vel evaneſcentes, ved ultimas; cave intellivas quan- | 
titates magnitudine determinatas, ſed cogita ſemper die 
minuendas fine limite. 1 1 

58. Here it is expreſly declared, that theſe altimæ 
rationes, quibuſcum quantitates evaneſeunt, are not ra- 
tiones quantitatum uliimarum; but only limits, to 
which the ratios of theſe quantiries, which them- 
ſelves decreaſe without any limit, continually ap- 
proach ; and to which theſe ratios can come within 
any difference, that may be given, but never paſs, 
Nor even reach thoſe limits, before the-quantities are 
diminiſhed to nothing. To explain this more di- 
ſtinctly, and to prevent, as much as poſſible, his 
reader from ſeeking after any ſtate or condition, at 
which theſe quantities can actually arrive, wherein to 
be the ſubjects of this proportion; he draws a parallel 
between this caſe, and the caſe of quantities ſuppoſed 
to augment without end. For ſays he, ſuch quanti- 
ties may have an ultimate ratio, though here will not 
be any laſt quantities as the ſubjects of that ratio. 

59. Philalethes is very unwilling to allow this in- 
tended for an exact parallel. But Sir Iſaac Newton 
expreſly affirms, his intention of introducing it was 
to render more clear the thing, he had been immedi- 
ately ſpeaking of, that is, the nature of the ultimate 
ratios of quantities decreaſing without limit. 

60. Philalethes indeed aſſerts a difference between 
the two cafes. In vaniſhing quantities he aſſerts their 
ratio actually to come up to (attingere) their limit; 
but in the other not. It is true the quantities in one 
caſe may be reduced abſolutely to nothing, but in 
the other can never be extended to an infinite mag- 
nitude. Yet in both caſes the quantities are equally 
incapable of being converted by the variation aſcribed 
to them into any condition, wherein they will be the 


* Newtoni Princip. Philoſ. Lib, 1. Lem. xi. in Schol. 
| ſubjects 


> 
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Iubjects of that ratio, which is called their ultimate, 
Nay, Sir Jaac Newton-has been ſo particularly careful, 
leſt any of his readers, from brief expreſſions, which 
they would afterwards find in this book, ſhould 
imagine, he in the leaſt favoured the attempt of in- 
! diviſibles, to purſue ſuch quantities to a diminution 
4 actually infinite, here further adds this expreſs cau- 
1 tion, that by whatever name he might hereafter de- 
note theſe vaniſhing quantities, they were never to 
it | be conſidered as determinate, but as- variable ones, 
ll | diminiſhing without limit; conſonant to what he faid 
Ii before, Nolim indiviſibilia, ſed evaneſcentia diviſibilia 
intelligi *. | | 12; 

61. This interpretation of Sir Jaac Newton, fo 
expreſsly conformable to his own words, at once 
I aaiſſipates all the objections, the author of the Analyſt 
| | | has raiſed againſt the demonſtrations, whereby Sir 
| Iſaac Newton proves the operations in his method of 
I! fluxions, though condemned with ſo much freedom 
I for fallacious and inconcluſive. 

1 62. The form of theſe demonſtrations may be re- 


. Preſented thus. 
A | = | B 4 E 5 — 
Th «Wis = 2 


| 63. Let the two points B and D, one tracing out 
1 the line AB, and the other the line CD, be ſuppoſed 
1 to ſet forward together from A and C, and to arrive 
1 in the ſame time at B and D. Now it is required, 
1 from the given relation between theſe deſcribed lines 
hi Ag and CD, in all the correſpondent magnitudes of 
||. thoſe lines, to determine the proportion of the velo- 
| | cities of the points at B and D; that is, to determine 
| * Newton. Princip. Phil. ibid. . 
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the proportion of the fluxions of thoſe lines AB and 
CD from the known relation of the flowing lines. 

64. Suppoſe thefe points advance to E and F in 
the ſame time. Then if their velocities are always 
in the ſame proportion, the augments BE and DF 
will be in the proportion of thoſe velocities. © But if 
one of the points, ſuppoſe D, is mote accelerated 
than the other B; then the ratio of DF to BE will | 

be a proportion greater than that of the velocities: 
but the ſmaller BE and DF are taken, the nearer 
will the proportion of theſe ſpaces DF and BE ap- 
proach to the proportion of the velocities at D and 
B; and the difference between theſe two proportions 
may be diminiſhed in any degree whatever by a ſuf⸗ 
ficient” diminution of the augments DF and BE. 
'Then the ultimate proportion of the decreaſing g quan- 
tities DF and BE, will be the true proportion i of the 
velocities, or of the fluxions at D and B. L 

65. This is expreſsly the method, by which Six 

Je Iſaac Newton determines the proportion of the fluxi- 
ons of different magnitudes in all cafes. Having 
firſt compared ſuch contemporaneous augments as 
have a finite, that is, a real magnitude; then he 
ſuppoſes theſe auguments continually to diminiſh, 
and having determined the neareſt proportion, to 
which they conſtantly tend during their diminution, 
he afligns this as the true proportion of the velocities 
or fluxions. 

66. Sir Jaac 1 deſcribes the proceſk;” we 
have here explained, by theſe words: F Evaneſcant 
jam augmenta illa & eorum ultima ratio erit, Cc. 

67. Now this paſſage is thus tranſlated and com- 

| mented on by the author of the Analyſt, Let theſe in- 

erements vaniſh, i. e. let the increments be nothing; 
and from hence he takes great pains to ſnew the ab- 

| 1 of comparing together; and e the Pro- 


+ Incrod: ad Quad, Dare | ; 
portion 
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portion of quantities, after they are ſuppoſed to be 
deſtroyet. e 
68. But here he commits a twofold error: firſt in 
imagining, that the operation, which the increments 
are by Sir Iſaac Newton ſuppoſed to undergo in order 
to have their ultimate proportion aſſigned, and which 
he deſcribes by the verb evaneſcent, is confined to 
that point of time only, at which the increments are 
actually gone and aboliſhed ; and, ſecondly, in ima- 
gining, that by the ultimate ratio of varying quan- 
ties is meant a ratio, that thoſe quantities do at ſome 
time or other exiſt-under. Y | 

69. As to the firſt ſuppoſition, when the points 
E and F are conceived to move backwards, till they 
arrive at B and D, the diminiſhing of the augments 
BE and DF, as well as their abolition at laſt in the 
points B and D effected by this means, is by Sir 
Tſaac Newton comprehended under the general de- 
{cription of evane/cant, let them vaniſn; as is moſt 
evident, not only by the paſſage above quoted from 
Sir 1/aac Newton's introduction to his treatiſe of 
Quadratures, where he ſays his analyſis inveſtigated 
fimtarum naſcentium vel evaneſcentium 'rationes primas 
vel ultimas, but alſo by the words ſince produced, 
that he vaniſhing quantities by him conſidered are'divi- 
fible, and not determinate, but continually diminiſhing. 
. 70. Since therefore theſe vaniſhing quantities are 
expreſsly declared by Sir Jaac Newton to be finite 
| and variable; his expreſſion in this place muſt be un- 
derſtood to relate to the whole time they are vaniſh- 
ing. And his words are free from any impropriety; 
for the term vaniſhing is daily applied to objects dur- 
ing the time of their diſappearing, before they are 
actually out of ſight, abſolutely ſignifying no more 
than going to vaniſh. Juſt as we ſay that the ſun is 
ſetting in the moſt limited ſignification of that word, 
as ſoon as its under limb touches the horizon; and 
as ſoon as ever the ſun is quite out of fight, it is no 

longer 
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longer ſetting, but l : ſo theſe In, 


being of a finite, that is, of a real magnitude, do no 
vaniſh inſtantaneouſly, but with the utmoſt propriety 
may be ſaid to be vaniſhing all the time they are un- 


dergoing the diminution aſcribed to them. 


71. The ſecond error of the author of the Aug, 
that of ſuppoſing the ultimate ratio of varying quan- 


tities to be a ratio, which theſe quantities muſt fome 


time or other exiſt under, we have fully ſhewn to be 


wham Sir Iſaac Newton's expreſs declaration. 


72. Upon this miſtake is grounded the charge of 
indiviſibles being unavoidably ſuppoſed in this doc- 
trine, when he ſays, no quantity can be admitted ay 
a medium. between a finite quantity and nothing, 
without admitting infiniteſimals, By what has been 
above ſaid, it appears, that Phila/ethes had no neceſ- 
ſity, for avoiding the conſequence here charged upon 


the doctrine, to have recourſe te that definition of a 
_ naſcent increment, which follows. A naſcent increment 


is an increment juſt beginning to exiſt from nothing, or 


juſt beginning tg be generated, but not yet arrived at any 


aſſurnable magnitude, how ſmall ſoever. 

73. Here a naſcent augment ſeems to be repre- 
ſented, as a quantity neither of any finite magnitude, 
nor yet as abſolutely nothing, and can ſcarce be con- 
ceived of otherwiſe, than as in an intermediate fate 
between both. I apprehend Philalethes was induced 
to frame this definition from the terms naſcent and 
evaneſcent, by which thoſe, who had compoſed de- 
monſtrations, or writ upon this ſubject in our lan- 
guage, had rendered Sir IJſaac Newton's words naſ- 
ceates and evaneſcentes. And theſe Engliſh words 
bearing the forca of nouns adjective, they too fre- 
quently neglected the addition of prime and ultimate, 


neceliary to render the ſenſe compleat in expreſſing 


the ratio, which is the limit to the ratios of theſe. 
quantities, We find Sir //2ac Newton ſo cautious in 
chis particular, that in the account of the Commer- 

| : | cium 
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cium Epiſtolicum, publiſhed in the Philoſophical Tranſ- 
actions, though written by him in Eugliſb, he retains 
the Latin expreſſions. Since Sir Iſaac Newton in- 
tended by quaniitates naſcentes and evaneſcentes finite 
and indeterminate quantities capable of bearing dif- 
ferent proportions, the term prime or ultimate is ab- 
ſolutely neceſſary to expreſs that ratio, which is the 
limit of thoſe different ones. | | 

74. From this inadvertent uſe of the words na/- 


cent and evaneſcent we expreſſed a diſlike to them in 


our diſcourſe. hug 

5. But now, to ſum up the whole of what we 
have ſaid upon this head, ſince Sir //aac Newton has 
expreſsly told us, that the quantities, he calls na/- 
centes and evaneſcentes, are by him always conſidered 
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as finite quantities; that ratio called their prime or 


ultimate cannot be the ratio, which thoſe quantities 


themſelves at any time muſt actually have. Our in- 
05 1 ter pretation 
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terpretation therefore of the lemma ſo often menti- 


oned is abſolutely neceſſary in applying it to theſe 
quantities. And as we have ſhewn no different ſenſe 


to be required in any other ſubje& of this doctrine; 


ſo our repreſentation of Sir 1/aac Newton's mind has 
not only been proved to be conformable to the ge- 
nuine meaning of his words, but is alſo perfectly 
conſiſtent with itſelf: whereas we mult confeſs our- 
ſelves at a loſs to reconcile Philalethes with himſelf 
in the acknowledgment he makes, that the ultimate 
form even of the perimeter of the inſcribed figure in 
Sir Jaac Newton's ſecond and third lemmas is no o- 


ther than the curve itſelf; that is, in each triangle 


Kb, BLe, cd, ADE, the rectilinear ſides ak, Kd, 
I, „ Md. 4D, DE, vaniſh into the curve 


itſelf: if at the ſame time he ſuppoſes evaneſcent 
quantities ſubſiſting at each point of the curve, which 


can be the ſubjects of the proportions, between the 
ordinate, tangent, and ſubtangent. 


76. We mall now proceed | to conſider, what Sit 
Taac Newton has called the momenta of quantities. 
This term was uſed very early by him. In or before 
the year 1669 *, he drew up a ſhort diſcourſe de 
Analyſi per  equationes numero terminorum infinttas: 
Here the word moment frequently occurs. He has 
told us this tract teaches how to reſolve finite equations 
into inſinile ones, and how by the method of moments to 
apply equations both finite and infinite to the foiuticn of 
problems r. He ſays, that be there called the moment 
of @ line @ point in the ſenſe of Cavalerius, and ihe mo- 
ment of an area a line in the ſame ſenſe}. The paſſage 
in the book, to which this relates, 1s as follows. 
Nec vereor loqui de unitate in punciis, ve lineis infinite 


9 Philo. Tranſ. No. 343. p. 254. Or Comm. Epiſt. P- 36, 


Philoſ. Tranſ. Ibid. p. 175. Or Comm. Epiſt. p. 5. 
4 Philo. Trarſ. Ibid. p. 178. Or Comm. Epiſt. p. 7. 


Vor. I. R Harvis, 


— 
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parvis, ſiquidem proportiones ibi jam contemplantur geo- 
metre, dum utuntur methodis indiviſibiliumſl. And he 
has told us, from the moments of time he gave the 
name of moments to the momentaneous increaſes, or 
infinitely ſmall parts of the abſciſſa and area generated 
in moments of time. He ſays, Leibnitz hath no 
ſymbols of fluxions in his method, but uſed the ſymbols 
of moments or differences dx, dy, dz r. All this is 
ſuitable to the doctrine of indiviſibles. He likewiſe 
tells us, becauſe we have no ideas of infinitely little 
quantities, he introduced fluxions into his method, that 
it might proceed by finite quantities as much as poſſible |||. 
Hence it appears, he had not at the firſt diſcovered his 
doctrine of prime and ultimate ratios, which entirely 
rejects indiviſibles, or infinitely little quantities; but 
at length falling upon it, he founded his method [of 
fluxions] on the prime quantitatum naſcentium ra- 
tiones, which have a being in geometry, whilft indivi- 
fibles, upon which the differential method is founded, 
have no being either in geometry, or in nature. Ac- 
cordingly he tells us, When he is demonſtrating any 
propoſition, be uſes the letter o for a finite moment of 
time, cr of its exponent, or of any quantity flowing uni- 
 formly, and performs the whole calculation by the geo- 
metry of. the ancients in finite figures or ſchemes without 
any approximation : and ſo ſoon as the calculation is at 
an end, and the equation is reduced, he ſuppoſes, that 
the moment © decreaſes in infinitum, and vaniſhes, 
But when he is not demonſtrating, but only inveſtigating 
a propoſition, for making diſpatch he ſuppoſes the mo- 
ment o to be infinite'y little, and forbcars to write it 
down, and uſes all manner of approximations, which he 


|| Comm. Epiſt. p. 85. | 

*#* Philoſ. Tranſ. Ibid. p. 178. Or Comm. Epiſt. p. 7 
++ Philoſ. Tranſ. Ibid. p. 205. Or Comm. Epiſt. p. 37, 38. 
I Philoſ. Tranſ. Ibid. p. 205. Or Comm Epiſt. p. 38. 

* Philoſ. Tranſ. Ibid. p. 205. Or Comm, Epiſt. p. 38. 
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concerves will produce no error in the concluſion *. 
Here Sir Iſaac Newton declares, he was wont to uſe 
the word moment in two ſenſes; examples of both 


which he then mentions. And it is obſervable in his 
rule for finding the relation of fluxions, as publiſhed 


out of his old papers by Dr. Wallis in 1693, the 
word moment is uſed in the ſenſe of indiviſibles; but 
when he came to give that rule himſelf in his book 
of Quadratures firſt printed in 1704, he uſed that 
word in the other ſenſe . 

77. Before he had publiſhed any thing on theſe 


ſubjects, he thought fit for the ſake of brevity to in- 


* Philoſ. Tranſ. Ibid. p. 179. Or Comm. Epiſt. p. g. 

+ But Philalethes contended, that by the expreſſion infinrte 
parvis, once only uſed in Sir Iſaac Newton's Analyſis, he did not 
mean indiviſibles; becauſe in that work the expreſſions, in infi- 
nitum diminui et evaneſcere, five efſe nihil; continuo diminuatur do- 
nec tandem evaneſcent ; diminuetur donec evaneſcent ; continuo decreſ- 
cit donec tandem penitus evaneſcent ; were all conformable to Sir 
Jſaac Newton's conſtant dodtrine, and peculiarly his own, and 
never uſed by any writers upon indiviſibles. To which weak 
argument Mr. Robins made the following reply. _ 

Here Philalethes is too haſty ; for ſuch expreſſions are to be 
found in Dr. Wallis. Sir Iſaac Newton's doctrine of prime and 
ultimate ratios does not depend merely upon theſe words It 
would be tedious to refer to all the places of Dr. Wallis, where 


ſuch expreſſions as theſe occur. It is ſufficient to name the two 


following. In the Arithmetick of Infinites, propp. 20, 40, are 
theſe words, exceſſus ile, fi in infinitum procedatur, prorſus evant- 
turus eff. Huygens in his illuſtration of Fermat's method of draws 
ing tangents, though he proceeds undoubtedly upon the princi- 
ples of indivifibles, yet has made uſe of the word evanr/cens in 
the following paſlage, Nam termini, Ic. quantitates infinite par- 


was, five omnino evaneſcentes continebant *,. It is certainly very 


eaſy to fee, what Sir [/aac Newton meant by the words infinite 
parvis in the Analyſis; becauſe he tells us expreſsly, that he uſed 


them in imitation of thoſe, who uſed indiviibles. Nec wereor 


logui de unitate in punctis, five lineis infinite parvis, fiquidem pro- 


 portiones ibi jam contemplantur geometræ, dum utuntur methodis indi- 


wviſibilium, Appendix to the Preſent State of the Republick of 
Letters for September 1736, p. 17. LEY | 


* Divers Ouvrages de Mathematique et de Phyſique par MefT, de I Aca- 
demie Royale des Sciences, a Paris 1693, p. 332. 
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troduce this term moment in the ſecond book of his 
Principia Philoſopbhiæ. As the geometers of his time 


had been much accuſtomed to indiviſibles, he did 


not ſcruple there to deſcribe moments according to 
the ſenſe of that doctrine, as he had done formerly, 


to be incrementa vel decrementa momentanea Þ. As in 
another place of that treatiſe he acknowledges his 


uſing ſeveral expreſſions favouring indiviſibles, but 
at the ſame time ſhews how that 1dea may be cor- 
rected, when ſuch expreſſions occur ||; ſo likewiſe 
here he does the like: he ſhews how to correct the 
idea ariſing from this deſcription of moments. He 
ſays, you muſt never conſider their magnitudes, but their 
prime ratio, He adds, it would come to the ſame 
thing, if inſtead of theſe moments you uſed the velocities 
of increaſe or decreaſe of quantities, which he is wont 
to call fluxions, or if you uſed any finite quantities pro- 
portional to theſe fluxions. |  ; 

78. Notwithſtanding all this caution of Sir Jaac 


| Newton, he has not eſcaped being cenſured. I there- 


fore endeavoured in my diſcourſe to clear up this affair 
of the moment, not thereby to vindicate the genuine- 
neſs of Sir 1/aac Newton's methods of fluxions, and 
of prime and ultimate ratios, which I had before 
ſufficiently ſhewn to be accurate, and did not in the 
leaſt depend on the interpretation of the word mo- 
ment; but to make appear, as on this head there had 
been raiſed great clamor and boaſting, that it was 


without any manner of foundation. To this end in 


my diſcourſe I gave a deſcription of moments fuit- 
able to the doctrine of prime and ultimate ratios; and 
ſince Sir Jaac Newton's demonſtration of the mo- 
ment of a rectangle had been attempted to be ex- 
ploded, though it is moſt accurate as well as brief, 
this is likewiſe explained; and is alſo more fully en- 
larged upon in the account of my book. 
t Lemm. IL | | 
Lib. I. Lemm. XI. in Schol. | 
| 79. The 


w — 4 8 


a — uw 
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79. The miſtakes, that have here ariſen, were oc- 
caſioned by not ſufficiently atrending to Sir 1/aac 


Newton's laſt mentioned caution. From thence it 


will appear, in calling + a and +6 the halves of the 


moments of A and B, by 4 and 5; he meant finite 


quantities in the prime or ultimate ratio of the cor- 
reſpondent increments or decrements of A and B. 
80. Upon this principle, if the ſides of a rect- 


angle, which are denoted by A and B, be augment- 


ed and diminiſhed by half ſuch lines expreſſed by 4 
and &, as ſhall be in the ultimate ratio of the incre- 
ments or decrements of the ſides A and B, generat- 
ed in equal portions of time; the difference (aB+bA) 
of ſuch rectangles, as are contained by the ſides A 
and B thus augmented and diminiſhed, will expreſs 
the momentum of the original rectangle. 

81. The exception to the demonſtration, Phila- 
lethes has given, of the method for finding the mo- 

mentum of a rectangle is, that as it demonſtrates too 
9 it muſt of neceſſity be inconcluſive. 

82. He has endeavoured to prove, that the mo- 
ment of the rectangle is an arithmetick mean pro- 
portional between "the contemporaneous Increment 


and decrement of the ſame rectangle. 


83. But it has been ſhewn, that this is only true, 
when the ſides augment in the ſame conſtant pro- 
Pen 

4. Conſequently the ſuppoſed demonſtration of 
Piber muſt be defective; for there is no part 


of it, but the concluſion, chat contains * reſtric- 


tion to this particular caſe. 
85. Philalethes ſays, that Sir Iſaac Newton never ad- 


mitted of indiviſibles, ner of quantities infinitely ſmall, 


cencetved as actual exiſting in a fixed determinate and 
invariable flate. 

$6. That Sir Jaac Newton has made uſe of indi- 
viſibles in the very ſenſe of Cavalerius, and that the 
8 K 3 abn. 
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doctrine of moments was originally founded on them, 
we have already proved from his own words. 

87. We are alſo told, that Sir laac Newton in 
the lemma, where be determines the moments, amon 
other methods of conceiving them conſiders theſe mo- 
ments as the differences of Leibnitz, or as Philalethes 
afterwards explains it, as finite quantities exceedingly 
fmall. But this is directly contrary to Sir Iſaac New- 
ton's deſcription, who, ſpeaking of theſe momenta, 
as incrementa momentanea, in the ſenſe of indiviſibles, 

ſays, pariicule finiie nen ſunt momenta. After wards 
indeed he adds a caution, whereby we may under- 
ſtand the ſignification of the word moment in the 
true ſenſe of his method of prime and ultimate ra- 
tios; that is, that theſe momenta may be expreſſed 
by finite quantities, not confined to be exceedingly 
ſmall, but of any magnitude, provided they were in 
the prime or ultimate ratios of their correrpoocing 


increments or decrements. 


88. And it is afterwards ſaid, that 1 courſe taken 
by Sir Iſaac Newton to find the Frite difference of va- 
riable quantities, though not rigorouſly geometrical in 
the bigher caſes, yet approaches nearer to geometric ri- 
gour than the method of Leibnitz. 

89. Now I ſay, that were theſe differences in this 
ſenſe conſidered as finite ſmall quantities; however, 
Sir Jaac Newton's computation might come nearer 
the value of any quantity ſought after, than that of 
Leibnitz; yet conſidered as a medium of demonſtra- 
tion to determine the abſolute value of ſuch quanti- 


ty, both will be totally, and therefore equally, void 
of geometric rigour. 


90. It is ſaid, that in the firſt caſe of this lemma Sir 
Iſaac Newton is naturally to be underſtood as conſider- 
ing the fides of the rectangle to flow either uniformly 
or propertionaliy. 

91. I ſay this cannot be the natural interpretation 
gt that caſe, becauſe it is immediately quoted to 
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rove the ſecond caſe, where the augmentation is 
confeſſedly different. Nor can there be any reaſon 
aſſigned to ſhew, why it ſhould be thus underſtood: 

for Sir Tſaac Newton has computed the moment of 
the rectangle, not by ſuppoſing the ſides increaſed 
and diminiſhed by their reſpective increments and 
decrements generated in equal portions of time, but 
by finite lines expreſſing halt their correſpondent 


moments, as we explained it above; ſo that his de- 


termination is by this means general, and according 


to the utmoſt geometric rigour. 


92. | hope, | have here not only ſhewn, that the ac- 


| count, [lately publiſhed, of Sir Iſaac Newton's doctrines 


of fluxions, and of prime and ultimate ratios is entirely 
conformable to the ſenſe of that great man; but have 
alſo placed them in ſuch a light, as the objections, 
that have been raiſed againſt them, will at once ap- 
pear to proceed from miſconceptions and miſrepre- 
ſentations of the ſubjects. Sir IJſaac Newton has been 


charged with having given various and inconſiſtent 


accounts of his methods, and been repreſented as 
ſtruggling with inſuperable difficulties, and impoſing 
on his followers. How little reaſon there is for all 
theſe imputations will be manifeſt from the follow- 


ing conſiderations. 


93. Sir 1ſaac Newton being very young at the be- 
ginning of his mathematical ſtudies, diſcovers a very 
extenſive and compendious method of calculation, 
which he readily applied to the finding the maxima 
and minima, drawing tangents, determining the cur- 
vature of curves, quaring curvilinear ſurfaces, and 
to other problems of the like ſort. About the year 
1665, becauſe, as he ſays, we have no ideas of in- 
diviſibles, or infinitely little quantities, he intro- 
duced fluxions into his calculations, that he might 


proceed without indiviſibles, as much as poſſible. 


But in determining the proportions of theſe fluxions 


he Rill allowed himſelf ſome uſe of infinitely little 


. quantities. 
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quantities. No doubt, but upon reading the an- 
cients he from thence would have been enabled to 
have demonſtrated the proportions of fluxions ac- 
cording to their accurate methods; for he did much 
more, by finding out one of his own, more com- 
© ogg than theirs, and equally geometrical. This 
erved not only to demonſtrate the proportions of 
fluxions, but was applicable to the ſynthetic-demon- 
ſtration of all propoſitions relating to curves. When 
he diſcovered this method of prime and ultimate 
ratios, we cannot certainly know. We are ſure he 
had part of it in 1669, on account of a demonſtra- 
tion added at the end of his Analyſis per æquationes, 
Sc. which was ſent at that time by Dr. Barrow to 
Mr. Collins. But moſt probably he had not then 
compleated this method, ſince in the Lefures he 
read the ſame year at Cambridge on his admirable 
diſcoveries in opticks, he uſed indivifibles in his de- 
monſtrations “. 7 | 
94. It was in 1686 he firſt diſcloſed his doctrine 
of prime and ultimate ratios in his immortal work 


the Mathematical Principles of Natural Pbileſophy. It 


* Philalethes affirming Sir Jaac Neæuton never uſed indivifibles 
in his demonſtrations, Mr. Rol ins thus replied. 

Whoever has read Sir J/aac Nexwter's Lefiones Opticæ, and 
will deny, that he has at any time made uſe of indiviſibles, muſt 
be very much a ſtranger to that doctrine, and to the ſtyle of 
thoſe writers, who followed it; but I ſhall ſet down two paſſages, 
where Sir Jaac Neww:0r owns, that he uſed the phraſes of indivi- 
fibles in the ſenſe then generally underſtood. In page 98. 
Cones itague arcum be in æguales et indefinite multas partes 
gividi, et giuſincdi tet ſumi, que minus quam una parte (hoc ff, 
endefnite parum) d firurt ab arcu cd, atque adto ipſi pro more con- 
ſneto cenſeum ur æguales, &c. Again in page 127, Age NZ, occxr- 
rentem CI in g, et, ut mos eft, concipe infinite parvum arcum BN 
equaiem oe, &, Here the words pro more cenſuelo, and ut mas ff, 
plainly ſkew, that by the phraſes indefinite multas, indefinite parum, 
and invite parvum he meant the ſame as other writers had 
dane. Appendix to the prefent State of the Republick of Leiters for 
Jopt. 2730. Page 15+ ; 8 
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is ſurpriſing with what modeſty, and as it were fear- 
fulneſs to offend ſuch, as had been admirers of in- 
diviſibles, he introduced ſo excellent and truly geo- 
metrical method, by cenſuring the other in the ſofteſt 
manner. Though in anſwering the objections, that 
might be ſtarted againft his own method, he evi- 
dently proves, he was fully appriſed of the real im- 
perfections of indiviſibles, at the ſame time ſhewing 
a way to avoid them; yet he ſcarce condemns them 
himſelf, and frequently makes uſe of expreſſions pe- 
culiar to them, thinking it ſufficient once for all to 
inform thoſe, who did not approve of indiviſibles, 
how to correct ſuch expreſſions, and render them 
conformable to his merhod of prime and ultimate 
ratios. | 

95. In this treatiſe he but once mentions his doc- 
trine of fluxions, and though what he ſays of them 
is ſhort, yet it is very juſt. It ſeems, as if he took 
notice of them chiefly, that a cypher, he thought 
fit to explain relating to them, might be underſtood. 
He here indeed demonſtrates ſynthetically, and very 
accurately the foundation of his method of calcula- 


tion, which is common to the methods of fluxions, 


of prime and ultimate ratios, of moments, and of 
differentials. | | | | 

96. In the year 1704. he publiſhed his book of 
Quadratures, a work worthy his profound genius. 
He had now ſufficiently ſeen the abuſes, that had 
been made of the doctrine of infinitely ſmall quan- 


ities, in what was called the differential calculus, 
In the introduction to this book he delivers a . 


diſtinct account of his method of fluxions, an 
reaches how to find out their proportions by his 
method of prime and uttimate ratios; in order, as 
he ſays, to ſhew there was no occaſion in the uſe of 
fluxions to introduce infinitely little quantities inta 
geometry: but ſtill with his uſual modeſty ſaying 
errors might be avoided in the other method, if we 


proceeded 


* 
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proceeded cautiouſly. In all this plain narrative of 
matter of fact, there appears no inconſiſtency in Sir 
Jſaac Newton's accounts of his methods, or the leaſt 
thadow of having been ever puzzled or confounded 
in his ideas about them. 

Hence it is very manifeſt, that as Sir Tſaac 
tan uſed at firſt indiviſibles, fo he ſoon corrected 
thoſe faulty notions by his doctrine of fluxions, and 
afterwards by that of prime and ultimate ratios. 
And all the abſurdity of expreſſion, and all the in- 
conliſtency with himſelf charged on him by the au- 
thor of the Anualyſt, ariſes wholly from miſrepreſen- 
tation. For example, it has been aſſerted, that there 
is as little ſenſe in the phraſe, a fluxion of a fluxion, 
as to ſpeak of the velocity of a velocity *., This ob- 
jection ſuppoſes, that the ſimple word velocity can 
always be ſubſtituted in the room of the word fluxion. 
But by Sir Jaac Newton's deſcription of the fluxions 
of magnitudes, it is evident, that the ſingle words 
can never be uſed promiſcuouſly : for the fluxion of 
any quantity is not the velocity of that quantity, 
but the velocity, wherewith it at all times augments 
or diminiſhes ; for inſtance, the fluxion of a line is 
not the velocity, wherewith that line moves, but the 
velocity of the point, by whoſe motion the line is 


deſcribed. Theretore, firſt fluxions not being the 


velocities of their fluents, but the velocities, with 
which the fluents increaſe or diminiſh, the fluxion of 
a fluxion 1s not the velocity of the firſt fluxion, but 
the velocity or degree of ſwiftneſs, with which the 


firſt fluxion increaſes or diminiſhes. Again, becauſe 


Sir Iſaac Newton has ſaid fluxions are in the firſt ratio 
of the argmenta naſcentia; therefore fluxions, and 


what ſome are pleaſed to call naſcent augments, are 


to abſurdly confounded together, that the expreſſions 


of a fluxion of a fluxion and the naſcent augment of 


* Defenſe of Free-thinking | in mathematicks, 'p. "Pi 
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a naſcent augment are repreſented as ſynonymous. 


Laſtly, the deſcription, Sir 1/aac Newton has given, 


of moments for their uſe, who had been accuſtomed 
to the method of indiviſibles, is ſet up as a ſtandard 
to interpret his doctrines of fluxions and of prime 
and ultimate ratios ; and the cautions he gave, in 
order that the term moment might be underſtood 
ſuitable to thoſe doctrines, have been either neglected 
or miſunderſtood, and himſelf repreſented as impoſing 
on his followers. And as Sir Jaac Newton from the 
demonſtration, he has given, of the momentum of a 


rectangle, and of other more compound quantities 


deduces the momentum of a power, which momen- 
tum may be applied to determine the fluxion 
of ſuch powers: he is thence charged with being 
unſatisfied with the truth of his demonſtration, 
nay of exerting the utmoſt ſubtility and ſkill, 
the greatneſs of his genius was capable of, in 
ſtruggling with a difficulty imagined inſuperable; for 
no other reaſon, than becauſe he has given another 


more direct demonſtration of the fluxion of powers 


in the introduction to his treatiſe of Quadratures, 
which differing a little in form from the other, is re- 


preſented as grounded upon different principles; 


whereas in the demonſtration of the momentum of a 
rectangle the moments of the ſides are taken inſtead 


of their compleat increments, upon the very ſame 


foundation as the ſuperfluous terms are rejected out 
of the increment of the power in the other demon- 
ſtration. And this author thinks it very reaſonable 


to ſuſpect, that Sir [/aac Newton might not be fully 


perſuzded of the truth of what, he has undertaken 
expreſly to demonſtrate; becauſe he has happened 
to declare himſelt fo cautious upon a certain point, 


as to decline the attempt of demonſtrating it, though 
he was ſtrongly perſuaded of its truth “. 


* Analyſt, P. 27. 
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98. In the account of his book of Quadratures 
given in the Alta Eruditorum in 1708, there is an in- 
finuation reflecting on the candour and honour of 
this moſt excellent perſon. | 

99. This occaſioned old papers to be examined in 
order to vindicate his reputation ; the reſult of which 
was publiſhed in a treatiſe entituled Commercium Epi- 
ſtolicum D. F. Collins, Ec. This made it plainly ap- 
pear, that he was the real inventor of theſe me- 
thods, we have been deſcribing, and proved his 
rival Leibnitz in ſeveral particulars a moſt egregious 


, plagiary. | 


100. In an account of this book written by Sir 
Tſaac Newton himſelf, and often referred to in this 
diſſertation, he without reſerve diſcovered his diſlike 
to indiviſibles or. infinitely little quantities, and being 
here obliged to compare his methods with that called 
Leibnitz's differential calculus; he abſolutely denied 
this latter capable of demonſtrating a propoſition, 
becauſe it was founded on indiviſibles; __ clearly 
proves, he lookt on no demonſtration as valid, that 
was built on thoſe abſurd principles. 

101. To conclude, I am forry, that in any parti- 
culars relating to Sir //aac Newton's doctrine of prime 
and ultimate ratios I ſhould differ in ſentiment from 
the learned Philalethes, and perhaps from ſeveral 
other excellent perſons. As I learnt this doctrine 
ſolely from Sir 1/aac Newton's Works; ſo the ac- 
count, I have publiſhed of it, is agreeable to the 
opinion, I had ever entertained concerning it. Not- 
withſtanding the terms of indiviſibles, and other 


figurative expreſſions, that frequently occur in his 


writings, I always thought his true deſign very mani- 
feſt. About many of theſe forms of ſpeech he has 


given us a caution in order to prevent miſtakes, de- 


claring he uſed them to aſſiſt the imagination. But 
there are others of the like ſort not expreſly taken 


notice of, he perhaps believing no body liable to be 


deceived 
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deceived by their uſe. The ultimate ratio of vaniſh- 
ing quantities, the ratio with which quantities vaniſh, 
are in ftri& propriety of ſpeech figurative expreſſi- 
ons: nay, the laſt form of a figure, and the form, 
wherewith a _ vaniſhes, might be interpreted 
upon the foot of indiviſibles. But here theſe phraſes 
only ſignify the limits, to which the ratios of the 
vaniſhing quantities, and the forms of the changing 
figures approach within any degree of nearneſs with- 
out being ever able to arrive at them. As in Opticks, 
though the focus of rays after refraction is under- 
ſtood to denote the place, where they meet; yet the 
point on the axis of any ſpherical glaſs, aſſigned by 
optical writers for ſuch focus, is the point, which 
only limits all the interſections of a pencil of rays 
with the axis after their refraction, and is ſo far from 
being the point, where any number of rays actually 
unite, that no individual ray, excepting that which 
paſſes in the axis itſelf, is ſuppoſed to paſs through 
it. Thus the laft form of a vaniſhing figure is not 
the form, which that changing figure will ever ar- 
rive at, or ſubſiſt under; but a form, to which it 
will approach within any degree of nearneſs poſſible 
to be aſſigned. To affert that a vaniſhing triangle, 
for inſtance, would ever exift under that form, which 
is called its laſt, would be, as the author of the 
Analyſt exprefles it, to imagine à triangle in a point. 
But this is not Sir 1/aac Newton's meaning. Theſe 
ultimate ratios, and laft forms are the limits only of 
the continually varying ratios, and changing forms 
of the vaniſhing quantities and figures. And it is 
the whole purpoſe of this method, from theſe vary- 
ing ratios and changing forms to find the fixt ratio 
and flable form, which is faid to be the laſt of theſe 
Varying ones. en” 85 

102. This at preſent is my real opinion of this 
doctrine. I do not deny, but ſome expreſſions may 
be found in Sir Jaac Newton's works conſiſtent with 
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another ſenſe; and I am alſo very ſenſible, how fre- 
quently he accommodated himſelf to the way of 
writing of the mathematicians of his time, partly 
for aſſiſting their imagination, and partly, perhaps, 
for fear he might ſeem to affect innovation. But 
I make no ſcruple of interpreting theſe expreſſions 


ſuitably to my repreſentation of this doctrine ; for 


otherwiſe I acknowledge myſelf totally incapable of 
reconciling this method of prime and ultimate ratios 
with the character, the author himſelf has given 


of it. 


103. He prefers it to indiviſibles, becauſe, he ſays, 


- they have no place in geometry, or in nature ; and he 


often inſiſts, that his method is conformable to the 
geometry of the ancients. But how can we purſue 
the variable and fleeting forms of the inſcribing and 
circumſcribing figures in infinitum, ſo that, when 
they ſhould become equal to the curve, they may 


not totally withdraw themſelves from the imagina- 


tion, and all idea about them be loſt ? Ir is certain 
ſuch refined metaphyſical notions are not in the leaſt. 
analogous to that ſimplicity and clearneſs in the ideas, 
to which the ancient geometers ever confined them- 


_ ſelves. However, the conception of vaniſhing quan- 


tities ever actually arriving at their ultimate propor- 
tion, has above been ſhewn to be unqueſtionably in- 
conſiſtent with nature. Nay farther, I will not pre- 
tend on any other principles, than thoſe I have ſet 
forth in my diſcourſe, to defend Sir J/aac Newton 
from the conſequences of the miſtakes, he has been 
charged with : for the aſſerting, that the varying 
ratios of vaniſhing quantities, and the changin 

forms of vaniſhing figures would ever attain choſe 
ultimate ratios, and laſt forms, ſeems to me direct! 

to impinge upon thoſe principles, he has expreſsly 
declared to be abſurd. My” 
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£04. 1 e tracts of Mr. Robins not 
only fully explain Sir IJſaac Newton's 


doctrines of fluxions and of prime and ultimate 


ratios; but alſo vindicate them as well againſt the 
miſrepreſentations of the author of the Analyſt as 


thoſe of - Philalethes Cantabrigienſis, inſomuch that 


the former became filent ; however rhe latter re- 
plied, and as in ſo doing he paſſed the bounds of 
good manners, Mr. Robins only made curſory re- 
marks on the conſiderations Philalethes publiſhed. 


Theſe remarks were printed in the Preſent State of 


the Republick of Letters for Auguſt 1736, and in 
an Appendix to that for September of the ſame 
ear. 
; 105, Some of theſe remarks I have already given 
as notes to the preceding diſſertation : I ſhall here 
farther give the concluſions of them, as it contains 
a ſummary account of Philalethes's capital miſtakes. 
106. * This is all we think neceſſary to remark 
r upon theſe confiderations of Philalethes, and we 
* truſt our unprejudiced reader will not find many 
e of his exceptions to Mr. Robins unanſwered ; and 
** we further hope, that we have not allowed our- 


„ ſelves in any warmth or freedom of expreſſion, 


which the n intemperate manner of Phila- 
I | x e lethes's 
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& Jethes's writing will not ſufficiently excuſe. We 
© ſhall not here draw the uſual inference from this 
&* change of behaviour in Phi/alethes, that he is be- 
come doubtful of his own cauſe; for Mr. Robins 
rather deſires his readers to compare impartially, 
* without any bias the writings of Phi/aleibes with 
„ his own, and to give the preference, where they 
„ find the greateſt weight of unmixed and undil- 
« guiſed argument. But to remove a difficulty, 
1 * which naturally lies in the way, I ſhall conclude 
it * < this paper with examining, how it has come to 
it | % paſs, that Philalethes and Mr. Robins ſhould both 
„ carefully have ſtudied Sir J/aac Newton, with a 


ns “ ſincere intention of underſtanding. him, and yet 
1 differ ſo much from one another. 

jt | 10%. © I think it evidently appears from the paper 
1 | | « of Philalethes, we have been conſidering, that his 
I | se reading in the mathematicks has been very much 


li „ confined. Had he been acquainted with the an- 

. | <* cient writers, he could have been at no loſs to un- 
e »derſtand, what Mr. Robins meant by ſaying, that 
he deſcribed the parallelograms of the ſecond lemma 
after the manner of the ancients by ſubdividing 
e the baſe of the curve. He could never have 
thought, that Mr. Robins had there reference to 
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18 two propoſitions of Euclide; in ene of which 
$ {| Euclide had no view at all to demonſtrations by 
bi exhauſtions, and the other, though uſed by Euclide 
1 ein one or two ſuch demonſtrations, is very unfit to 
| be applied to the ſubject Mr. Robins mentions *. 

14 108. Had Philaletbes been verſed in the ancients, 
— 1 and in the latter writers, who have imitated them, 
13 „ he could have been at no loſs about the true ſenſe 
1 of data quavis differentia uſed by Sir Jſaac Newton 
1 6 in his firſt /emma. For this expreſſion is borrowed 
1 from the writers, that made uſe of exhauſtions F. 
q jb * Diſſertation, F. 37. Diſſertation, $. 36. 
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109. The firſt propoſition of the tenth book 
of the Elements, which is applied by Euclide both 
in his comparing of circles, of pyramids of 
equal altitudes, and in one or two propoſitions 
more, is thus expreſſed, Two unequal magni- 
tudes being propoſed, if from the greater be 
taken more than half, and from the reſidue more 


than half, and ſo on, there will be left at length 


a magnitude leſs than the leſſer of the propoſed 
magnitudes. This is directly, as Mr. Robins has 


repreſented it, firſt aſſigning a difference, accord- 
ing to which the degree of approach is afterwards 


to be regulated. 


110. Archimedes in his treatiſe on the Sphere and 


Cylinder propoſes to ſhew, when a circle and ano- 
ther ſpace are given, that it is poſſible to circum- 
ſcribe a polygon, ſo that the exceſs of the poly- 


gon above the circle ſhall be leſs than the ſpace 


given. In his book of Concides and Spheroides it 
is ſhewn in Prop. xxi, that any ſegment of a 
conoide being given cut off by a plane perpendi- 
cular to the axis, or any ſegment of a ſpheroide 
not greater than half the ſpheroide cut off in like 
manner, it is poſſible to inſcribe a ſolid figure, 
and to circumſeribe another conſiſting of cylin- 
ders, ſo that the circumſcribed ſhall exceed the 
inſcribed by leſs than any ſolid magnitude, that 
ſhall be given. And this he performs by a con- 
tinual biſection of the axis, till a cylinder is found 


leſs than the ſpace, that ſhould be given, by which 


cylinder the inſcribed and circumſcribed figures 
differ from each other. From this propoſition 
Philalethes may know, what Mr. Robins means, 
when he ſpeaks of deſciibing the parallelograms in 


Sir lſaac Newton's ſecond emma by continually 


ſubdividing the baſe of the curve. 
111. “ After the ſame manner the following ex- 


cellent writers expreſs themſelves. _ 
Vor. II. ; 143 113. 1 Fed, 


IX. 
8 e 1 
" 5 1 val 57 4 
l . 1 
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112. ©* Fed. Commandinus de Centro Gravitatis ſoli- 


« dorum, Prop. xi —4ta ut circumſcripta ſuperet in- 


« ſcriptam magnitudine, quæ ſolida magnitudine ſit 


<«-minor. Ibid. Prop. xxviii —ita ut recta linea, 


« gue inter centrum gravitatis portionis et figure in- 


&« ſcript, vel circumſcriptæ interjicatur, fit minor qua- 
4 


libet recta linea propoſita. 
113. Lucas Valerius de Centro Gr. ſolid. Lib. 17. 
« Prop. vi.—ita ut circumſcripta ſuperet inſcriptam 
„ mi nori ſpatio quantacungue magnitudine * * 
114. Joannes della Faille de Centro Gr. Par- 
© tium circuli et ellipſis, Prop. viii. — ſuperet latus 
« ſeftoris intervallo, quod minus fit quolibet dato. Id. 


e Prop. xxvii. minus diſtet a centro gravitatis ſec- 


% tors, quolibet intervallo dato. Id. Frap. XI11.—//t 
„ quacungque linea retta data mincr. 


113. Huygens de Quadratura Hyperbolæ, Ellip- 


de ſis et Circuli, ex dato portionum gravit. centro, 


„ Theor. i.— gu pertionem excedat ſpatio, quod mi- 


nus fit quovis dato. Id. Theor. ii —fit minor. patio 


« quovis dato. | 
116. James Gregory in Vera Circul. et Hyper- 
« bol. Quadratur. in Schol. Prop. vi. Continuando 


e ſubduplam po ygonorum deſcripiionem inveniri poſſunt 


« duo polygona complicata, quorum differentia fit minor 
« qualibet exhibita quantitate. | 

117. CLimſon Sect. Conic. Lib. v. Prop. xlviii. 
% Portioni parabolæ, vel portionis dimidio circumſeribi 
« poteſt figura, aliaque in ipſa inſeribi ex parallelo- 
„ grammis equalem latitudinem habentibus, quarum 
& que circumſcribitur portionem excedat, que vero 


<« inſcribitur ab eadem deficiat ſpatio, quod minus it 


„ ſpatio quovis dato. 5 | 
118. © And in all theſe propoſitions they always 
ec ſuppoſed a quantity firſt named, and then ſhew, 
* how to make the approach expreſſed in the pro- 
«© poſition. I have ſet down this large number of 
« quotations, becaule the diverſity of phraſe, where- 
| 7 6 by 
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by theſe authors expreſs the ſame ſenſe, renders it 
impoſſible to be miſtook. Though, I confefs, 
this long diſquilition in ſo evident a matter is much 
more than neceſſary ; for had any of theſe writers 
been familiar to Phila/ethes, he could not have had 
the leaſt doubt of Sir aac Newton's meaning. 
He might indeed have diſcovered it even from 
Sir Jaac Newton himſelf, who in the eleventh 
lemma has thrice interpreted the phraſe = data 
quavis differentia by theſe words, pro differentia 
gquadis affgnata: ſo that by dala he could not 


+ mean allignable, unleſs na and affignabilis 


were ſynonymous words. 1 
119. Again had Philaleibes been at all ac- 


quainted with the writers of indiviſibles, he could 


not have attempted at that vain diſtinction be- 
tween the ſenſe, in which thoſe writers uſe the 
phraſe infinitely ſmall, ard the ferſe, he imagines 
Sir Iſaac Newton had aſſigned to it; that by 
infinitely ſmall quantities, they meant a quan- 
tity fixed, determinate, invariable, but Sir {/aac 
Newtoa meant thereby a variable quantity; where- 
as it appears, that ſeveral writers in indiviſibles 
on ſet purpoſe avoided expreſſions, that im- 
plied any thing fixed, determinate, or invariable. 
Monſieur Paſcal, though he never imagined, 
that he did not follow the method of indiviſibles, 


on the contrary he particularly- at page 10 of his 


Letters publiſhed under the name of Deitonville, 
defends himſelf for io doing; yet is fo cautious, 
as to avoid the word infinite in expreſſing their 


number, but conſtantly calls it indefinite; and 


certaialy, when their number is conlidered as inde- 
finite, it cannot be pretended, that their magnitude 
was ſuppoſed fixcd, determinate, and invariable. 


120. Again Dr. Barrow, who bas declared 


himſelf very expreſsly in favour of indiviſibles, 
and defends his uſing of them, almoſt conſtantly 
L 2 applies 
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"wm much as luſpected of _ indiviſibles. Has he 


applies the term indefinite both to the number, 
and the magnitude of theſe particles. In his firſt 
Lecture on Archimedes he ſays, Ponatur circulum 
eſe figuram regularem habentem latera indefinite 
multa et parva, &c. In his ſecond Lecture, 
Prob. ii. Supponatur cylinarum” eſſe priſma quod- 
dam ſuper polygonam baſem, latera habentem in- 
definite parva et multa; and Prob. ix. Pofito igitur 
VM efſe infinite (vel indefinite) parvum. Again 
in his fifth geometrical Lecture, Art. 6. arcus 
MN indefinite parvus ponatur. In his Differential 


Method of Tangents (as Sir Iſaac Newton calls 


it in the Philoſophical Tranſactions, Ne 342, 
pag. 197 3 or Comm. Epiſtolic. pag. 29.) at the 
end of his tenth Lecture, he ſays, curve arcum 
MN indefinite parvum ſtatuo. In Lecture xi. 
Art. 1. equiſecetur refia VD indefinite punctis A, 
B, C; and a little after o indefinitam ſectionem cur- 
vula GH pro refia haberi poteſt. In Lecture Xii. 
at the beginning, arcum MN indefinite par vum 
ee; and at Art. 1. Spatium vero agd minime 
arffert ab indefinite mullis reclangulis, qualia ps ; 
&c. Again in his ninth Optical Lecture, Art. 12. 
arcus NR, PS ex hypotbeſi ſunt indefinite parvi 
(/eu minimi ) Lect. 13. Art. 24. 0b ſumptam arcuum 


indefinitam parvitatem. 


121. * Thus it appears, that Dr. Barrow was fo 
tar from conſidering theſe infinitely ſmall quan- 


 tities as fixed, determinate, invariable, that he 


has purpoſely choſen the moſt looſe and indeter- 
minate expreſſions, he could contrive, to denomt- 
nate them by. If PhiJalethes had been in the leaft 
acquainted with the writings of this moſt excel- 
lent geometer, ſurely it would have been impoſſi- 
ble for him to have aſſerted, that in all Sir aa 
Newton's works there is no paſſage, no expreſſion 
to be tound, that ſhould reaſonably make him fo 


ee not 


DiscoursE or FLuxIoNs, &c. 165 

& not throughout his Le#1ones Optice upon all occa- 
« ſions uſed either the ſame, or even leſs guarded 
« expreſſions than theſe of Dr. Barrow £ | 
122. * Sir Iſaac Newton's doctrine of prime and 

ce ultimate ratios is not to be defended from the ac- 
«+ cuſation of reſembling indiviſibles by any minute 
variations, that may be found in his expreſſions, 


« from what are uſed by the writers, who followed 


that other doctrine; for thoſe writers are by no 
« means exactly uniform with one another, but 
« ſome have expreſſed themſelves with more and 


+ 


“ ſome with leſs caution. What ſeparates the 


*© doctrine of prime and ultimate ratios from in- 


&« diviſibles is the declaration made in the Scholium 


« to the firſt Section of the Principia, that Sir [/aac 


«* Newton underſtood by the ultimate ſums and 


« ratios of magnitudes no more than the limits of 


varying magnitudes and ratios, and he puts the 
defence of his method upon this, that the deter- 
«mining any of theſe limits is the ſubject of a pro- 
blem truly geometrical. To inſiſt, that the vari- 


% able magnitudes and ratios do actually attain, 
e and exiſt under theſe limits, is the very eſſence of 


* indiviſibles. For in ſuppoſing this, we pretend to 
« ſee directly, as Mr. Robins has expreſſed it, in 
theſe laſt forms or limits the properties, which 


- 
* 


the variable figures had before; and under this 
+ notion theſe limits muſt be allowed capable of 


being compared together by a direct form of 
„ demonſtration. The impoſlibility only of this 


actual coincidence obliged Sir 1ſaac Newton to 


* build his demonſtrations concerning theſe limits 
upon the negative form by deductio ad abſurdum. 
123. If a choice of expreſſion only were ſuffi- 


„ cient to diſtinguiſh between the two methods, 


** Heuraet and Dr. Wallis may both be ſuppoſed to 
have avoided indiviſibles, though they make no 
* tuch pretenſions. I here allude to this paſſage 
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of Heuraet at the end of the firſt vol. of Carte's 
Geometry. Unde cum illud | nempe quod ſupra de- 
monſiraverat] verum ſit, quotcunque rettangula atque 
tangentes extiterint ; et figura ex paralletogrammis 
conſians, | eorum numerus in infinitam augeatur deſe- 
nat in ſuperſiciem AGHIKLF, ac tangentes fmiliter 
lineam curvam ABCDE, liguet ſuperfictem 
AGHIKEF equa'em eſſe reftangulo fub L et ref? 


equali curbæ ABCDE. Again Dr. Wallis in his 


treatiſe of the Cycloide, Sc. (Oper. Tom. 1. 
p. 563.) expreſſes himſelf 3 oi, oc 
angulo contatins ſubtenſas pro diminutione oc, vi, 
tongentium ita minui, ut illæ ad has" rationem tandem 
ſubeanb data qua vis minorem; ideogue evaneſcentibus 
oi, OC langeni et curvæ interjeltis, coincident tum 
oc, tum Ol, fangentis particate, particulis CUT = 
Ve OO. 

"7 Again Philalethes is but imperfectly in- 
ſtructed in the precepts of common algebra; elſe 
he could not have imagined an incurvated line, 
which, he ſaw, would meet a right line in an 
infinite number of points, to be one and the ſame 


curve, and expreſſible by a finite equation ; 


whereas the number of interſections of a right lire 
wich every algebraick curve is limited, the num- 


ber of uch interſections nenen the order of 
the curve * 


145. Farther, it was only owing to his little 
exerciſe in georretrical ſubjects, that made him 
unappriſed of Nr. Robins's meaning, when he 
ſpoke in general of vaniſhing quantities, as 


- they might be capable fometimes of bear- 


ing -the ratio, which he calls their ultimate; 
for had Fi aleibes been as well verſed in the 
writings of Sir Jaac Newton, as might have 
beea expected in one, who has _ppeared in his 


18 Dictertaton, 9 54, in the note 
« deſenſe, 


( 


Discouksz or FLuxIons, &c. 167 
defence, he never could have imagined, that be- 


e cauſe Mr. Robins admits, that ſome quantities 
capable of an actual equality might be broughr 


„under the lemma ſo often mentioned, therefore he 


began to think himſelf obliged to allow an actual 
« equality, where Ph:/lalethes contends for it. But 
above all it is moſt aſtoniſhing, that Philalethes 
& ſhould have taken fo little care to underſtand the 
« perſon he is writing againſt, as muſt be ſuppoſed, 
« if we are to think him indeed fincere in his accu- 


« ſation, that Mr. Robins has given no leſs than four 


« differeat interpretations of this lemma. 

126. With theſe ſpecimens of Philalethes's im- 
« perfect knowledge in the mathematicks, it would 
* have been more becoming him to have been ſome- 
thing leſs free of his cenſures, and not fo haſtily 


to have charged with groſs errors, falſe reaſoning, 
and ſelf contradiction a perſon, who at leaſt ſeems 


eto have uſed better endeavours to be well inſtructed 
e than himſelf; nor ſhould he be at all ſurpriſed, if 


he has miſſed in any meaſure Sir aac Newton's 


« meaning, who has wrote in a ſtile, which ſup- 
“ poſes his reader thoroughly converſant in geome- 
« trical ſubjects.” 
127. Thus Mr. Robins concluded his Remarks on 
the Confiderations, which Philalethes Cant abrigienſis 
thought fit to publiſh on the foregoing Diſſertation. 


b. A DEMON- 


168 Demonſtration of the 11th Propoſition 


DEMONSTRATION 


The Eleventh Propoſition of Sir Iſaac Newton's 
Treatiſe of Quadratures. Firſt printed Anno | 
1727, in the Philoſophical Tranſactions, No 
397 ; and afterwards ſomewhat altered in the 

Abridgment made by Me}. Reid and Gray, 
Anno 173 "ne 


— 


T HIS Propoſition conliſts of two parts: : the 
firſt is as follows. 

Loet there be any curve ADI, whoſe abſciſſe AB 
ſhall be denoted by z, and its ordinate BD by y; 
which may be related in any manner to the abſciſſe. 

And calling this the firſt curve, let other curves 

AEK, AFL, AGM, AHN, Sc. be formed to the 
| common abſciſſe AB or * by making the ordinate 
= BE of the ſecond curve always equal to the area 
ms ABD of the firſt divided by unity; the ordinate 
BF of the third equal to the area ABE of the ſe- 
cond divided by unity; the ordinate BG of the 
fourth equal to the area ABF of the third divided 
by unity; and ſo on continually, _ 

Suppoſe now, that other curves AOS, APT, 
AQV, ARW, be deſcribed to the ſame common 
abſciſſe AB or Z; in which curves the ordinate BO 
of the curve AOS hall be equal to zy, the =; 
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BP of the curve APT equal to 2* Y, the ordinate 


BQ of the curve AQ equal to 20, the ordinate 
BR of the curve ARW equal to z*y, Sc. And let 


the whole area ACI be denoted by A, the area ACS 
by B, the area ACT by C, the area ACV by D, 
the area ACW by E. &c. Then the ſeries of 


curves ADI, AEK, AFL, AGM, AFIN, are thay 


meaſured. 


The area of the firſt curve ADI is = ſ 


of the ſecond AEK is = zA — B 


. the third AFL 2 2zB + C 


FR. = 
— of the Get AGM = — — 320 2 


—— ofthe fifth AHN DES 


24 
and ſo on perpetually. 
Here in all the curves following the firſt, the in- 


dex of the higheſt power of 2 is always the number, 


which expreſſes the diſtance of the curve from the 
firſt, and. afterwards decreaſes regularly by unity 
the firſt term is multiplied into A, the ſecond into 
B, the third into C, the fourth into D, and ſo on; 


| the coefficients are the ſame as in a binomial raiſed _ 


to the higheſt power of 2, and the diviſor is ſo 
many terms of this progreſſion I Xũ 2 * Xx 4X 5X 
Sc. as is expreſſed by a number equal to the high- 
eſt index of z. 

Otherwiſe ſuppoſing » to repreſent the diſtance of 


the curve to be meaſured from the. firſt ; then the 


area ſought will be found by extending —— into 
a ſeries, and multiplying the firſt term by A, the ſe- 
cond by B, the third by C, the fourth by D, Se. 


and dividing the whole by 2X4 —IXB—2, Oc. 
continued to unity. 


Fa 


8 
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11515 v8 £:CO ND PART. 
Suppoſing the firſt, ſecond, third, &c. curves to 
de the ſame as before. Let ? denote the whole ab- 
ſciſſe AC, and put x for BC. Then defcribe the 
curves CXA, CY A, CZA, CFA, where BX fhall 
be equal to xy, BY = xh, BZ = x, BI x, 
Sc. This being done, and in the feries of curves 
CID A, CXA, CYA, CZA, CIA, Sc. the firft 
area CID A being put equal to P, the ſecond CXA 
equal to Q, the third CYA = R, the fourth CZ A 
= S, the fifth CTA = T, Sc. the whole areas of 
the aforeſaid feries of curves are alſo determined, as 
follows. | Tz 


The rr AG =P 
The third ALC R 
- *The. fourth AMC = 8 5 
The ih ARC = AT 


Here the areas P, Q, R, S, F are divided by 
numbers produced by multiplying as many terms 
of this ſeries 1 x2 x 3x 4x5 &c. together, as in 
the tormer caſe. | | | 


Demonſtration of the Firſt Part. 

Since each of the curves AEK, AFL, Sc. are 
formed on the common abſciſſe z, by every where 
taking for ordinates the area of the preceding 
curve, we are to demonſtrate, that in the expreſſions 
A, 2A — B, Sc. each following expreſſion is the 
| area of the curve, that has for its ordinate that ex- 
pteſſion, which preceded it, and ꝝ for its abſciſſe. 
Suppoſe M — 1; 

2A — = zu- + = * am- Sec. 
Then ————= — 
| mxm—1Xxm—2 Ec. 
| .B ; pul ee . 
. + 7 x EE a9=2C oc, 


And === — 


n xn —- IX — 2 Sc. 


are 
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are by the propoſition two expreſſions following each 


other, we are to ſhew, that the ſecond of them is 
equal to the area of a curve, which has the firſt 
for its ordinate, and 2 for its abſciſſe. The fluxion 
of this laſt mentioned area is & into the firſt of theſe 
expreſſions; we are to ſhew, that the ſecond of theſe 
expreſſions is the fluent of that fluxion, or which 


is the ſame, that the fluxion of this ſecond expreſ- 
ſion is equal to 2 into the firſt expreſſion. 


The fluxion of the ſecond is 
n 2 A—— IX z 2B N—2X ny 22>3zC c. 


N . ” . : = 2 21 2 
+ BA —— BTT , Ec. 


2 


the whole divided by nx 2 — 1 x # 2 Cc. Here 


the firſt line confiſts of the fluxions of the powers of ⁊ 


into A, B, C, Sc. and the ſecond line is the fluxions 


of A, B, C, &c. into the powers of z. But each of the 

terms 2 , zu-, zu- C Ec. in the ſecond line are 

equal to z2"Zy, ſince by the formation of the curves 

that A, B, C, Sc. are the areas of, A =:IP B = 

22y, C= S2zy. The ſecond line of this fluxi- 
2 


1 
— Cs. 
2 


x Zy, that is, equal to 1 — h x 2"Zy = o, the 
whole fluxion by this means becomes 


RE. | .* 3 
On 5 — ﬀ — — X 
is therefore equal to 1 2 


5 —— . ILY N 81 5 | 
nzu— 18A —1 * - aB +1—2XX——2®—32C &c, 


— — 


* — 1xun—2 Hr. 


Then ſtriking out the common multiple ꝝ from the 


top and bottom, and dividing by 2, we have the 
ſame quantity equal to 
1 1 —2 


1—1 | 
- 1 dents 28—3C Ce. 


TN Z —14— 


* 


| n—1Xx1—2x1—23 Ge. 
and ſubſtituting m, n — 1, m— 2, Sc. for u, 1 — 1, 
n — 2, 1 — 3, Cc. the ſame becomes b 


⁊ X 


1 
{ 


8 
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S* 2A —— - ˙ + = a H. 

| m m —1xm—2 SM. . 
This then, which is the fluxion of the ſecond expreſ- 
ſion, is ſhewn to be equal to into the firſt expreſ- 
ſion; conſequently each following term is the area of 
a curve, that has the preceding term for its ordi- 
nate, and 2 for its abſciſſe. 


Demonſtration of the Second Part. 


Suppoſe any curve whoſe diſtance from the firſt is 


denoted by ; we are to prove, that the curve, whoſe 
abſciſſe is BC or x, and its ordinate x"y divided by 
nXu—1IXxXu—2Xx#X— 3 Ec. continued to u- 
nity, will be equal to it, when x is equal to AC or t. 
It is evident, that when the areas ABD, ABO, 
ABP, ABQ, ABR, &c. decreaſe, the areas BCID, 
BCSO, BCTP, BCVQ, BCWR increaſe reſpective · 
ly; and conſequently the decrements of the areas 
ABD, ABO, ABP, Sc. or their fluxions with a ne- 
gative ſign, are the increments or fluxions of the 
areas BCID, BCSO, BCTP, Sc. that is, calling 


the areas ABD, a; ABO, 5; ABP, c; ABQ, 4; 
and BCID, «; BCSO, 6; BCTP, ; BCVQ, 9, 


BCWR, -; then «= — 4, B=—8, Y = —C, 
Now the fluxion of the curve, whoſe abſciſſe is 
= x or BC, and its ordinate = x"y, is xx"y; that 


is, equal. to xy x 1 — 2}; n being = — 23 or 


ſince the increment of x, or x is equal to the decre- 
ment of z, or — E, the fluxion of the fame curve is 
equal to — Zy X f — 2] = — Zy in tin — 7 x 
5 1—1 8 | 2 
1 Sc. = — P2y + 


Wh © wy \ pi > + | e F N91 8 
nia -1πιτ = 1X ee, r 


2 


* 
of 


* 
/ 


of Sir Iſaac Newton's Quadratures. 1 


a — f © a. N—T « 
-T Dx — , Ee. 
— 15 — | 2 nz i 2 
or = !"a — m8 + nx ——-*y, Oc. and 


taking the fluents, the area of the curve, whoſe 


abſciſſe is x, or BC, and ordinate x"y, is equal to 
TEE | 
9 — nt2—1( —— N X ——y, Se. But when 


is equal to AC, then a, B, y, Sc. will be equal 


to A, B, C, Sc. as is very evident; conſequently 
the area of the curve, whole abſciſſe is x and ordi- 


nate x"y, when x is equal to AC, is A — 1 


+ KA — e Sc. that is, equal to 7 — 10 
thrown into a ſeries, and the firſt term multiplied 
by A, the ſecond by B, the third by C, Sc. But 
- 1] thrown into a ſeries, and the firſt term 
multiplied by A, the ſecond by B, the third by C, 
Sc. and then the whole divided by 2x n — 1K 
a — 2, Fc. continued to unity, is equal to the area 


of the curve, whoſe place in the ſeries is denoted 


by u. Therefore the area of the curve, whoſe ab- 
ſciſſe is equal to x, and its ordinate to &), taken 


when x is equal to AC, and divided by 3 x 1 — 1 


* n — 2 Xx n — 3, Sc. continued to unity, is e- 
qual to the area of a curve, whoſe place in the ſeries 
is denoted by 1; that is, Q, which is the area of 

a curve, whoſe abſciſſe is x, and ordinate xy taken 
when x is equal to AC, is equal to the ſecond curve 
AKC; half R, which is the area to the abſciſſe x 
and ordinate x*y, taken in the ſame manner, is e- 
qual to the third curve ALC; 38, which is a like 
area to x and x3y, is equal to the fourth curve 
AMC; T, the area to x and x*y, x being equal 
to AC, is equal to the fifth curve ANC; and fo 
on perpetually. Q. E. D. 
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ON 


A Treatiſe lately printed at Paris, and entitled, 
Diſcours ſur les Loix de la communication du 
Mouvement, par Monſ. Bernoulli. 


Firſt publiſhed in The Preſent State of the Republick 
| of Letters for May 1728. 


/ 


HE Royal Academy of Sciences at Paris 
having propoſed, in the years 1724 and 
1726, two queſtions, one relating to the laws of 
motion and percuſſion, the other concerning the 
cauſe of elaſticity ; Mr. Jobn Bernoulli, profeſſor of 
tbe mathematicks at Baſle, ſent them ſome papers 
of his, wherein he endeavoured to prove the opi- 


nion of Mr. Leibnilz, in relation to the laws of 
motion. Theſe papers have ſince been publiſhed ar 


Ts and I intend to make ſome remarks on 
them. > | | 

Mr. Bernoulli, chap. i. & 5. in order to prove that 
there are no bodies perfectly hard or inflexible, lays 
it down as an immutable law of nature, that no 
body can paſs from motion to reſt in{tantaneouſly, 
or without having its velocity gradually — 


RxMAREs on Mr. Bernoulli. 17 5 


That hie in les f en dirt Dom. 


is evident from that principle, Natura non cp:ratur 
per ſaltum, and from good ſenſe. But how good 
ſenſe can of itſelf, without experiments, determine 
any of the laws of nature, is to me very aſtoniſh- 
ing. Indeed from any thing Mr. Bernoulli has ſaid, 
it would have been altogether as concluſive to have 

begun at the other end. and have diſputed, that 
no body can paſs inſtantaneouſly from motion to 
reſt; becauſe it is an immutable law of nature, 
that all bodies ſhall be flexible. 


In $. 18, Mr. Bernculli defines perfect elaſticity to 


de a power in a body, by which it reſtores itlelf to 
the ſame figure after compreſſion, that it had be- 
fore, independent of the readineſs with which it re- 
ftores itſelf; and a ſpring or body perfectly elaſtic in 
this ſenſe will, he aſſures us (chap. ii. F. 2), produce 
the ſame velocity in a contiguous body by re- 
ſtoring itſelf, that it deſtroyed in being compreſſed. 
But this is contrary to experience, ſince there are 


great numbers of bodies perfectly elaſtic according 


to this definition, or ſuch as perfectly reſtore them- 
ſelves; bur none are known, that will communicate 
the ſame velocity by their reſtitution, that they de- 
ſtroyed by their compreſſion. 8 

Mr. Bernoulli affirms chap. ii. F. 3, that a ſpring 
muſt communicate the ſame velocity to a contiguous 
body 'in reſtoring itfelf, which it deftroyed when 
compreſſed ; for in this, ſays he, conſiſts the equa- 
lity of action and re- action. But philoſophers un- 
derſtand no more by the equality of action and re- 
action, than that when one body acts on another, that 


other re- acts as much on the firſt at the ſame inſtant; 


yet Mr. Bernculli here affirms, that the ſpring, when 
it reſtores itſelf, will act on the body as much, as the 
body acted on the ſpring before, while the ſpring was 
bending; which is a propoſition altogether different 
from the former. e 8 
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did not ſupport the point C; and indeed of this his 
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In CP um, F. * Mr. Bernoulli obſerves, that if ag 
— the ſpring AB ci 
bent between "M0 
the two bodies tl 
A and B is di- a 
f | vided in Cin 
a reciprocal proportion to thoſe 3 then the 
int C will reſt, while the whole ſpring by expand- 
ing itſelf communicates velocities to thoſe bodies: 
whence he would conclude, that the ſprings between 
A and C only act on the body A, and thoſe between 
TC and B on the body B, whereas all the ſprings moſt 
certainly act againſt each body; for the part CB could 
not act at all againſt the body B, if the other part CA 


W ., VO 


ſixth chapter, if rightly conſidered, will be found 
to contain an ample proof. 

And here I would obſerve, that the forces com- 
municated to theſe two bodies are communicated by 
an equal preſſure acting an equal time on each, as 
Mr. Bernoulli allows. Now how theſe two bodies 
can receive by this means different forces, much leſs 
forces, that may be in any proportion aſſignable, is 

to me very wonderful; and yet is what really will 

happen, if Mr. Bernou lis hypotheſis is true, ſince 
thoſe bodies receive in this caſe velocities reciprocally 
as their maſſes, as he himſelf allows. 

Mr. Bernoulli in his fifth chapter, takes a great 
deal of pains to ſhew the difference between what, he 
calls force morte, and force vive; or, as we ſhall 
tranſlate it, the inadtive and vivid force of bodies; 
that is, between preſſure, and the force of a body _ 
in motion; and amongſt the reſt of his diſtinctions, 
he ſays F. 6, that the acting of any ſpring or preſ- 
ſure upon a body ſupported by an immoveable ob- 
ſtacle does not at all diminiſh the force of that ſpring 
or preſſure, as the force of air, condenſed in a reci- 
pient is not at all diminiſhed by the force, it exerts 
nk 1 | | m— 


— 
NG c ad. tar} ad ain AaA\” 


|  REeMaRxs on My. Bernoulli: 177 
againſt the ſides of the recipient; but that no velo- 


city or vivid force can be communicated to any body 
without the loſs of ſo much force in the preſſure; 
that produced it; as the elaſticity of the condenſed 
air would be diminiſhed, if it acted againſt any 


* 


body placed in the mouth of the receiver, and com- 


municated any degree of velocity to it. 


But here is a miſtake, ſince the elaſticity is not 
diminiſhed, becauſe the air has ſpent any of its force 


by acting _ the body, and by communicating 


a degree of velocity to it; but becauſe by that 
means it comes to poſſeſs a ſpace greater than before, 
whereby its expanſive force decreaſes: Now if any 
fluid had the ſame elaſtic force in different degrees of 


denſity, ſo as not to be weakened by expanding, ſuch 


a fluid would not loſe any of its force by putting 
a body in motion. 85 „ | 
Beſides Mr. Bernoulli here contradicts himſelf in 
aſſerting, that the production of any degree of vivid 
force requires the loſs of an equal degree of force in 
the ſpring or preſſure, that produces it; when he 
has been arguing throughout the preceding part of 
this chapter, that the force of a ſpring or preſſure 
1s entirely different in nature from what, he calls 
vivid force; and therefore to ſpeak of the force of 
a ſpring or preſſure, as equal to any degree of vivid 
force, is on his own principles an abſurdity ; and 
equally abſurd is the ſeventh and eighth ſections of 


this chapter, and the ninth ſection of the tenth 


chapter. 


Mr. Bernoulli, in chap. v. $. 2, tells us, that 


Mr. Leibnitz was the firit, who diſcovered the force 
of a body in motion to be as the ſquare of the velo- 
City, it is moved with. „ _ 

Mr. Leibnitz was indeed the firſt, who mentioned 
it, but in ſuch a manner as was little to his honour, 
giving it by miſtake for the common opinion; for 
in a tract in the Alla Eruditerum, A. D. 1656, where 

Vol. II. M he 
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178 REMARKs on Mr. Bernoulli. 
he endeavours to prove the error of Cartes in aſſerting 
the ſame quantity 6f motion to be always preſerved 
in the world, he ſays, that it is agreed on by the 
Carięſians, and all other philoſophers and mathema- 
ticians, that there is the ſame force requiſite to raiſe 
a body of one pound to the height of four yards, 
as to raife a body of four pounds to the height of 
one. yard ; but being ſhewn, how widely he was 
miſtaken in taking that for the common opinion, 
which would, if allowed, prove the force of the body 


to be as the ſquare of the velocity it moved with, he 


afterwards, rather than own himſelf capable of ſuch 
a miſtake, endeavoured to defend it as true; ſince 
he found it was the neceſſary conſequence of what, 
he had once aſſerted; and maintained, that the force 
of a body in motion was proportional to the height 
from which, it muſt fall to acquire that velocity. 


Which aſſertion alone contains, in effect, all the 


arguments, that Leibnitz and his followers have hi- 
therto chiefly relied on. = 
Mr. Bernoulli in $. 13 obſerves, that when Mr. 
Leibnitz's adverſaries contended for taking into con- 
fideration the time of the body's riſing or falling, 
they were not aware, that a body may be made to 
riſe to different heights in the ſame time by means of 


an inverted cycloid. But here Mr. Bernoulli himſelf 


is overſeen ; and does not conſider, that bodies, 
which riſe to different heights in a cycloid in the 
fame ſpace of time, are not ſtopped by the ſame 


force; for the power of gravity acts upon theſe bo- 


dies but with a part of its whole force, and the 


action upon each is proportional to the ſpace through 
which, it moves. This therefore is as great a para- 


logiſm, as it would have been to have computed 
the forces of any body moving with different velo- 
_ cities from the heights, it fell to acquire theſe velo- 
cities, though ſometimes it fell in air, and in other 
_ caſes in Euickſilver, . | ; 


ys ot — 7 — ᷣ D— — 


V 


"EC SY. W 


3. on Mr. Bernoulli 179 


In order to conſider the ſixth and ſeventh chapters, 
it will be neceſſary to explain a ſcheme, that he con- 
ſtantly refers to. AC i is a range of Springs, one ex- 


tremity of which is fixed at the point A; each of 
theſe {prings is kept bent to a certain angle by the 
power R, Which preſſes the body L againſt the other 
extremity C. BD is another range containing a leſs 
number of ſprings, which are fixed at B, and bent 
to the ſame angles by the power 8, which preſſes 


the body P againſt D. 


Now Mr. Bernoulli ſays, that ſuppoſing the ſprings 


AC equal in ſtrength to the ſprings BD, when bent 
to the ſame angle; or, which is the ſame thing, that 


the powers R and S, and the budies L and P are 
equal; then the velocity communicated to the 
body L by the ſprings AC in expanding themſelves 
to any larger angles (the power R being taken 
away) will be to the velocity communicated to the 
body P by the ſprings BD in expanding themſelves 
to the ſame angles (the power S being taken away) 
in the ſubduplicate proportion of the number of 
ſprings AC to the number of ſprings BD. | 

This he demonſtrates by ſhewiog the time, at 


which AC acts againit L in any given inflexion, to 
be in that proportion to the time, that BD acts 
againſt P in the ſame inflexion, when their forces 


are £9988 See g. I. and 2. chap. vii. 
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180 ReMarxs en Mr. Bernoulli. 
And he having aſſerted, §. 9. chap. vi. that the 
force communicated to L in this cafe, is to the force 
communicated to P in the ſimple proportion of the 
number of ſprings AC to the number of ſprings 
BD, he concludes, that the forces of the two equal 
bodies L and P are as the ſquares of their veloci- 
ties. „„ | 8 | 

But this concluſion will entirely depend on the 
truth of what is aſſerted in that ninth ſection. Let us 


therefore ſee, what Mr. Bernoulli has advanced to 


make this probable, 

Mr. Bernoulli tells us, as ſoon as the powers R 
and S are taken away, every ſpring exerting its 
force, and none of it periſhing unuſefully, the force 
of every one of theſe fprings muſt of neceſſity be 


employed to produce its effect; which effect can 


be nothing elſe but moving the bodies. Therefore 


he ſays, the motion of each body will be fuch, that 


its vivid force ſhall be preciſely equal to the total 
effect of that, which the ſprings taken together ſhall 
have contributed to it; but as each of theſe ſprings 


dilates itſelf equally from one given angle to ano- | 


ther, every one of them contributes equally to pro- 


duce that force; therefore the vivid forces produced 


in the bodies L and P, will be as the number of 


ſprings, that have contributed to their produc- 


- 


—_— 

I ſhall paſs by the equality between preſſure and 
vivid force, which Mr. Bernoulli ſeems to infinuate 
in this ſection, (ſee remark on chap. v.) and fhal} 
only take notice, that Mr. Bernoulli aſſerts, that 
each of the ſprings in each range contributes equally 
to the production of the force in the impelled 
' ö 

But how is this to be proved? Mr. Bernoulli has 
taken a great deal of pains in this fame chapter to 
ſhew, that the preſſure in each range is equal, when 
all the ſprings in both are bent to the ſame angle; 

| | how 
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how then does it appear, that the forces produced 
in theſe bodies will be anywiſe different, ſince pro- 


_ duced by equal preſſures ? Mr. Bernoulli endeavours 


to ſolve this by ſaying in his ſixth ſection, that if 


the point E in the longer range was fixed, ſo that 
the number of ſprings included between E and C 
be the ſame with thoſe between B and D; then the 


ſprings between E and C would produce the ſame 
acceleration in the body L, as the ſprings BD equal 
in number would produce in an equal body P; 
and therefore the point E not being fixed, the re- 
maining ſprings between A and E by dilating them- 
ſelves will act on the point E, and produce a greater 


acceleration in the body L than the ſprings EC alone, 


or than the ſprings BD produce in P. 


But this is overthrowing all the principles, that he 


has been eſtabliſhing in the foregoing part of this 


chapter; for if it means any thing, it muſt mean, 


that the ſprings AE and EC together will act with 
oreater force on the body L, than the ſprings EC 
alone, contrary to the whole tenor of the ſecond and 
third ſections. | 3 5 | : 
If Mr. Bernoulli ſhall at any time give the true 
reaſon, why the ſprings AC and BD will produce 
different forces in the bodies L and P, which with- 


out doubt is the different times of their acting on 
thoſe bodies, this will at once deſtroy all his hypo- 


theſis; for then the force of the body L will not be 


to the force of the body P, in the proportion of the 


number of ſprings AC to the number of ſprings 
BD, or in the duplicate proportion of their velo- 


cities, but in the direct proportion of the veloci- 


ties, or the ſubduplicate of the number of ſprings, 
ſeeing the forces eſtimated from the preſſures, and 
times of their acting conjointly, muſt be in the ſame 
proportion with the velocities, becauſe Mr. Bernoulli 
himſelf in $. 1. and 2. chap. vii. has eſtimated the 


velocities from the very ſame principles. 
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Mf. Beruculli, chap. vin. $. 2. ſays, that this opt- 
nion has been confirmed by experiments made of 


the cavities formed in ſoft ſubſtances, ſuch as clay, 


Sc. by bodies falling with different velotities; it 
being always found, that the cavities formed by the 
ſame body were as the ſquares of the velotity it fel! 
with; whence it has been concluded, that ihe force 
of the ſaine body is as the fquate of the velocity, it 
moves with. e 

But all, that can be inferted from theſe experi- 
ments, is, that the reſiſtance of ſuch ſubſtances is 
equable or proportional to the time only; that they 
act againft an immerging body; for; if the body, 


that forms the cavity, is a cylinder, which moves in 


the direction of its axis, then, ſince Galileo has de- 


monſtrated, that the height any body will riſe to, 


when retarded by an equable reſiſtance, like gravity; 
will be as the ſquare of its velocity, it is evident, 
that the depth, ſuch a cylinder will ſink in à ſub- 
ſtance reſiſting equably, will be in the ſame propor- 
tion, and the cavity will be as that depth, ſince the 
cylinder moves in the direction of its axis. More- 
over, the cavity formed by any other Body, however 
Irregular, will be equal to the cavity formed by a 
cylinder of the ſame weight nioving with the ſame 
velocity; for whenever the cylinder, and other 
body ſhould begin to form equal augmentations of 
city, the reſiſtarice of the cylinder to the reſiſtance of 
the other body, would be compounded of the pro- 
portion of the baſe of the cylinder to the ſurface 
directly "oppoſed to the motion of the other body, 
and the Proportion of the time of the cylinder's 
forming this augmentation in its cavity to the time, 
in which an equal augmentation would be made by 


their reſpective cavities with equal degrees of velo- 


the other body, provided the bale of the cavity of 


that Other body remained the ſame during the time 
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the depths of the augmentations of cavity, that is, 
reciprocally as the baſes of the cavities; ſo that the 
reſiſtance in the cylinder would be to the reſiſtance 
againſt the other body in the ratio of equality, and 
the two bodies loſe equal degrees of velocity, while 
their cavities ſnould be equally augmented. Hence, 
by the doctrine of prime and ultimate ratios, though 
the baſe of the cavity formed by the irregular body 


is perpetually changing, yet ſtill equal degrees of 


velocity will be loſt during equal augmentations of 


the cavities; therefore if they enter the yielding 


ſubſtance with equal degrees of velocity, they will 
both, in loſing their entire velocities, form equa] 
cavitles. : | oe 3 

by What Mr. Bernoulli has ſaid, §. 4. is only a con- 
ſequence of what, Huygens has demonſtrated from 
the other opinion, and ſhall be conſidered in another 
place. See remarks on chap. x. G. t. 

Mr. Bernoulli intitles his ninth chapter, A general 
ee demonſtration, that the quantity of 


the force of a body is proportional to its maſs, drawn 


into the ſquare of its velocity; which, he ſays (with- 


out inſiſting longer on the validity of the precedent 
argument) is ſo general, and ſo very much beyon 

all exception, that he believes it capable of con- 
vincing the moſt obſtinate adherers to the vulgar 
opinion. « 
This demonſtration, when ſtript of what is not 


_ eſſential to it, is thus. Suppoſe the motion of any 


body moving in the direction AB to be repreſented 


by CD, and ſuppoſe the triangles CED, EFD and 


FGD to be right-angled at the points E, F and G, 


and the ſides CE, EF, FG and GD, equal to each 


other; then, as the ſum of all their ſquares is equal 
to the ſquare of CD, cach of thoſe lines will be half 


CD; now, by the compoſition of motion, the mo- 
tion of the body in the direction AB with the velo- 


city proportional to CD, is equivalent to the mo- 
„„ ay kh | tion 
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F 1 
tion of the ſame body i in the one and with 


velocities proportional to CE, ED, or to the motion 


in the directions CE, EF, FD, or in the directions 
CE, EF, FG, GD, with velocities, proportional to 


theſe reſpeclive . but each of thoſe lines is half 


the line CD, therefore the motion in CD with any 
velocity, is equivalent to the motion in CE, EF, 


FG, GD, with half the velocity in CD; hence Mr. 


Bernoulli concludes, that the force of a body moving 
with any velocity, is equal to four times the force of 


the ſame body moving with half that velocity, or 
fi ame body is as the ſquare of 


that the force of the 
the velocity, it moves with. 

But this propoſition, if it proves any thing, proves, 
that the forces of the ſame body moving with dif- 
ferent velocities, are not only as the ſquares of the 


velocities, but in any aſſignable proportion to them; 


for as this 8. Ep. will hold good, whether the 
angles CE FD, Sc. are right or not, you ma 
by varying thoſe angles find any number of 3 


lines CE, EF, FG, Ec. the motions in all which 
ſhall compound the motion in CD, a line of any | 


Pin length. 

Mr. Bernoulli in his tenth chapter, F. . ſays, 
that the ſum of the forces of any elaſtic bodies re- 
mains the ſame after the ſtroke, that it was before. 
This he endeavours to prove by ſaying, that the 
augmentation of the force of the one is always the 
immediate effect of the diminution of the force of 
| che 


2 5 EW on 6 K A kk =-* 2 oa nkmn 


REMAREs on Mr. Bernoulli. 18 5 
the other; but this is manifeſtly falſe. For, if two 
elaſtic bodies meet each other with contrary veloci- 
ties, then on their firſt compreſſion it is evident, that 
both their forces are diminiſhed at the ſame time 
and it may happen, that in reſtoring themſelves, 
both their forces may be increaſed at the ſame time. 
As this principle is falſe, his deductions from it muſt 
of courſe be ſo too; and therefore his proving, that 

the ſum of the ſquares of the velocities of any two 
elaſtic bodies, is (when multiplied into thoſe bo- 
dies) the ſame before and after the ſtroke, is ſo far 
from being a confirmation of his method of eſti- 
mating the force of bodies, that it is a contradiction 
to it, and not only ſo, but a direct conſequence of 
the other opinion. For it is evident from the equa- 
lity of action and re- action, that the loſs or increaſe 
of the force of one body in one direction, is equal 
to the loſs or increaſe of the force of the other body 
in a contrary direction: Now if you eſtimate the 
forces ſo loſt, by the ſum or difference of the velo- 
Cities of the bodies before and after the ſtroke drawn 
into the bodies themſelves, according to the com- 
mon opinion, then you will find, that on theſe prin- 
ciples the ſum of the ſquares of their velocities mul- 
tiplied into their maſſes, will be the ſame both before 
ahd after the ſtroke, as Huygens has demonftrated. 
From this equality of the ſums of the ſquares, 
Sc. before and after the ſtroke, Mr. Bernoulli alſo 
_ aſſerts, that the ſame degree of motion will always 
be preſerved in the world ; but he did not conſider, 
that this equality holds in bodies perfectly elaſtic 


only, and there are none ſuch in nature; therefore 


this hypotheſis is falſe, allowing all his own principles. 
See chap. x. F. 5. chap. v. F. 9, 10, Sc. 

In the eleventh chapter Mr. Bernoulli has ſolved 

a particular caſe of the general problem relating to 

the ſtroke of three elaſtic bodies; which is, when 

one body in motion ſtrikes at the ſame time two 

2 . other 
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other equal bodies at reft, which are equally diſtant 


from the line of the direction of its center on each 
fide; and in his twelfth chapter he extends it to the 
ſtriking of one body, at the ſame time, againſt any 
number of pairs of bodies at reſt, each pair being 

ſuppoſed equal, and equally diſtant. on each ſide 
from the line of its direction. Mr. Bernoulli's method 
is firſt to ſalve the problem for two pair, and ſo by 


degrees extend the ſolution to any number. In two 


pair he ſuppoſes the moving body to be divided into 
two parts, one part of which ſtrikes one pair, and 


the other part ſtrikes the other pair; now by com- 


puting the velocity of each of theſe parts after the 
ſtroke, and making an equation between them, he 
determines the proportion, that the body muſt be 


divided in, ſo that each part after the ſtroke ſhall | 


move with the ſame velocity; which common ve- 

lecity, he concludes, will be the ſame with that of 
the entire body. But this will be true, only when 
cach part takes up the ſame time in communicating 
motion to the bodies it ſtrikes againſt ; for, if one 


Part commynicares the whole motion to the bodies, 


it ſtrikes againſt, ſooner than the other, then the 
two parts would be ſeparated, if the body was 


ctually divided, and conſequently the velocity of 


the body, when entire, will be different from the 
common velocity of the parts. 5 
Now all elaſtic bodies, that we have any Know- 
jedge of, will take up different times to ſeparate in, 
according to the different velocities they ſeparate 
with; ſince it is found by experience, that their re- 


A iſtance to compreſſion is uniform. However, to 


give that for a general ſolution of a problem, which 


may be falſe in infinite circumſtances, and can be true 


put in one, is a manifeſt paralogiſm; eſpecially when 
thaſe circumſtances are neglected, as no ways neceſſary 
ro che ſolution. e 
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In F. 2. of the ſarne chapter he ſays, that by means 

of this theory; the reſiſtance of a body moving in a 
fluid compoſed of elaſtic particles may be eaſily de- 
termined, and alſo the quantity of its motion, that 
it will loſe in moving through ary given ſpace; a 
new ſubject for a ſearch, as uſeful as curious, and fa 
much more worthy to be examined, as no body hi- 
therto has undertaken it. But I am ſurprized, that 
Mr. Bernoulli ſhould mention this as ſomething yet to 
be done; ſeeing Sir //aec Newton has fo amply treat- 
ed this and all other parts of the doctrine of the 


© 


to give the ſame rule for finding the center of oſcilla- 
tion from his theory of forces, that Huygens, Dr. 
Taylor, and even himſelf, have given from the com- 
mon opinion. In order to this, in §. 4. he ſuppoſes, 
that the force of any body will be always the ſame, 


when it has fallen from the ſame height, whether it 


falls freely, or whether any obſtacle retards its fall. 
If this is-true, then the ſame body may have the 
ſame force With different velocities z ſince by in- 
crealing the obſtacle, that hinders irs deſcent, you 
may diminith its velocity in any degree aſſignable, 
ſtill preſerving the fame height. : 

His hypotheſis of the caufe of elaſticity is fo full 
of inconſiſtancies and abſurdities, that I am deterred. 
from making any remarks on it, for I ſhould be 
obliged to take notice of almoſt every paſſage. I 
ſhall therefore only mention one thing, which, I 
think, may eaſily excuſe an ampler confutation, and 
that is, that Mr. Bernoulli endeavours to account for 
elaſticity by the motion of particles, that are them- 
{elves elaſtic. = ED HG 

And now, I think, I have proved, that nothing 


Mr. Bernoulli has urged in defence of Mr. Leibnitz's 


opinion, is any way concluſive; that many parts of 
| * 2" 
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his diſcourſe are contradictory; and that all his deter- 
minations of the laws of motion are wrong, ſince they 
are by him applied to bodies, which only perfectly 
reſtore themſelves; whereas they are true in none 
but ſuch, as reſtore themſelves in the ſame time, they 
were compreſſed. See remark on chap. 1. $. 18. 
And for a concluſion, I would deſire Mr. Bernoulli 
to give us a true ſolution of the problem propoſed in 
his twelfth chapter; for it will very much ſurprize 
the world, that ſo eminent a geometer ſhould fo un- 
accountably miſtake (as I have ſhewn in my remarks 
on that chapter) in the ſolution of a problem, the 
only important one in his book, that had not been 


ſolved before. 


AN 


AN 

EXAMINATION 
OF THE 

= Oo FF 


Concerning the Sun's parallax, publiſhed at the 
end of a book entitled Matho ; five Coſmo- 
theoria puerilis dialogus, in Quarto, - Edin- 
bur gi 17 3 8. 


* printed. in The Hiſtory of the Works of the 
| Learned for October 1 7 38. 


N this Note 4 author endeavours to ſhew, that 

either the moon revolves about the earth in a 
manner altogether inconſiſtent with the general law 
of gravity, or that the quantity of matter in the 
ſun and its parallax are very different, from what 
they are at preſent deemed to be. 

For ſuppoſing the parallax of the ſun to be about 
ten ſeconds (its uſually aſſigned magnitude) he com- 
putes, that the gravitation of the moon to the ſun 
would then be greater than her gravitation to the 
earth, by which ſhe is ſuppoſed to be kept in her 
orbit; and thence he concludes, that, as in her con- 
junction ſhe is placed between the earth and ſun, 
her greater gravitation to the ſun would at leaſt in 

that 
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that ſituation draw her out of her orbit, and carry 
her intirely away from the earth. 
The gravitation of the moon to the ſun is indeed 
greater than her gravitation to the earth; but the 
deductions of our author from this fact are altoge- 

ther groundleſs. e 5 

There is no propoſition in the whole theory of 
motion more inconteſtable and obvious, than that 
the relative: motions of any ſyſtem of bodies will be 
no ways affected by equal accelerating forces applied 
in parallel directions to each of the bodies, that com- 
poſe it. Therefore, if to the earth and moon equal 
degrees of gravitation towards the ſun Were applied 
in parallel directions, no change in the relative mo- 
tion of the moon about the earth would be thence 
produced; even though the gravitation to the ſun 

were in each of them a thouſand times greater than 
the moon's gravitation to the earth. 
* . * Conſequently, from the abſolute quantity of the 
moon's gravitation to the ſun no inequalities will 
ariſe in her motion, unleſs that force be different, or 
differently directed from the force of the ſun on the 
earth. But: the diameter of the moon's orbit is ſo 
ſmall, compared with the diſtance of the ſun, that 
lines drawn from any points of that orbit to the 
ſun, differ but little from being parallel to the line 
joining the earth and ſun, and her gravitation to the 
ſun in the ſeveral parts of her orbit is but little dif- 
ferent from the_gravitation, of the earth to the ſun. 
It is by theſe differences only, and not by the whole 
gravitation of the moon ta the ſun, that the relative 
motion of the moon about. the earth can be diſturb- 
ed; and from them ariſe the inequalities in that 
motion obſerved by aſtronomers 
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O N 
Mr. EULER's Treatiſe of Motion, 
Dr. SurrH's compleat Syſtem of Opticls, 
AN 
Dr. JU RIN's Eflay upon Diſtin& 
and Indiſtinct Viſon. 
Heæc eo ani mo accipi velim, quo ego accipiam, guoties acciderit, 
ut aliquis mihi errores meos indicet,—— Boni autem virt 
munus eſſe puto, non aliorum peccata diſſimulare; ſed potiur 
omnes homines, f+ feri poſſet, ab inſcitiæ tenebris in lucem 


veritatis aſſerere. 7 
Petr. Nonius de Errat. Orontii Finæi. In præfat. 


Firſt publiſhed in 1739. 
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i. T7 has not been uncuſtomary amongſt mathematici- 

ans, without any impeachment of their candour, 
by expreſs treatiſes to correct important miſtakes of their 
contemporaries. Thus the errors of Cardinal Cuſanus 
were ſhewn by Regiomontanus, thoſe of Oroniius Fingus 
by Petrus Nonius, of Joſeph Scaliger by Vieta' and 
Clavins, of Longomontanus by Dr. Pell, of Gregory 
St. Vincent by Fuyzens, of Hobbes and Du Laurens by 
Dr. Wallis, and of Sinclair by James Gregory. And 
1 ſhall here take leave after theſe examples to mate ſome 
remarks upon teh treatiſes, which have lately come 
abroad; Mr. Euler's diſcourſe entitled Mechanica five 
motus Scientia analytice expoſita; and the Compleat 


Sy/tem of Opticks by Dr. Smith. 


2. FROM the tim? that Des Cartes advanced the 
ca'culations of algebra into the place of geometrical de- 
monſtrations, not only the works of the ancients, but at 
length the greateſt part of mathematical <writings have 
been negleted ; and at preſent the mathematical ſciences 
are generaliy conſidered as attainable by as little ſtudy 
as the operations of arithmetick. So much of the ele- 
ments as can be learnt from ſom? crude collection out of 
Euclide, with a few of the primary properties of the 
conic ſections joined to ſome exerciſe in algebraical com- 
putations being thought at preſent, a ſtock ſufjictent to 
conſtitute a conſiderable geometer ;, and if to this be ad- 
ded a knowledge of the method of calculating uſed, where 
the doffrine of fluxions is required, without any true ap- 
prebenſion of the principles of that dofirine;, the ariift 


Is ſuppoſed to have penetrated into the utmoſt depths of 
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this ſcience. Though by this means not only all elegance 
and taſte are leſt, but many direct errors have been com- 


mitted by perſons, compleatiy adorned with theſe modern 


accompliſhments, in their writings on à ſubjet?, of which © 
they had not read enough to render it familiar to them, 
or their conceptions concerning it clear and diſtin? 

Whoever could in the leaſt contribute to put a check 
to this inundation of barbariſm, weuld certainly per- 
form no inconſiderable ſervice to a branch of learning, 
ence eſteemed the firſt of the ſciences, but at preſent re- 
duced to a kind of mechanical prafiice, wherein the 
reaſouning faculties are litlle concerned. 


3. IN the firſt of the treatiſes I defien to examine, 
the author has unfortunately followed the principles of 
bis calculus with ſo little caution, as even to contradiet 
Euclide himſelf * , and cenfides in them jo entirely as to 
perſuades himſelf, againſt the voice of common reaſon, 
that a body may be drawn to a center by centripetal 
forces, where though the velocity is perpetually increaſ- 
ing, yet at the center the body ſpail at once by ſome un- 
known cauſe be entirely ſtopt +, or, which is more 
ftrange, anmbhilated\|, and in other caſes he turned di- 
rettly back again; that a reſiſting medium may be 
ſuppoſed endued with no other power, than that of re- 
tarding the body's motion, yet Hall cauſe a body pro- 
jected direfily upward to defleft into a curve line F. 
We find the author of the ſecond propying as diſcoveries, 
evheat has been the received cpinion of mary ages || re. 
viving maxims ſo deſervedly exploded, that no man, 
who reflects, can hbefi vate about their falſhood, when- 
ever his eyes are open ; deterred from attempting 
the ſolution of a cubic equation TA; exhibiting incon- 
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concluſive demonſtrations j, and even unapprized of 
the meaning of jo familiar a term as the ſimilarity of 


4. BUT bow far theſe diſcourſes are examples of 
the preceding reſſection, I ſhall not preſume to deter- 


mine; nor yet what claim the writer on diſtinét and in- 
diſtiuct viſion may have to mathematical kaowledge of 


any kind, ſince be has not given any public ſpecimen of 
great pretenſious that way. Independent of theſe con- 


federations as the firſt is intended for a very general ex- 


Planation of motion, and the other promiſes no leſs than 
a compleat ſyſtem of ſo extenſive and intereſting a ſubjett 
as opticks , 1 hope theſe animadverſions upon the fail- 
ings, which I imagine myſeif to have found in them, 
will not be diſapproved of. Since ſuch general writings 


are uſually bad recourſe to by theſe, who are firſt in- 
 quiring into auy ſubjedt; it is not an unuſeful labour to 


ovviate the miſinformation, to which learners by the 
errors in works of this nature muſt ve expoſed. 


5. I foail alſo add ſome Remarks on the Eſſay upon 
diſtin and indiſtinct viſion ſubjoined to the compleat 
ſyſtem of opticks, that the profuſe praiſes beſtowed on it 
by the editor may not occaſion any one to be miſled by the 
explanation there attempted of ſome of the principal 
points in Sir Iſaac Newton's doctrine of light and co- 
lours, in which that great man's ſenſe appears wholiy 


unknown t this writer. 


6. 1 have cheſe to deliver myſelf every where with 
great plainneſs, and without thoſe apologies and excuſes, 
with which writings of this kind do ſ» often abound z 
as ſuch affected complements upon theſe occaſions have 
always given me offence in others. In relation to Mr. 
Euler, who is no otherwiſe kcwn to me, than from his 


jj. Fag.. 67. 72. 75. 77. Pag. 70. 
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works, though I have explained my thoughts withcut 
reſerve ; yet ] hope free from any undue ſeverity. In 
what concerns the other two gentlemen I have alſo made 
it my endeavour to avoid all exceſſive exaggeralions of 
the faults, I have cenſured. But if ary exceptionable 
expreſſions may bave ever chanced to eſcape me, I truſt, 
T fhall eafily be excuſed by them, wwho very well know 
the uncemmon liberty, which has of late been taken with 
myſelf. To be more explicit, as the writer on diſtinct 
and diſtinct viſion is the reputed author of the late diſ- 


ſertations under the name of Philalethes Cantabrigienſis, 


and the other gentleman is not only ſuſpected of being his 
aſſociate, but merited, no doubt, by ſingular ſervices 
that high ſtrain of complement, with which Mr. Faber 


is in one of theſe papers addreſſed ; I hold myſelf under 
no farther reſtraint, where I have been uſed with ſuch 
groſs ill manners, than what a juſt deference for truth 


requires. I am thus free, not on y becauſe I think the 
treatment, I have received without the leaſt provoca- 
tion on my part, calls for ſome reſentment; but alſo 
that I may do theſe gentlemen the juſtice to give them an 


opportunity of acquitting tbemſelves, if they are ſa Ieh 
accuſeds 
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HE author of the firſt of the two 3 

1 here intend to examine, was a ſcholar 
of the famous Mr. John Bernoulli, and has former- 
ly publiſhed ſeveral pieces, which have met with 
ſuch applauſe, that he has been invited to the new 
Academy of Sciences erected at Peterſpurg, where 
he now enjoys the honourable title of Proteſſor of 
the Sublime Mathematicks. As this performance 
is compoſed on a very noble ſubject, which has 
ſo juſtly acquired to our great Sir Iſaac Newton an 
unrivalled reputation; its merit has been celebrated 
in the various litterary Journals of different countries 
wich high encomiums. | 


N3 2. THIS 


nm E M 


2. THIS treatiſe after ſtating the general pro- 
erties and affections of motion conſiders at large the 
effects both of impulſive forces, and of reſiſting me- 
diums on moving bodies. 
. THE firſt propoſition is, That every body, 
« Which either by an abſolute or relative motion is 
&« transſerred into another place, muſt paſs through 
all the intermediate places.” This propoſition is, 
I think, merely identical; the idea of paſting through 
theſe intermediate ſpaces being neceſſarily and obvi- 
ouſly included in the idea of motion. | 
4. THE third propoſition, “ That in any une- 


qual motion the leaſt elements of the ſpace de- 


& ſcribed may be conceived to be paſſed over with 
& a uniform motion,“ 1s not univerſally true. 
5. In many caſes indeed the deductions founded 
on this poſition will be juſt, it we conſider it as a fi- 
gurative expreſſion, meaning no more, than that rhe 
ultimate proportion of two contiguous ſpaces de- 
ſcribed in equal times by any variable motion is the 
proportion of equality. But where ever this inter- 
pretation cannot be applied, there this propoſition 


will not only be faulty in its method of conception, 


but all the concluſions founded on it will alſo be er— 
roneous. This will moſt remarkably be the caſe, 
when thoſe ſpaces are compared together, which a 
body accelerated by any force deſcribes in the be- 
ginning of its motion; for the ultimate proportion, 
of the firſt of two contiguous ſpaces thus deſcribed 
in equa] times to the ſecond is not that of equality, 
but the ratio of 1 to 3, as is well known to ever 

one acquainted with the common theory of falling 
bodies. This propoſition wil alſo fail, when ap- 
plied to the eſtimating the increments of velocity 
produced in any moving body by any accelerating 


Oo 
torce; for if the velocity receives by the action of a 


uniform force equal additions in two equal contigu- 
ous portions of time, the additions to tne ſpaces de- 


ſcribed 
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ſcribed in conſequence of theſe increaſes of velocity 
will be as 1 to 3, inſtead of being to each other in 
the ratio of equality, as they ought to be, if this 
propoſition wete true. 5 
6. M. EuLER in the annexed ſcholium has ſome 
obſcure ſuſpicions of the fallacy of this propoſition: 
but as he applies it without ſcruple through the re- 
maining part of his book, even in thoſe inſtances, 
in which he here ſeems doubtful; it is evident, 
that the genuine principles, from whence alone all 


deductions of this kind receive their accuracy and 


rigour, were unknown to him; eſpecially ſince ſome 
of his moſt capital errors ariſe from an unwarranted 
adherence to this propoſition, as we ſhall more di- 
ſtinctly ſhew hereafter. 

7. THE 7th, 8th, and gth propoſitions relating 
to the continuation of a body in its ſtate either of 
_ reſt, or of equable motion in a right line, unleſs di- 
ſturbed by ſome external force, ought to be pro- 


poſed, as facts only; it being from experiments, 


and not from any metaphyſical notions about bodies 
and motion, that the truth of theſe principles can be 
evinced. No wonder therefore, if Mr. Euler's pre- 
tended demonſtrations of theſe propoſitions be alto- 
gether inconcluſive and inconſiſtent. 
8. IN the 11th propoſition he is fo little apprized 
of the relation, which a demonſtration ought to have 
to a propoſition, that here, though the propoſition 
be general, the demonſtration regards one particular 
caſe only, and the general proof is poſtponed to a 
ſcholium, in which he has ſo forgot his propoſition, 
that he thinks it neceſſary to prove in form, that the 
ratio of à to þ is given, which is the very thing, the 
propoſition ſuppoles. Nay more, in order to make 
this proof he has aſſumed a triangle to be given in 
tpecies, merely becauſe'one angle is given. In or- 
der to prove that NL or BM. will have to AL (hg. 9. 
Tab. I.) a given 8 it is aſſerted, that the 
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triangle ALN is given in ſpecies; but this is not 
true, "unleſs this Proportion of EM to AL is firſt 


ſuppoſed to be given, nothing being determined in 


that triangle independent of that ſuppoſition, but the 
angle ALN. 
Ms. EULER's 14th propolition, very indi- 


ſtinctly propoſed, contains in the ſolution there given, 


and the corollaries annexed no lels than four capital 
Errors. . g 

10. FissT it is ſaid at the end of the ſolution, 
that the right line AD (fig. 1. Tab. II.) may be 
taken for the path deſcribed by the body, when act- 
ed on by a power in the direction AC. Bur this is 


falſe even on the confuſed principles of indivilibles. 


For were it true, the effect of the power in inflect- 
ing the body from its rectilinear motion, if eſtimat- 
ed between D and A, would not be in the du! plicate 
proportion of the times of its action, as it ought, 
but in the ſimple proportion of thoſe times. The 
truth is, that every part of the motion, however 

minute, muft be conſidered as a curve touching AB, 


and not as a right line interſecting! ir. 


. SECONDLY we are told in coroll 2. that dc 


; 3 ; 
is equal to , that is, to ſpeak ſenſe we are to con- 


at 

ceive, that in the ſame time, in which the body 
with the velocity, it has at A, would deſcribe the 
ſpace AB, or the equal ſpace A, it would with the 
hone! velocity, it is augmented by at D, de- 
ſcribe the ſpace DG. Bur this 5 is not true; tor this 
increaſe of velocity is not acquired Immediately in 
the point A, bur during the whole time of the mo- 
tion from A to B; and therefore, the ultimate re- 
lations being conſidered. Db is but halt the ſpace, 
that would be deſcribed during tne paſſage from 
A to D by the increaſe of velccity at D; that! is, in 


; | D3 
the InAnichmaes jargon, de is not equal to , but 


at 
fo 
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to * Mr. Euler has been led into this error by 
relying upon his 3d propoſition quoted by him in 
the preceding corollary, which we have above ob- 
ſerved to be a faiſe one. 

12. THIRDLY in the 4th corollary the ſame error 
occurs again, but in another form, being compound- 
ed wy the coſine of the angle BAC. 

. FourTaLy in the 5th corollary the angle of 
:nflection of the direction of the body at D from the 
direction AB is determined to be the angle BAD, 


that is, the path deſcribed by the body is ſuppoſed | 


to be the right line DA; but this is not true, as we 
have ſhewn above. Conſidering then the path de- 
ſcribed to be a curve touching ABin A and paſting 
through the point D, as it ought, we muſt meaſure 
the inflection by the angle, that the tangent to this 
curve in the point D makes with the tangent AB, 
and this angle, ultimately conſidered, will be double 
BAD, that is, its ſine in Mr, Euler's phraſe is not 


Bb 2Bb 
Pa ⸗ but — Ta- 

14. THESE errors now mentioned are variouſly 
compounded with each other in the 6th, 7th, 8th, 


- 


and gth corollaries; fo that not only the general the 


lution of this problem, bur 7 of the annexed corol- 
laries are altogether erroneous, and this even on Mr. 
Euler's own principles. 

13. THE ſolution of the next propoſition (prop. 
15 ) deſerves particular notice. Here AB reprelents 
the ſpace, which a body with the motion, it has in 
A, would deſcribe in the direction At (fig. 2. 
Tab. II.) during any ſmall interval of time, and B& 
the ſpace, which the ſame body would have deſcrib- 
ed from reſt in the fame interval by the power act- 
ing in the ſame direction AE; that is, A6 repreſents 
the whole ſpace deſcribed in ſome ſmall interval by 
the uniform Nie of the body in A, and 1. 5 the 
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action of a power in the fame direction. Now we 


are told, that in another equal interval by the ve- 
locity acquired in 5 uniformly continued it would 


deſcribe another ſpace equal to Ab. But this is falſe. 


For ſince the velocity of the body is perpetually 
changing from A to h, the ſpace Ab cannot be con- 


ceived, as deſcribed by the whole velocity acquired 


at i, but by ſome velocity intermediate betwixt that 


and the velocity at A; the ſpace then, that would 


be deſcribed by the velocity at 5 in the next equal 
interval, will be greater than Ab, and if the action 
of the power was uniform from A to 5, (as Mr. 


Euler by ſtyling the interval of time an infinitely little 
one ſuppoſes) it will be equal to A + B; inſtead 


therefore of the equations in Mr. Euler Ab = AB 
+ ao, bc = AB + 2a, cd = AB + ao, de = AB 


+ 4ao, there ought to be ſubſtituted Ab = AB + 


ao, br = AB J 3ao, cd = AB +þ+ 5a9, de = AB+ 


ao. All this has been fo often ſhewn by every 


- writer on the common theory of fallin 


g bodies, that 


O 


I am ſurprized at Mr. Euler's miſtaking fo plain a 
matter. Bur theſe are not all the errors of this pro- 


poſition. For Mr. Euler having by the application 
of his 3d propoſition concluded, that the celerity of 


the body A is increaſed in the ſame proportion, as 
the increments of the ſpaces deſcribed by it, we may 
ſnew from the equations, we have rectified above, 


that taking this principle for granted, the increments 


of the celerity can never be proportional to the 
times, in which they are produced; for if the times 
are taken in the proportion of the numbers 1, 2, 3, 


4, 5, Sc. the increments of the ſpaces, and conſe- 


quently of the velocities, if Mr. Euler is to be be- 
lieved, will be in the proportion of 1, 3» f, 7, 9, 
Sc. a proportion not only different from tnat of the 
times, but, if the extreams are compared, perpetu- 


ally receding from it. Another principal error then 


of this propoſition is, that notwithſtanding theſe er- 
roneous 


2 * 
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roneous ſuppoſitions the concluſion, “that the in- 
« crements of the celerities are ultimately as the 
« times, they are produced in,“ is indiſputable, as 
has been frequently ſhewn by other writers. Now 
it can be only by a complication of errors, that true 
deductions are ever derived from falſe principles. 
16. THE proceſs annexed to the 18th propoſiti- 
on is abſolutely inconcluſive, and unworthy the 
name of a ſolution. 

17. AS Mr. Euler tells us in the 2d corollary of 
the 19th propoſition, that he has been particularly 


0 


a OL ane, nn 9. 4 A a Mos F200 cat 


| propoſitions ; I have no deſign to charge this author 
| with haite or negligence on account of theſe errors; 
but I conſider them ſolely, as the effect of that inac- 
- curacy in conception, to which the differential cal- 
culus is diſpoſed to betray its admirers. : 
18. IN the ſolution of the 21ſt propoſition and its 


1ſt corollary all the errors of the 14th are continued; 


and conſequently all the equations there given are 
on that account falſe. But in the 2d corollary Mr. 
Euler has fallen into an error of {till a ſtranger nature, 


even following the principles of his differential cal- 


culus to an expreſs contradiction of a propoſition of 
Euclide's elements, which ſhews, that the angle at 
the circumference of the circle ſubtended by the line 


is equal to the angle BAD; and conſequently it is 
not the triangle AOD, OD being ſuppoſed to be 
drawn, but the triangle formed on AD by lines 
drawn from that point, where AO continued meets 
the circumference beyond the center, that is ſimilar 
to the triangle BA“; and therefore Bb is not to AB 
as AD to AO, but as AD to 2AO. Ir is not then 
the radius AO of the circle touching the line AB and 
paſſing through the point D, but the diameter of 
that circle, which Mr, Euler has here aſſigned, that 
| 18, 


ſolicitous about the rigid demonſtrations of theſe laſt 


AD (fig. 6. Tab. II.) not the angle at the center, 
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 Turrs . of the radius of curvature 


in the preſent corollary is, as it were, the baſis, on 


which the future examination of all curvilinzar mo- 


tion does immediately depend; and were not this 
error compenſated by thoſe, we have taken notice of 
already, and others, that we ſhall hereafter remark, 
there could not be one propoſition in all this volume, 
where the body is ſuppoſed to move in a curvilinear 
track, but what would be erroneous. This propoſi- 
tion is indeed of ſuch neceſſary uſe in the methods 
of proceeding followed in theſe volumes, that it oc- 
curs perpetually ; but its faiſhood no where more 


eminently appears, than in the demonſtration of the 


1ſt propoſition of the ſecond volume, where it is 


more obvious, and more expreſs, if poſlible, than | 


in the preſent inſtance. 

20. THE value of r then aſſigned in the 2d co- 
rollary, and uſed in the ſucceeding ones of this 2 iſt 
propoſition, is double, what it ought to be. 

21. Bor in the ioth corollary this erroneous var 
lue of r is compounded with a value of dc, which we 
have ſhewn above to be bur one half of what it ought, 
and by this means the equation reſulting in this co- 
rollary is rectified; the two errors _allancing each 
other. 

22. THE ſenſe of the 22d and 23d propolitogs 
may be briefly exhibited thus. 

23. LET a, 5, c, d, be parts of the body O con- 
ſidered as a point, and OA, OB, OC, OD, (fig. 8. 


Tab. II.) a like number of forces applied to that 
point, and let OG be the force compounded of all 


theſe. Then, if the parts a, 5, c. d, are ſuppoſed 
to be ſeparately accelerated by the reſpective forces 


OA; OB, OC, OD, I lay, that tne motion of the 


common 


P 
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common center of gravity of theſe parts a, b, c, 4, 
will be in the direction OG, and with the 1 acce- 


leration, as would be that of the entire body O, if 
accelerated by the force OG. 


24. Tris is the true and genuine form, * 
which, I think, this propoſition ſhould have been 
expreſſed: the principle of a reſtoring force, which 
Mr. Euler has introduced, ſerving only to perplex 
the reader's imagination, and render the propoſition 
unintelligible. 


25. Fax demonſtration is equally inaccurate ; for 


in the firſt place it is no demonſtration of Mr. Euler's 


propoſition (of which indeed no demonſtration can 
be made, as it contains no aſſertion, that is the pro- 
per object of demonſtration,) and it is in the next 
place exceſſively artleſs and tedious, containing above 

20 equations, when the whole may be caſily diſpatch- 
ed by the application of a well-known propoſition in 
ſtatics, without any computation. 

26. IN the beginning of the third chapter, which 
treats of right- lined motion, Mr. Euler has given 
Galileo's theory of falling bodies, 1n its. own nature 
no difficult ſubject ; but it is here fo compounded 
with differential computations, that this ſubject may 
be much better learned from what has been writ in a 
more ſimple manner by others. 

27. IN the remaining part of this chapter he 


treats in general of the direct aſcent or deſcent of 


bodies accelerated by any forces referred to a given 
point. And in his iſt ſcholium to his 32d propo- 
ſition he is much perplexed how to determine the 


motion of the body, when it has paſted the point C 


(Tab. II. fig. 13.) He apprehends no more neceſ- 
ſary than making g y negative in the expreſſion of the 
ſolution given in the propoſition ; and thence con- 
cludes, that if the quantity reſulting is affirmative, 
the body will really paſs the center C, but if it be nega- 
my it is an indication, that the body will never Fw 
| the 
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206 RE ARES 
the point C. He however owns, that in ſome caſes 
this method of proſecuting the motion includes a 
contradiction. 
28. Bur though he has concluded, that in cer- 
tain inſtances this proceeding will miſlead us, becauſe 
the reſult in thoſe caſes is different from what, he 
knows from other principles, it ought to be; yet 
inſtead of making the true uſe of this diſcovery, 
and ſuſpecting the whole proceſs, he ſtill ſuppoſes 
the ſolution to be right in thoſe caſes, where he 
has not the ſame means of comparing the reſult with 
known principles. 
2289. NoTwITHSTANDING he diſcovers by the ab- 
| ſurdity of the concluſion, that the method of ſolu- 
tion, he has given, will in numberleſs inſtances fail in 
determining the motion. of the body, when it has 
paſſed the center, he nevertheleſs in other inſtances, 
where the ſame abſurdity occurs, ſuppoſes the mo- 
tion of the body to be rightly exhibited by theſe fal- 
lacious operations; having advanced in the iſt and 
2d ſcholium, and 5th _ 6th corollaries the three 
following wonderful poſitions. | 
iſt, Tnar in many caſes neither the motion nor 
direction of the body after it arrives in C, can be 
determined. 

2d, Tyar in other caſes the body, after it ar- 
rives in C, can paſs no farther. 

3d, Tur in another caſe there mentioned the 
body, when it arrives in C, will inſtead of proceed- 
ing forwards fly back again in the ſame direction, 
in which it fell. 

30. Ir is true, our author ſpeaks of all theſe de- 
terminations with ſome diffidence and uncertainty, 
and ſeems to think them very myſterious ; but he 
ſatisfies himſelf with a blind ſubmiſſion to his com- 
putation, ** quicquid autem fit hic calculo potius 
quam noftro judicio eſt fidendum.“ Nay in the 
laſt concluſion he ſeems even to have fatisfied his 
Judginent 3 * 


1 9 
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ſes judgment; for in the paſſage, he refers to in the 
a following part of his book, he has copied Sir Iſaac 
Newton, as he conceives, and not underſtanding his 
r author ſeems to ſuppoſe himſelf ſheltered under his 
ſe authority. | 
ne 31. Now the whole myſtery, which has thus em- 
cf barraſſed our author, is this; When y, the diſtance 
7 of the body from the center, is made negative, the 
a terms of the problem are ſometimes changed with it. 
e The centripetal force being as ſome power of the 
* diſtance expreſſed by v, where may be any num- 
ber affirmative, or negative, whole number or frac- 
5 tion; if, when y is ſuppoſed negative, y* be ſtill 


affirmative, the ſolution gives the velocity of the 
body in its ſubſequent aſcent from the center; but 
if y* by this ſuppoſition becomes alſo negative, the 
| ſolution exhibits the velocity, after the body has 
2 paſſed the center, upon condition, that the centripe- 
4 tal force become centrifugal ; and when on this ſup- 
poſition * becomes impoſſible, this determination of 
the velocity beyond the center comes out impoſſible, 

the condition being fo. _ | 
32. IN the corollaries and ſcholium annexed to the 
48th propoſition, which conſiders the aſcent of bo- 
dies from a center, he meets with the ſame difficul- 
ties, and is at great pains to account, how the ſolu- 
tion, he has there given, ſhould fail him in certain 
caſes; and to ſatisfy himſelf he recurs to infinitely 
ſmall, infinitely great, and other the like ambiguous 
pony the uſual modern palliatives of error. Bur 
o little does he ſeem convinced with his own rea- 
ſoning on this head, that in the g6th ſection of his 
ſecond volume, he has in a ſimilar caſe ſuppoſed the 


ww — 4 


jections, he here makes uſe of to prove it fallaci- 


ous. | | 
3. THaT the computation in this propoſition 
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fight ; ſince, when is any affirmative number, the 
force in C abſolutely vaniſhes ; and conſequently the 
body will in theſe caſes remain for ever at reſt in the 
point C, if once placed there. Whatever computa- 
tion therefore pretends under theſe circumſtances to 
exhibit both the time of paſſing from the very center 
through any given ſpace, and the velocity by that 
means acquired. muſt undoubtedly contain under it 
ſome fallacy. The truth is, the time determined by 
this method is the limit only of that time, in which 
the ſame given ſpace would be deſcribed, ſuppoſing 
the body not to begin its motion from the very point 
C, but to be placed at firſt any where ſhort of it. 
Indeed whatever be the centripetal force, if it diffuſe 
itſelf every way equally from the center, no body 
can be moved out of the center by it. 

34. THE problem propoſed by Mr. Euler in his 
43d propoſition is from the relation of the times of 
deſcription to the ſpaces deſcribed to determine the 
law of the impulſive force. 5 

HRE he is entangled in difficulties from not 
tives, that the conditions of a problem 
often put a limit upon algebraical expreſſions. This 
Sir Iſaac Newton has very well illuſtrated in his trea- 
tiſe of algebra by the following eaſy inſtance . If 
it were. required to inſcribe any chord given in mag- 
nitude within a given ſemicircle; x denoting the 
verſed ſine of the arch, which will bis ſubtended by _ 
the given chord, à the diameter of the circle, and b 


= 


bb 
the chord, x will be = 72 therefore whatever be 


the given magnitudes of 5 and a, there may be al- 
ways found a value of *, which will ſatisfy the alge- 
braic equation: yet it is manifeſt that if 5 be greater 
than a, the value of x derived from the equation 
will be of no uſe for ſolving the problem, which in 
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that caſe is impoſſible. In like manner Mr. Euler. 
propoſes a caſe of his problem, (in the ſcholium) 


where the time of the body's motion ſhall be ex- 
preſſed by Ya, x denoting the ſpace, through 


which the body has moved, and à ſome given length. 
Here he perceives, that this expreſſion cannot in all 
magnitudes of x expreſs the time of the body's, 
motion; for when x is greater than a, the quantity 
Var xx diminiſhes, whereas the time already paſſed 
cannot be recalled. | Es | | 

36. Bur what he gathers frem thence, is abſo- 


lutely abſurd 3 that when the body is arrived at C, 


it muſt ever remain in that point, which he owns 
himſelf is paſt all conception; nay more, that the 
velocity of the body, if it paſſed farther ought to 
be negative, which how to account for, he confeſſes 
himſelf unable. Indeed all, that can be performed in 
this problem, is to find ſuch an impulſive force, 
wherein the given expreſſion ſhall tor ſome ſpace 
denote the time. And when this is diſcoyered, the 


limits, to which this expreſſion muſt be ſubject, will 
be known. Here it comes out, that the impulſive 


torce will be reciprocally as the cube of the di- 
ſtance of the body from a point ar a diſtance equal 
to a from the place, whence the body fer out. After 


this is known, it is eaſy ſo to exprels the time, that 


the expreſſion ſhall agree to the body's whole motion. 
The time of the body's paſſing between the center 
now found, and any other place, will always be de- 
noted by a -r x. . 

37. IN the following chapter Mr. Euler treats of 
right-lined motion in a reſiſting medium. : 

38. HERE in the ſcholium annexed to the 2oth 
definition we are told, that all other laws of reſiſtance, 


except that which obſerves. the duplicate proportion 


of the velocity, are merely imaginary z which is alfa 
repeated in the 1ſt corol. of prop. 30. This is ſo 
great a miſtake, that no medium is yet known, in 
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which the whole reſiſtance is accurately in that 
portion. Our author had not attended to what, Sie 
Iſaac Newton expreſly takes notice of, that in all 
fluids ſome ſhare of their reſiſtance, though much 
the leaſt, is owing to ſome degree of tenacity between 
their parts, and that this refiſtance i i the ſame in all 
degrees of velocity. 

39. IN the 4th corollary of. fi 50th propoſition 
our author tells us, that when. => 1, the body, 
before it arrived at A (Tab. IV. fig. 2.), had ſome- 
where, as in C, an infinite velocity; the meaning of 
which ſtrange aſſertion i is no more. than that a body, 
which ſhould ſer out from the point C, determined 
in the manner there laid down, with any velocity 
| however great, would: loſe all its. motion ſhort of 
the point A; and conſequently could never reach 
that point. | 

40. IN the third ſcholium of the fame propoſition 
Mr. Euler ſeems again ſurprized, that his. computa- 
tion ſhould give an expreſſion for the velocity, when 
in reality there can be no motion; but we have al- 
ready explain'd this difficulty in our obſervations on 
the corollaries of his goth propoſition, and ſhall 
therefore ſay no more of it here. 

41. AFTER the 53d, 54th, 35th, 56th and 59th 
propoſitions of Mr. Euler have been ſo excellently 
ſolved by Sir Iſaac Newton, in the 8th and gth pro- 
poſitions of the ſecond book of his: Principia; the 
weight of computation, with which Mr. Euler has 
filled them, can, I think, be no otherwiſe excuſed, 
than by ſuppoſing him unſkilled in Sir Iſaac New- 
ton's treatiſe of Quadratures, to which recourſe 


ought always to be had, in the analyſis of ſuch pro- 
19 


2. IN the ſolution of the 6 it propoſuion, we 


. kmdyy 
. this equation ** = x repreſenting the 


ſpace Paded Wrong, and v a | Quant} in the dupli- 
— 


cate proportion of the velocity acquired at the end 
of that ſpace, & and g being known quantities; and 
we are told, that by the quadrature of curves (ope 
quadraturarum) v may be determined by x, how- 


ever in the annexed. ſcholium Mr. Euler diſmiſſes 


this equation from any future examination, becauſe 
its integral cannot be exhibited. But by the im- 
provements the late Mr. Cotes has made to Sir Iſaac 
Newton's doctrine of Quadratures, which were ſoon 


after their publication demonſtrated by Dr. Pember- 


ton, it is always poſſible by the circle. and hyperbola. 
to aſſign the relation of x and v, whether mz be an 


integer or a fraction; and therefore a more ample. 
proſecution of this equation might reaſonably have 


been expected from a perſon fo much in love with 
computation. wn. 

43. IN the firſt ſcholium of the 62d propoſition. 
we are told, that the velocity of the moving body 
always vaniſhes. at C, becauſe the reſiſtance in that 


point is infinite, But this is falſe reaſoning ; ſince, 


every infinite reliſtance will not inſtantaneouſly de- 


ſtroy a, finite velocity. For example, ſhould the 
denſity of the medium be reciprocally in the ſubdu- 
plicate proportion of the diſtance from C, and the 
reſiſtance in the ſimple proportion of the velocity, 
which will be the caſe in this propoſition, when m 


denotes: the fraction 2; notwithſtanding ſuch a re- 
ſiſtance, the body may yet arrive at C, with any 


given degree of velocity however great. | 
44, IN the ſecond ſcholium to the 66th propoſi- 
tion Mr. Euler obſerves, that the equation deter- 


mining the quantity 4 in that propoſition will not be 
changed, although inſtead of p or R any multiples 


of thoſe quantities are taken. And as the magni- 
tude of 9 in reality varies, when inſtead of R any 
multiple is taken; he accounts for this only by tell- 
ing us in general, that a differential equation is nere 
extenſive than the integral, from whence it 15 Gecauceds 

OT = 45. Tnis 
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45. Tuts vague and indetermined reaſon ſhews, 


why Mr. Euler conſidered this as a difficulty ; which | 


could ſcarce appear fo to one duly apprized, that 
the fluxion of a logarithm of any quantity is the 
fluxion of that quantity, divided by the quan- 
tity ; therefore whatever given number or quantity 
multiplies the quantity propoſed, the ſame, multi- 
plies both the numerator and denominator of the 
fuxion, whereby the fluxion remains the ſame, how- 


ever that number or quantity be varied; as it ought 


to do, becauſe the multiplying a flawing quantity by 
any given one only increaſes its 5 by the lo- 
zarithm of the given quantity. 

46. IN the fifth chapter, which treats of curvilh- 
near motion, every propoſition from the beginning 
to the end does immediately or conſequentially de- 
pend on thoſe erroneous equations, which we have 
taken notice of in the remarks on the 14th and 21ft 


' propoſitions ; and therefore, however true the con- 


eluſions here given may be; yet, as they are founded 
on wrong poſitions, they owe their coincidence with 
truth to chance only, by the accidental intervention 
of contrary errors. | 

47. BUT admitting the principles here made uſe 
of to have been truly and accurately obtained ; yet 
there are other important exceptions both to the me- 
thod of this chapter, and to particular concluſions 
contained in it. 

48. IN relation to the method of inveſtigation 
here made uſe of, it is neceſſary to obſerve, that the 
ancient geometers in their analyſis, no leſs than in 
their compoſition, brought in aid, as occaſion re- 
quired, whatever had been diſcovered by others; 
and that inveſtigation was by them the moſt ap- 
proved, which contained in it no proceſs, that could 
be ſupplied or contracted by any known propoſition. 
On the contrary our algebraical gentlemen in the 
modern taſte lay afide ail regard to order, conciſe- 
nels, 
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heſs, or elegance in their conceptions; and confine 
their whole labour to the ſingle ambition of rendrin 


all previous knowledge as little neceſſary, as poſſible, 


z 


to their preſent concluſions. 


49. MR. Euler has. here ſo cloſely purſued this 


ſcheme, as not to think of Gigeſting even his own 
ſubject into any method, which might facilitate his 
analyſes. . Inſtead of premilirg theſe two general 


propoſitions; That of the equality of the areas de- 
ſcribed in equal times about the center of attrac- 
tion, and That of the equality of the velocities 
at equal diſtances from that center both in the direct 
and curvilinear fall, whereby his following analyſes 
might have been abbreviated ; he plunges without 


preparation into compound propoſitions, and con- 
tents himſelf with ſlightly deducing theſe, as corol- 


laries, from a propoſition [prop: 74.], to which they 
ſhould have been premiſed. 


. 


o. Two ſuch propoſitions, which are or ought 


to be the very balis of all inveſtigations of curvi- 
linear motion, certainly merited to have been parti- 
cularly diſcuſſed in their full extent, inſtead of being 
thus derived, as it were, by chance, from a propo- 


ſition not ſo extenſive as they are. This is inverting 


the natural order of the ſuhject, and neceſſarily in- 
volves it in obſcurity and perplexity: _ 


51. BUT to be more particular, the deductions | 


in the 50th and 71ſt propoſitions needed not that 
pomp of differential equations and canons z being 
eaſily deduced with more brevity without them, par- 


ticularly the 3d and 4th corollaries of the 7 iſt. 


52. IN the 72d propoſition, and its corollaries the 
effect of gravity compounded with a rectilinear mo- 
tion is diſcuſſed with a degree of intricacy even ſur- 


prizing in fo {imple a fubjet. 


53. THE 73d, a very eaſy ſubject, is not much 
better treated, . | 5 : 
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54. IN the 74th propoſition the radius of dufva- 


ture is unneceſſarily involved in the computation, to 


no other purpoſe than that of embaraſſing the proceſs, 
till it is exterminated. | | 

55. THE ſolution of the 75th is unmeaſurably 
prolix ; for if from the center C a circle be deſcrib- 
ed, whoſe radius is unity, 2 will in this circle be the 
coſine of the angle MCP, and the ultimate propor- 


tion of the increment of CM or y to the increment 


of u will be compounded of the ratios of MT to 
TC, CM to the radius 1, and the radius to the fine 
of the angle MCP, that is, of the ratios MT ro TC, 


and CM to A=; whence the differential equa- 
du | __ Ow | | 


— 11 diately deduced; 
= PP pms 6! 6 ap Iimmedia 7 uce 


to arrive at which Mr. Euler has employed near 20 


equations, ſubſtitutions, reſtitutions, &c. 

56. BESIDES the general obſcurity, in which 
the 78th, 79th, 8oth, and 8 iſt propoſitions are here 
involved; there is in the 11th corollary of the Soth 
an error of ſo extraordinary a nature, as to merit a 


57. Ir the attraction directed to any center be re- 


ciprocally in the duplicate proportion of the diſtances 


from that center, and a body be projected from any 
point in a direction perpendicular to the line joining 


the center and that point with a certain degree of 
velocity; it is then confeſſed, that the curve de- 
ſcribed by this body will be an ellipſis, the center of 


attraction being its focus, and the point, from whence 
it ſet out, ce, that extremity of the axis, which 
rom the focus. It is allowed too, 


that by diminiſhing the velocity of the projected body 
the ſpecies of this ellipſis is perpetually changing, 
approaching more and more to a right line; and that 
the time of half a revolution in this reduced ellipfis 
perpetually approaches to the time of the direct fall 
to the center. And ſince in theſe reduced mo 

: ; I PT ho 
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the body, after it arrives at its lower apſis, will per- 
petually teturn back again to the point, from whence 
it was Originally projected:; ſince, 1 ſay, this will be 
true, however ſmall the velocity is, with which the 
body is originally projected, that is, however near 


the ſpecies of the ellipfis approaches to a right line: 


Mr. Euler has falſely concluded, that in the direct 
fall, when both the original velocity, and the ellipſis 
vaniſh, the fame return will take place, that is, that 
the body, the moment it arrives at the center, in- 
ſtead of proceeding forwards with the velocity it has 
there acquired, will immediately return back towards 
the point, whence it fell. 8 

58. Now though this monſtrous ſuppoſition obvt- 
ouſly- manifeſts its own abſurdity, and carries its own 
confutation with it to every one, that at all conſiders 
it; yet that Mr. Euler may not be confounded in 
ſearching tof-thoſe erroneous deductions, which have 
here miffed him, I will inform him, that the reaſon, 
why, when there was any tranſverſe velocity origi- 
nally impreſſed, however ſmall, the body conſtantiy 
returned, after it was got at ſome ſmall diſtance be- 


low the center of attraction, is this, that then the 


attraction to the center never conſpiring in direction 
with the motion of the body, the direction of that 


motion by this means perpetually changes, till below 


the center, where it acquires its greateſt velocity, it 


becomes perpendicular to a line drawn to the center, 


and conſequently returns from that point with a mo- 
tion altogecher ſimilar to that, with which before ic 


deſcended. But if there is no ſuch original velocity. 


and conſequently no obliquity, this reaſoning no longer 
holds good; for the body will now be ever found in 
the right line paſſing through the center; and there - 
fore, when it has once acquired a progrefiive motion 
in this line, it muſt continue it, till having paſſed the 


center its velocity is aboliſhed by the contrary action 


Gs ͤ˖ 59. IF 


of the centripetal force. 


4 4 
K 
1 "Ss 

1 
1 
111 
1 14. 
I N 
* N 
1 
* 0 
IN · 
* * 
Bp 
$09 + 
"> 
9 * 
3 
4 s. 7 

\ {ng o 
WPI: 
= 
= 

1 
Wa 
* * 
1 

ER 

3 

F * 
a 1 
-.- i 
: -£ I 

1 
3 

, 3 
£7 
+22 
1 
v3 

7 

_ 

4 
8 1 
2 1 
q 1 
_ 

. 

» 1 

'% 
_—_ 
\ $34 

Ss + 

1 

_ 

1 
9 
3 
1 
+ z 

: 

Oo by 
£ 
1 
\ 
RE. 
„ ” 
q "BEI 
374 
© Se 
7 
"© 
* 8 
3 
ES 
ka” 
25-X£3B 
1 
G +a 
+ 78 
_— 
1 38 

1 > 

» 
1 
0 11 
8 

2 

344 
ud ; 
W. 25 
* = 
# ; 
8 + 
"= 

p 1 
7 I 

: 

7+ 

4 
A F 
. 5 

vo 

. 
13 
4 a 
. 

i 


HR „44 ——— — —— —— — =, = 
_ * - q 
" 


— — 2 — 


* * 
„„ 3 
— — "_— . 
CES VAT < ner RICH BE an 20-0114 AIR 2 
— wi 


= . 
__ * 1 v . —— — — —¾ 
3 a . þ 
- 6 8 2 — 


_ 
= /- 
1 
1 © 
= 1 
- 
t 4 3 
| 5 
| * 

+ 4 
7 
1 : 
7 - 
4 
4 
: 7 
\ © 
1 1 
4 
« [3 * 
1 3? 
| - BY 
: 2 
'\ þ# 
- 4 a 
a] & 
=_ | 
a 4 
= 5 
8 
! 1 3 
8 1 
© * 
5 LF © 
1 N 
1 1 
. 2 4 
4. 
* 
4 4 1 
4 { 
4 l 
4 J \ 
14 F 
k* 1 
3 
, i? 
3 
"I x 
i 
5 
o P 4 
r 
{ |: 
£ 
* T9 
_ : 
- : 
: «1 
4 « 
4 24 
N 
7 Bo 
oa 4 3 
t 
1 1 
45 . 
13 4 | 
: ex 
+ 1208 
» » 213 
» . 1 
. 
1 4 oY 
. v 
\ * 
0 
9 
; * 
14 
1 
% 
| 
. 
. 
1 1 
8 * 
+ 1 7H 
3 | 62 
— 
77 
3 
} Bs 
\ LE 
_ 
: * 
1 
7 ; 
U 
: 
£ 


not 


— 


216 R E M A R K 
59. IF the reader, after the numerous miſtakes 


which this author has been guilty of, in relation to 


the perpendicular deſcent of bodies, is defirous of 
ſceing them all in epitome; he need only conſult the 
2d ſcholium of the 9iſt propoſition, which will fully 


ſatisfy his curioſity, and afford him an ample field for 


aſtoniſhment. He will there find our author's former 


diſcoveries even improved; that bodies drawn to a 


center by centripetal forces, which increaſe perpe- 
tually their velocity, ſnall not only on a ſudden be 
ſtopt at the center in the midſt of their ſwifteſt mo- 


tion; but be moreover annihilated *. 


60. IN the demonſtration of the 98 th propoſition 


ve are told, that the radius of the curvature (Tab. IX. 


my 


fig. 4.) at the point , is But this is the old 


miſtake of taking the radius inflead of the diame- 


ter. For, ſince the line mn is a tangent in the point 
= 5 h my* 
m, and V a ſuppoſed point of the curve, — , and 


my? 


is the radius of the curyature at that point; 


as we have formerly ſhewn in our remarks on the 2d 
corollary of the 21ſt propolition. | 


61. IN the 4th corollary to this propoſition the ' 
ſecond differences of z and y are falſely aſſigned, be- 


ing there but of half their proper magnitude. For 
to authorize the concluſions in this corollary Mm 


ought to be the chord of the preceding arch con- 


tinued; but ſince it is ſuppoſed to be the line, in 


which the body would proceed forwards from m, if 


not acted on, it muſt of neceſſity be conſidered as a 
, tangent to that point 22. 


62. THE remaining part of this chapter is ex- 
ceſſively obſcure, tedious and ten times more com- 


Corpus, ſtatim ac in centrum pervenerit, ibi evaneſcet. 


pounded, 


re 
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pounded, than it need to be, of which take the fol- 
lowing examples. DD 5 

63. THE 10 iſt propoſition requires none of thoſe 
complicated equations, it ſo much abounds with. 
The true method of ſolution is to conceive the mo- 
tion of the body to be compounded of two motions, 
one of them parallel to the axis, and the other per- 


formed in a plane perpendicular to the axis; then 


conſidering theſe ſeparately, the motion parallel to 
the axis will be ever uniform, being no ways changed 
by the attractive force; and the motion in the plane 
perpendicular to the axis will be reduced to the ſim- 
ple contemplation of the figure deſcribed by a body 
acted on by a known central force, and having its 
direction in the ſame plane with that force; then by 
combining theſe two motions together the ſituation 
of the body may at any time be known. From this 
method of ſolution the whole is reduced to principles 
already determined, and the concluſions in the two 
examples annexed to. this propoſition are attained 
without any computation. 98641 20 251 
64. IN like manner the 102d propoſition abounds 
with a complication of differential equations no ways 
neceſſary. For if from the point A in the figure of 
that propoſition a line be drawn perpendicular to the 
plane APQ, let us denominate this line the axis. 
Then the force in AM may. be always divided into 
two others, one of them parallel to this axis, and 
the other at right angles to it. But the parallel force 
being in the ſame direction with the force MO, the 
body by the conjunction of theſe two forces will ap- 
proach the plane APO, and from the known quanti- 
ties of theſe forces, and the known velocity towards 
this plane, the motion of acceding to this plane 
will be determined by the third chapter it being 
under theſe circumitances a rectilinear motion: and 
by the force perpendicular to the axis a curvilinear 
track will be deſcribed round that axis in a Plane 
an 
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and to which that axis is always perpendicular ; and 
as this curvilinear orbit may be determined by the 
conſideration of the motion in a plane only, it is 
evident, that by this method the whole motion of 
the body will be determined by the means of known 
propoſitions, without the aſſiſtance of new princi- 
ples, or the perplexity of new computations. 
65. Or the ſuperiority of this method of ſolution 
we vill give the fo following inſtance. 
66. S̃upOSE a body at M to be attracted partly 
to the point A (Tab. II. fig. 1.) by a force directly 
as MA, the diſtance from that point; and partly to 
the plane APQ by a force directly as MQ, the per- 
pendicular diſtance from that plane. 
67. To determine this body's motion let the force 
AM be divided into two forces AQ, QM, one of 
them, as AQ, perpendicular to the axis, and the 
other QM parallel to it. The firſt of theſe will be 
directly as the diſtance from the axis, fince AM is 
always as the force directed to the point A, and by 
this force there will be deſcribed in the plane, to 
Which that axis is perpendicular, an ellipſis having 
the interſection of the axis with that plane for its 
—— The other force parallel to the axis will be 
APO ber“ diſtance of the body M from the plane 
ut the original force, by which the body M 
— 2 8 to the plane APQ, was alſo as this 
diſtance MQ; therefore the whole united force, by 
Which the body M is urged towards that plane, is as 
M che motion then of acceding to that plane is 
the fame, as that of the direct fall of a body towards 
a center, to which it is attracted in proportion to its 
diſtance from that center. Therefore the motion of 
the body in a plane perpendicular to the axis being 
known, and the motion of acceding in lines parallel 
to the axis to the plane APO. or receding from it 
being known, the whole motion of the” body is 
thereby determined. 


68 From 


wy me ed . 


ellipſis. 


of curvilinear motion in a reſiſting medium, is equal- 
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68. From the known [proportions between the 


force on M acting parallel to AQ, by which tie 
ellipſis is deſcribed, and the ſeparate forces, chat hy 
their conjunction in the direction MQ" urge the body 


towards the plane APO, the proportion between ce 
time of one revolution in the ellipſis, and the time 
of one oſcillation in a direction perpendicular to 


the plane APO is eafily aſſigned; and from hence 
the change of the poſition of the nodes, or of thoſe 


points, in which the body paſſes through this plane 


in each revolution, is determined, the time of the 
bodies paſſing from one node to its oppoſite being 
the time of one oſcillation. If therefore a line be 


ſuppoſed drawn from the center of the ellipfis to the 
node, in which the body was laſt found, the next 
poſition of the node will be determined by a line 


drawn alfo from the center of the ellipſis, containing 


with the firſt drawn line an area, that ſhall be in fuch 
proportion to the whole ellipſis, as is the time of 
one oſcillation to the time of one revolution in the 

69. Tuis inſtance is the fame, with the example 
Mr. Euler makes uſe of at the end of his 102d pro- 
poſition (only an error of the preſs in the firſt line 


muſt be rectified, where inſtead of AP there is M,) 


it alſo includes his 103d propoſition, which is the 
determination of the nodes in this caſe. In the ſo- 
lution of this example Mr. Euler has filled feveral 
pages with the moſt abſtruſe and complicated cotn- 


putations. There are equations ariling to the yrh, 


8th and gth powers, and involving the third power 
of firſt differences, and the ſecond power of ſecond 
differences; there are introduced logarithms. both 
real and imaginary ; nay the ſimple determination 
of the nodes cannot be diſpatched without the rela- 
tion of tangents and ſines to their reſpective arches. 
70. THE laſt chapter of this volume, which treats 
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ly exceptionable with any of the preceding o ones in 
reſpect to its method, and the operoſe computations, 
with which it is unneceſſarily filled. But as we have 
already diſtinctly examined other parts of the book 


with regard to theſe particulars, we ſhall not enter 


into a farther diſcuſſion of them in this place; we 
ſhall only conclude our remarks upon this volume 
by obviating a moſt erroneous determination of the 
motion of a body in a reſiſting medium, in the ſcho- 
lium annexed to the 112th propoſition. 

71. IN this propoſition Mr. Euler inquires, what 
law of reſiſtance combined with the uniform force 


of gravity acting in the direction AC (fig. 6. Tab. XI.) 
will compel a body to move in a given ſemicircle, as 


BAMD. 

72. Tux determination is, that, if the reſiſtance 
in every point, as M, is to the force of gravity, as 
three times the diſtance MQ to twice the radius AC, 
and this reſiſtance is ſuppoſed to conſpire with the 
motion of the body, when it moves upwards in tlie 


quadrant BA, but to be oppos'd to it, when it moves 


downwards in the quadrant AD; then the body by 
the combination of this reſiſtance with the force of 
gravity, will deſcribe the ſemicircumference BAD ; 
and from hence in the ſcholium he concludes, the re- 


| fiſtances in the quadrant AD being equal and alto- 


gether ſimilar in their directions to thoſe in the qua- 
drant AB, that the body, when it arrives at D, will 
by means of theſe reſiſtances already eſtabliſhed re- 


turn back through the ſemicircumference DAB to B. 


73. Tris appears even to Mr. Euler wonderful, 


that a body art reſt in D, and acted on by a force per- 
pendicular to the line DC, for in this direction does 
the reſiſtance act at the point D, ſhould by means of 


this force be impelled in a line different from that 
perpendicular : but he thinks, he has ſolved the diffi- 


culty by telling us, that the force acting in the direc- 
tion of the Kmicircumerange at the point B is not 


abſo- 


an Sw » 
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abſolutely perpendicular to the diameter in that 


i point, but has an infinitely little deflection from the 
F perpendicular. — e 
: 74. WHaT the angle meaſuring this infinitely lit- 

q tle deflection is, Mr. Euler will never be able to ex- 

5 plain; it being an unintelligible reaſon urged in 


ſupport of a falſe fact. For when the body arrives 
at the point D, it cannot return in the circumference 
DMA, but by the intervention of ſome ſuperadded 
force. What has here miſled Mr. Euler, is his want 
of diſcerning, that the determination of the law of 
the reſiſtance ſuppoſes the body, when its reſiſtance 
is inveſtigated, to move with a motion oblique to 
3 the action of gravity; it being only by means of 
this obliquity, that the compariſon of the reſiſtance 
with the force of gravity can in this caſe take place. 

| And conſequently the points B and D are excluded 
„ from all inferences formed on theſe principles; no 
more being determined, than that by ſuch reſiſtances, 

as are here aſſigned, the body will move from any 
one point of the ſemicircle to any other, provided 
the point, from whence the motion is ſuppoſed to 
begin, 13 neither B nor D, | . 1 
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1. F- SHALL at preſent proceed no farther in my 
I remarks on Mr. Euler's book; as I appre- 
hend, what has been ſaid, will be ſufficient to pre- 
vent an intelligent reader from being miſled by any 
of the miſtakes of the ſucceeding part. And, I 
think, it appears, that the moſt of this gentleman's 
errors are owing to ſo ſtrong an attachment to the 
principles, he had imbibed under that inelegant com- 
putiſt, who was his inſtructor, that he was afraid to 
truſt his own underſtanding even in caſes, where the 
maxims, he had learnt, ſeemed to him contradicto- 
ry to common ſenſe. But now I am to enter upon 
a more arduous undertaking, to paſs cenſure upon 
the labours of a gentleman, who from his being a 
relation of the late moſt excellent Mr. Cotes, not 
only poſſeſſed. all his papers at his death, but during 
his life enjoyed ſo uninterrupted a converſation with 
that great man, as furniſhed him with ap opportu- 
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nity of every kind of information, he could at any 
time deſire. Therefore as we gather from Mr. Pro- 


1 Tide 6 Ree ; 
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feſſor's propoſals, that he has been imployed more 1 
than twenty years upon this work, and as he has in- F 
formed us, that Mr. Cotes himſelf before his death 4 
X had the ſame ſubject under conſideration; it were 4 
1 reaſonable to expect no ſmall ſhare of perfection in A 


ſuch a performance. I ſhall therefore endeavour to 
proceed in my remarks with all the circumſpection, 
which theſe reflections may ſeem to require. 
2. THIS treatiſe ſets out * with a very unſkilfu 
repreſentation of a capital propoſition in Sir Iſaac 
Newton's OpticksT, by omitting an eſſential part 
of it, which Sir Iſaac Newton had expreſſed under 
the form of an exception. For this exception is ſo 
_ extenſive, that the refractive power of water, the 
moſt common of all refrangible ſubſtances except 
the air, is almoſt half as much again in proportion 
to its denſity, as that power 1s 1n the air, in glaſs, 
and other terreſtrial bodies. This power in all the: 
oils is more than twice as much as in glaſs, and 
in one ſubſtance, the diamond, near three times ag: 
much. The repeating the propoſition afterwards at 
art. 189. entire, is no excuſe for omitting the excep- 
tion in this place; ſince the concluſion, which Sir 
Iſaac Newton makes from this propoſition, depends 
abſolutely upon that exception. 9 
3. THERE ſoon follows, at art. 17, another in- 
ſtance of this author's imperfect knowledge of the 
true theory of the action between light and bodies, 
where it appears, that when à ray within a denſer 
medium falls upon the ſurface of it, he did not ap- 
prehend, that it would be reflected till ſuch times, 
as the fine of incidence bore a greater proportion ta 
the radius than that, which meaſures the refraction; 
whereas the ray will be reflected, as ſoon as the ſing. 


Artig. 5. + B. I. prop, 10. 
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of the incident angle comes to that proportion. 
Upon this miſtake he proceeds afterwards in the 


mathematical part, art. 472, 487, and talks of rays 


emerging in the tangent of a circle. 

4. THOUGH in this popular part of his trea- 
tiſe the author might be allowed to omit ſome cir- 
cumſtances, which in mathematical demonſtrations 


could not be diſpenſed with; yet he ought never to 


have expreſſed himſelf, as he has done at article 21, 
where he deſcribes the rays, which in opticks may 
be conſidered as parallel, to be ſuch, in which the 
difference of their diſtances at any two given places 
is inſenſible: whence it ſhould follow, that the rays 
of the ſun are not to be conſidered, as parallel, unleſs 
their diſtances at the orbit of mercury and at the 
earth were not ſenſibly different. 

5. IF in the figure referred to in article 32, O 
mean the pace of "the eye, for which it 1s uſed in 


the fourth qhapter, the aſſertion in this article is not 
true. For the rays, which from P enter the eye, 
will none of them proceed from p, as here deter- 


mined. 


6. IN article 43 the ray, which within any glaſs 


lens makes equal angles with each ſurface, is ſaid to 
paſs through the middle point of the glaſs; whereas 


in all concavo-convex glaſſes that ray is inclined to 
glaſs. 


a point in the axis, which is always without the g 


This overſight is indeed attempted to be corrected 
in the mathematical part, Art. 228; but very im- 


perfectly. It is only faid, that in theſe glaſſes this 


Point will be a little without the glaſs; whereas in 
juch there is no diſtance, which it may not exceed. 


For the thickneſs of the glaſs is to the difference be- 
tween the ſemidiameters of the ſpheres, of which the 


two ſurfaces are pen as this diſtance to the leſſer 
ſemidiameter. 


7. IN article 95th this author has endeavoured 
8 give ſuch a proof of the proportion, which he 


has 


* 
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has aſſigned between the light, we receive from the 
moon, and that we receive from the ſun, as he ima- 
gined, might be eaſily apprehended; though he in- 
forms us, that he diſcovered that proportion by 
other means. It follows, as far as it is juſt, direct- 
ly from the propoſition for the ſame purpoſe, of that 
excellent geometer James Gregory, in his Geom. 
Par. Univerſ. page 144; and the general propoſi- 
tion there mentioned for determining the proportion 
between the degrees of light received from any pla - 

net, and from the ſun, is repeated in David Grego- 
ry's Aſtronomyꝰ, a book in every one's hand. 
When this author was comparing moon-light with 
_ day-light, had he deſcribed them both in a ſimilar 
manner, as was reaſonable to have been done, he 
would have ſeen, how little the deſcription, he has 
given of day-light, is to the purpoſe z but it like- 
_ wiſe appears from the reſult. For he firſt informs 
us, that the proportion, he has ſet down, is not 
true, but upon ſuppoſition, that the moon reflects 
all the light, it receives from the ſun; and yet his 
argument is drawn from comparing the light of the 
moon, ſeen in the day, with the light of the clouds, 
that is, is deduced from the quantity of light actu- 
ally reflected by the moon. | | 
8. AS this gentleman at art. 98th, &c. in rela- 
tion to the apparent place and magnitude of the 
images of objects ſeen by reflection and refraction, 
has thought proper to depart from the principles 
delivered by the moſt approved writers on opticks; 
in order to form a judgment upon this innova- 
tion, I ſhall firſt ſer down diſtinctly the received 
opinion. | ck 

9. Taz figure and colours of objects are imme- 
diately preſented to the ſight by the images made 
upon the bottom of the eye; but their diſtance is 
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judged of by concomitant circumſtances. This a- 
mongſt other means is naturally ſuggeſted to us by 
the rangement of the ſeveral objects, that occur to 
our ſight; thoſe appearing the moſt remote, where 
the greateſt number of other objects are perceived 
to intervene. This way of receiving information 
of diſtance by the ſight has been anciently taken no- 
tice of; being at large inſiſted on by Alhazen the 
Arabian in his treatiſe of Opticks, Lib. 2. n. 39. In 
extenſive views there is alſo another more definite 
circumſtance, well known to the painters, which 
ſuggeſts different degrees of diſtance. This is the 
blueiſh tint, which the colours of objects receive from 
the interpoſition of the air between them and the 
ſight; which is greater in proportion, as a greater 
quantity of air is interpoſed between the eye and the 
object. But as the laſt of theſe two cauſes can have 
no ſenſible effect in very ſmall diſtances, where the 
eye is, found to form an exact judgment, even with- 


out the aſſiſtance of the other, it is ſuppoſed, that 


the eye is poſſeſſed of ſome powers within itſelf, 
whereby it receives this information. When any 
object is viewed attentively, we always turn the 
ſight directly to it, that the axis of the eye be point- 
ed to the object; and therefore in viewing an object 
with both eyes, the axes of the eyes are more inclin- 
ed to each other, when the object is near, than when 
it is remoter; and this being an animal action, is 


capable, in conſequence of habit, of ſuggeſting to the 


mind the different diſtances of objects by the diffe- 
rent degrees of this converſion of the axes towards 
each other. Beſides, as it is found, that the eye 
cannot ſee objects at the ſame time diſtinctly, which 


are at any conſiderable difference of diſtance, but 


can alternately fit itſelf to either; this change made 
in the eye is alſo by habit capable of ſuggeſting di- 
ſtance. Both theſe cauſes are very well explained 
by James Gregory, in his Optica Promota, At e. 
en 
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end of prop. 28, he thus expreſſes himſelf, © quorti- 


diana experientia majoris vel minoris contorſionis 
e [axium oculorum] natura eſt edocta, ut de di- 
« {tantia ſeu loco viſibilis conjecturam facere poſ- 
« ſit;z” and of the ſecond in the next propoſition; 
«© nature inſitum eſt, ut humores oculi fluidos & 
e mobiles aliquo modo diſponat ad radiantia pro- 
“ pinqua, ut diſtincte pingantur in oculi retina z ex 
* quorum humorum mutatione magna vel parva 


1 dignoſcit natura (quotidianis experientiis edocta) 


„num parvo vel magno interval'o diſtet radians 
ab oculo; atque ita de illius loco conjecturam 
« facit.“ The firſt of theſe two cauſes was known 
before the latter, which was not apprehended, till 
after the manner of viſion by the refraction of the 


eye had been well conſidered; inſomuch, that Kep- 


ler, who has explained the firſt of theſe cauſes di- 
ſtinctly *, confines the judgment of diſtance from a 
ſingle eye to thoſe diſtances, which bear a ſenſible 
proportion to the breadth of the pupil F : and A- 


guilonius, who alſo admits of the firſt; lays down a 


propoſition in form (though contrary to experience) 
that one eye only is incapable of judging of diſtance|}}. 


That the firſt cauſe does operate to this effect, is 
from hence concluded, that we judge better of di- 


ſtance by both eyes than by one alone, as is uſually 
experienced by directing a perſon to endeavour to 
touch an object at ſome ſmall diſtance by a lateral 
motion of the finger with one eye ſhut. But it is 
alſo evident, that the ſingle eye will likewiſe in ſome 
degree direct to the diftance ; becauſe; if the object 


is not touched, the finger will not paſs at a great 


diſtance from it; and thoſe, who have the uſe but 
of one eye, will generally ſucceed in the experiment. 
In optick inſtruments, where the images of objects 
_ * Paralipomen. in Vitellionem, prop. 8. 
+ Ibid. prop. 9. f 
Optic. Lib, 3. prop. 1. 


2 | are 


r 

are viewed with one eye, this laſt cauſe is ſuppoſed 
to be that, which ſuggeſts the diſtance of thoſe 
images; and that the eye fees them in that place, 
whence the rays proceed, which enter the eye from 
the ſeveral parts of the image. . 

10. THnEss are the moſt direct means of our judg- 
ing of diſtances. But as we do not always look at 
objects with the greateſt attention, there are other 
eircumſtances accompanying objects, which offer 
themſelves to our ſight, whereby their diſtance is 
ſuggeſted. In particular the angle, under which an 
object appears, whoſe magnitude is ſuppoſed known, 
will give us an apprehenſion of a greater or leſſer 
diſtance, according as that angle, or more properly 

the magnitude of the image made in the eye, is leſs 
or greater. Likewiſe if bodies are in motion, wen 
the angle, under which they appear, increaſes, we 
ſhall judge the body to approach, or recede, when 
that angle diminiſhes. Theſe and other collateral 
means of our receiving ſuggeſtions of diſtance, when 
they do not conſpire with the former, often occaſion 
deception in the ſight; and cauſe us to miſtake the 
real diſtance of objects. 1 50 


11. Tax fame deceptions are alſo liable to take 
place in the images of objects ſeen by optick inſtru 

ments; and the experiments, by which this author 
was induced to depart from. the received opinion, 
are evidently of this kind; where the image of the 
object by its increaſing or diminiſhing upon the mo- 
tion of the eye or — ſeems to approach or recede, 
contrary to what it ought to do upon the common 
principles *. But this gentleman not duly conſider- 
ing, that the eye was thus equally liable to deception 
in optick inſtruments, as in direct viſion, has been 
fo far confounded by theſe appearances, as to think 

it neceſſary to relinquiſh the common doctrine, and 


* Art. 138. and the remarks upon it. 
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to advance in its ſtead a new rule for determining the 
apparent place of objects ſeen in thoſe inſtruments. 
12. ACCORDING to this gentleman, the image of 
the object is always judged to be at that diſtance 
from the eye, where the object itſelf would be ſeen 
under the ſame apparent magnitude *®. But this 
rule is in the firſt place deficient; as it can be no 
guide to the eye, when the original object has not 
firſt been ſeen. It is alſo contrary to fact in the moſt 
common and ſimple caſes. In microſcopes it is im- 
poſſible, that the eye ſhould judge the obje& to be 
nearer than the diſtance, at which it has viewed the 
object itfelf, in proportion to the degree of magnify- 
ing. For, when the microſcope magnifies much, 
this rule would place the image at a diſtance; of 
which the ſight cannot poſſibly form any opinion, 
as being an interval from the eye, at which no ob- 
ject can be ſeen. Yet this gentleman expreſsly aſ- 
ſerts, at article 141, that the apparent diſtance of 
the image of an object ſeen either by reflection or re- 
fraction, is to the diſtance of the object ſeen by the 
naked eye, reciprocally as the apparent magnitude 
of the object to the apparent magnitude of the image. 
I believe, in general, whoever looks at an object 
through a convex glaſs, and then at the object itſelf 
without the glaſs, will find the object to appear 
nearer in the latter caſe, though it be magnified by 
the glaſs; and in the ſame trial with a concave glaſs, 
though by the glaſs the object be diminiſhed, it will 
appear nearer through the glaſs than without. But 
the moſt convincing proof, that the apparent di- 
ſtance of the image is not. determined by its appa- 
rent magnitude, is the following experiment. If a 
double convex glaſs be held upwright before ſome 
luminous object, ſuppoſe a candle, there will be ſeen 
two images, one erect and the other inverted, The 


Art. 139. EY ; 
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firſt is made ſimply by reflection from the neareſt 


ſurface, the ſecond by reflection from the further 
ſurface, the rays undergoing a refraction from the 

firſt ſurface both before the reflection and after. If 
this glaſs has not too ſhort. a focal diſtance, when it 
is held near the object, the inverted image will ap- 
pear greater than the other, and alſo nearer; but if 


the glaſs be carried off from the object, though the 


eye remain as near to it, the inverted image will di- 
miniſh ſo much faſter than the other, that it ſhall 
appear at length very much leſs, but ſtill it will ap- 
pear nearer. Here two images of the fame object 
are ſeen under one view, and their apparent diſtances 


immediately compared; and here it is evident, that 


thoſe diſtances have no neceſſary connection with the 
apparent magnitude. This experiment will be ren- 
dered ſtill more convincing by the following means. 


If the glaſs be of ſome conſiderable breadth, let a 


{mall bir of paper, or the like object, be ſtuck upon 


it ſomewhere about the middle. Then let the in- 


verted image be viewed through a ſhort tube, or a 


hole at ſuch a diſtance from the eye, that the frame 


of the glaſs or any circumambient objects may be 


_ Concealed from the ſight. When the eye has atten - 


tively. conſidered this image, and fixed an idea of its 

apparent diſtance, let the glaſs be gently moved, 
while the eye accompanies the image, till the paper 
come allo in ſight; then as the image is actually 
formed nearer to the eye than the glaſs, ſo the paper 
will eyidently-{trike the eye with the ſenſe of its be- 
ing more remote than the image. If the ſame trial 
be made with the upright image, the paper will 
appear neareſt. This experiment ſucceeds beſt, when 


the eye is held as near to the glaſs, as it can bear ta | 


ſee the images diſtinctly, 


13. L us now conſider Mr. Proſeſſor's argu» 


ments, in art. 138, againſt the received opinion. 
One of his reaſons, that the different divergency of 
. 3 ũ Vk= 
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rays cannot be the means of ſuggeſting to us the 
place, whence thoſe rays come, is, that © it is a 
«« rational deduction from ſenſe, which informs us, 
that rays diverge from the points of an object; 
« which the majority of mankind are entirely igno- 
« rant of, and the ancient philoſophers, who thought, 


that ſomething like rays proceeded from the eye to 


the object, could diſtinguiſh diſtances as well as 
«© we,” This is quite as good a reaſon for the rays 
of light being no cauſe of our ſeeing at all; becauſe 
thoſe, who know the rays come from the object, 
and thoſe who imagined they iſſued from the eye, 
could ſee equally well. But certainly, as the rays 
of light make ſuch an impreſſion upon the eye, as 
to raiſe in us the ideas of the objects whence they 
proceed, though we have no immediate perception 
of thoſe rays; ſo the change made in the eye, in 


conſequence of the different divergency of the rays, 


may be a ſufficient cauſe to ſuggeſt to us difference 
of diſtance, without our having any direct percep- 
tion of that divergency. 
14. ANOTHER argument is, that our ſenſible 
ideas of the places of the remote parts of a long walk 
or gallery, and of the clouds over head, and of all 
celeſtial bodies, are quite different from the rational 
ideas of the places, from whence the rays diverge. 
But theſe are objects placed beyond the utmoſt di- 
ſtance of diſtinct viſion, and our not receiving in- 
formation from this power in the eye of the diſtance 
of objects placed beyond its reach, is no reaſon againſt 
its producing that effect within the diſtances, at 
which it operates. 2 
15. Tx argument, drawn from the ſucceſs of 
painters in impoſing on the ſight by projections in 
perſpective, by the repreſentation of lights and ſha- 
dows, and other parts of their art, will then deſerve 


to be conſidered, when a picture ſhall be produced 
not diſtinguiſhable from the original object at a di- 
„„ e ee 
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ſtance, in which the eye can ſee with perfect diſtinct- 
neſs. 

16. WIA is ſaid of objects ſeen through glaſſes 
by converging rays, is nothing to the purpoſe. For 
though we ſhould admit this gentleman's opinion, 
that the appearance of their approach is to be aſcrib. 
ed to the augmentation of their viſible magnitude, 
this can only be conſidered as one of the cafes, in 
which the eye 1s {Ot tO a deception from that 

cauſe. 

157. H xx this gentleman has alſo objected againſt 
our forming a judgment of diſtance from the incli- 
nation of the axes of the eyes; becauſe theſe angles 
are varied by turning the head ſide-ways, while we 
look at an object, though the diſtance remains the 
ſame. But as this is no proof, unleſs we ſaw things 
as perfectly by a ſide- view, as by a direct one; lo 
in his remarks * on this article he corrects himſelf, 
and upon ſecond thoughts, it ſeems, will not dif. 
pute, whether the feeling of the turn of our eyes in 
directing their axes ſucceſſively from a remoter ob- 
ject to a nearer may not alſo contribute to correct 
our judgment of its diſtance. 

18. As our author has acknowledged for bis pre- 
deceſſor, in his oppoſition to the received doctrine, a 
writer remarkable for the ſingularity of his opinions, 
and has even adopted his arguments; I ſhall here 
_ occaſionally obſerve, that that writer has in fact ſub- 
ſcribed to the doctrine, he imagined himſelf to be 
oppoſing, in regard to the power of both eyes in this 
buſineſs. This is evident by comparing his words 
in the 17th ſection of his Eflay towards a new The- 
ory of Viſion with the tranſcript, we ſet down above 
from James Gregory . As Mr. Profeſſor has ex- 

actly 


P Art. 243. | 

+ © Becauſe. the mind don by conſtant experience (quotidia- 
© na experiehtin, &c, Opt. Prom. J. Gregor.) found the diffe- 
| rent 
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actly followed the example of his original in aſſent- 
ing at laſt to the common opinion with regard to 


both the eyes, after having undertaken to oppoſe it; 


ſo poſſibly he might by his ſecond thoughts have 
done the ſame in relation to one eye, had his author 
expreſſed himſelf ſomewhat more diſtinctly, where 


he has done ſo; for. under the improper terms of 


ſtraining the eye at Sect. 27, he has in reality ac- 
knowledged this conſequence of the power, which 


fits the eye to each particular diſtance. 


19. To apply this doctrine of apparent place to 
the aſſigning the apparent places of the images ſeen 
in optick inſtruments, it is neceſſary, that the ap- 
parent magnitude be aſſignable without regard to 
the apparent place, and for this end the antiquated 
doctrine contained in that ancient, but trifſing piece 


of opticks aſcribed to Euclide, that the apparent 


magnitude ſolely depends on, and is proportional to 
the angle, under which it is ſeen, is here at article 
98 revived. Though Mr. Profeſſor has delivered 
this maxim under the name of a definition; yet it is 
plain, he did not intend merely to impoſe an arbi- 
trary ſenſe upon the phraſe apparent magnitude, but 


underſtood thoſe words in their common acceptation 


for the idea of magnitude, which is excited in the 
eye upon the view of any object. Otherwiſe, what 
is faid in the 104th and following articles concerning 
the apparent magnitude of objects ſeen by refracted 
or reflected rays, would be little more than tauto- 


logy. Beſides, he afterwards, at article 156, fol- 


<« rent ſenſations correſponding to the different diſpoſitions of the 
« eyes to be attended each with a different degree of diſtance. 
© in the object, there has grown an habitual or cuſtomary con- 
<&< nection between thoſe two ſorts of ideas; ſo that the mind no 
< ſooner perceives the ſenſation ariſing from the different turn, 
« it gives the eyes, in order to bring the pupils nearer or far- 
« ther aſunder, but it withal perceives the different idea of di- 


& ſtance, which was wont to be connected with that ſenſation.” 
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lows prop. 6th of the treatiſe abovementioned in aſ- 
ſigning the diminution of the angle (without taking 
in any additional conſideration) as the reaſon, why 
the diſtant parts of parallel lines ſeem to the eye not 
fo wide aſunder, as the nearer parts. He alſo re- 
ats after prop. 10th and 1ith of this treatiſe the 
ike reaſon, why the remote parts of a walk or a floor 
appear to aſcend gradually, and the cieling to de- 
ſcend; and after Aguilonius, whom the authority of 
Euclide's name led into the ſame error, that the up- 
per parts of very high buildings ſeem to lean for- 
ward over the eye below, and that the diſtant parts 
of a line extended from the eye diminiſh to the 
fight *. 5 8 5515 „„ 
20. AFTER all this, in the 160th and following 
articles Mr. Profeſſor relinquiſhes this notion of ap - 
parent magnitude, and acknowledges, that it de- 
pends in part on our judgment of the diſtance ; that 
two rows of trees which are parallel, by ſtanding 
upon an aſcent, whereby the more remote parts ap- 
peared farther off, than they really were, the trees 
were thought to diverge; that animals and all ſmall 
objects ſeen in vallies contiguous to large mountains 
appear extraordinary ſmall, becauſe we think them 
nearer to us, than they really are; that in like man- 
ner, when things are placed upon the top of a 
mountain, or upon a large building, and are viewed 
from below, we think them extraordinary ſmall for 
the ſame reaſon ; and in the laſt place, that the ſun 
and moon in the horizon appear to us larger under 
the ſame angle, becauſe they are judged farther off. 
21. To reconcile. theſe contradictions, in the re- 
marks, art. 301, it is ſaid, that there are two ſorts 
of apparent magnitude. I hope, this gentleman 
does not mean, that objects have two apparent mag- 
pitudes at the ſame time: and if he only means, 


* Optic. Lib. 4. prop. 2. & Conſect. 
| | that 
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that in ſome circumſtances objects give us the idea 
of one W magnitude, and under other circum- 
ſtances of another; he ought to have ſhewn, how 
it can be brought to paſs, that the idea of apparent 
magnitude, which is unalterable, either by the power 
of the imagination or any circumſtances whatever, 
that do not affect the picture of the object upon the 
retina, can be obliterated, and another depending 
upon a collateral circumſtance take place in its 

22. AS this gentleman is very large upon the ap- 
pearance of the horizontal luminaries; and, by his 
referring at art. 333 of the remarks. to Riccioli and 
a paper of Mr. Molyneux publiſhed in the Philoſo- 
phical Tranſactions, Numb. 187, for the hiſtory of 
what had been done before him, ſeems deſirous, the 
world ſhould be duly apprized, how much he has 
contributed to the explanation of that appearance; 
theſe accounts being very defective, I ſhall here give 

_ a fuller hiſtory of this matter. Ptolemy in his Al- 
mageſt Lib. 1. c. 3. aſcribes this appearance to a re- 
fraction of the rays by vapours, which actually en- 
large the angle, under which the luminaries appear; 
Juſt as the angle is enlarged, by which an object is 
ſeen from under water. Thus he is underſtood by 
his commentator Theon *, who explains diſtinctly, 
how the dilatation of the angle in the object im- 

merſed in water is cauſed, This paſſage of Ptolemy 
we find copied by the two Arabian aftronomers Al- 
fraganus Þ and Geber ||. 
23. Bur as ſoon as it was diſcovered, that there 
was no alteration in the angle, this cauſe was re- 
jected. Accordingly we find, that Regiomontanus 
in his Epitome of the Almageſt makes no mention 
of this cauſe aſſigned by Ptolemy, but refers to the 

Pag. 10. 

+ Elem. Aſtron. cap. 2. 

Aſtronom. Lib. 2, pag. 21, 
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optical writers , who agree in another opinion: 
Alhazen an Arabian author ſomewhat later than 
Alfraganus and Geber, though he admits, that ſome 
ſuch tefraction may at particular times cauſe a more 
than ordinary appearance of this phenomenon, yet 
he denies this to be the conſtant cauſe, and that the 
appearance is not owing to any real augmentation of 
the viſual angle, but to an optical deception. Af- 
ter he has endeavoured to ſhew in diſtinct propoſi- 
tions, that the ordinary refraction of the air would 
rather diminiſh than increaſe the viſual angle at the 
horizon; then to account for the appearance in 
queſtion, he repeats from a former part of his work, 
that the fight judges of the magnitude of viſi- 
ble objects by comparing the viſual angles, under 
which they are ſeen, with their diſtances F, and that, 
if the eye does not form a true judgment of the di- 
ſtances of objects, it will not form a juſt opinion of 
their quantities. Next he obſerves, that the fight 
perceives the colour of the ſky, but not its form; 
and whenever the ſight perceives any colour extended 
in length and breadth without diſcerning its true 
form, it will conceive it, as flat, by reſembling it to 
the uſual ſuperficies, which occur to the ſight, ſuch 
as walls, or the like, and this is the appearance of 
all convex and concave ſurfaces at diſtances very re- 
mote I: therefore that the ſight apprehends the ſur- 
EB. OY | face 


In ea re ſenſum decipi perſpectivis conclamatum eſt. Lib. 1. 

Concluſ. 1. ho | 
+ Dico, quod in ſecundo tractatu hujus libri declaravimus, 
cum tractavimus de magnitudine : qucd ſi viſus comprehenderit 
magnitudines viſhilium: comprehendit illas ex quantitatibus an- 
gulorum, quos reſpiciunt viſibilia apud centrum viſus & ex quan- 
ritatibus remotienum, & ex comparatione angulorum ad remo- 

tiones. Optic. Lib. 8. n. 55. p- 280. 

1 Viſus comprehendit colorem cœli, nec tamen certificat for- 
mam ejus nudo ſenſu. Et cam viſas comprehenderit colorem 
aliquem in Jongitudine & latitudine: ſuper hoc; quod —_— 
92 | | nendit 


C 
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face of the ſky, as flat, and judges of the ſtars, as 
it would of ordinary viſible objects extended upon a 


uwide ſpace; and when the fight views ſuch objects 
diſperſed over any extenſive place, and ſees them un- 
der equal angles, and perceives the quantities of their 


diſtances, then that, which is moſt remote, is eſteem- 
ed the biggeſt *. Again, as the ſight does not per- 
ceive the concavity of the ſky, and conſiders the 
ſtars, as placed in it, it perceives equal ſtars to be 


unequal, when in different places. For it compares 


the angle, under which a ſtar is ſeen near the horizon, 


to a remote diſtance, and the angle, under which the 


ſame is ſeen in a more elevated part of the ſky, to a 
near diſtance, and eſtimates a ſtar in or near the hori- 
zon to be greater than in the upper part of the ſky; 


and therefore eſtimates the ſame ſtar in different parts 


of the ſky to be of a different magnitude T. And 
after having argued againſt the refraction of the air's 
being the cauſe of this appearance, becauſe, though 
it conſpired to this effect, it would be too fmall to 


hendit fguram & formam: comprehendet ipſum planum : aſſi- 


mulabit enim ipſum aliquibus ſuperficiebus aſſuetis, ut parieti & 


aliis. Et hoc modo comprehendit ſuperficies convexas & con- 
cavas in remotione maxima, Ibid. | 
_ * Viſus ergo comprehendit ſuperficiem cœli planam, & com- 
prehendit ſtellas; ſicut comprehendit viſibilia aſſueta ſeparata, 
quæ ſunt in locis ſpatioſis. Et cum viſus comprehenderit aliqua 
viſibilia aſſueta in loco aliquo ſpatioſo, & comprehenderit illa 
angulis æqualibus, & comprehenderit quantitates diſtantiarum 
viſibilium: tunc illud, quod eſt remotius, comprehendetur 
majus. Ibid. p. 281. Ts | 
+ Viſus ergo comprehendit ſaperficiem coli planam, nec ſen- 
tit concavitatem ejus, & comprehendit ſtellas ſeparatas in ipſo. 


Comprehendit ergo ſtellas æquales, ſeparatas inzquales : nam 


comparat angulum, quem reſpicit ſtella extrema, propinqua 
horizonti apud centrum viſus, ad diſtantiam remotam, & com- 
parat angulum quem reſpicit ſtella in medio ch, & propinqua 


medio, remotioni propinquæ. Et ſimiliter comprehendit ſtel- 


lam, quæ eſt in horizonte aut prope, majorem ea, quæ eſt in 
medio coli aut prope. Comprehendit ergo eandem ſtellam & 
diſtantiam in diverſis locis cœli, diverſe quantitatis. Ibid. 
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produce the appearance, he ſums up the whole thus: 
< Cauſa ergo, propter quam videntur diſtantiæ ſtel- 
« Jarum in horizonte majores, quam medio cceli 
te aut prope : eſt illud : quod ſenſus æſtimat illas 
« diſtare magis in horizonte, quam in medio coli, 
& Et hoc, quod viſus comprehendit ſtellas in diver- 
4e ſis locis cc]: diverſas in magnitudine : eſt error 
< perpetuus : quia cauſa eſt perpetua: & eſt : quo- 
“ niam viſus comprehendit ſuperficiem cœli planam, 
cc nec ſentit concavitatem ejus & æqualitatem diſtan- 
< tiæ à viſu.“ Ibid. pag. 282. 5 
24. Tris cauſe of the appearance is ſo fully ſet 
forth by this writer, that he has been almoſt univer- 
ſally followed ever fince. Vitellio aſſigns the ſame *, 
and receives therein the approbation of his commen- 
tator Kepler ; infomuch that, where he ſeems to 
join the refraction of the air as an additional cauſe, 
Kepler aſcribes it to a typographical error || 5 
25. Our countrymen John Peckham Archbiſhop 
of Canterbury and the famous Roger Bacon have 
very diſtinctly expreſſed the ſame. The former in a 
treatiſe entitled Perſpectiva Communis firſt lays down 
this propoſition, + Diſtantiam horizontis majorem 
« apparere quam alterius cujuſcunque partis hemi- 
„ ſpherii.” His reaſon is, Ubi major magnitudo 
e interjacere videtur, necefſe eſt, ut etiam major 
s diftantia eſſe videatur. Sed inter horizontem & 
« videntem tota terræ latitudo interjacere videtur. 
At inter videntem & punctum cceli verticale nihil 
« interjacere videtur .“ Then his 82d propoſition 
is this, Stellas in horizonte majores apparere, quam 
«in alia parte cceli,” which he proves from the 
former propoſition, ** Quia magis diftare videntur 
& ſtellz in horizonte, quam in alia cceli parte, ac 
tum in ortu, tum in medio cceli ſub æquali an- 


* Optic. Lib. 10. n. 54. bid. p. 132. 
+ Paralipom, in Vitell. p. 134. Lb. 1. prop. 65. 


« gulo 
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gulo videntur; ſequitur ſtellas in horizonte ma- 

* 3 apparere quam alibi. Quia res ex æquali 
angulo ad majorem diſtantiam relata, major eſſe 
„ judicatur. The latter, though more conciſe, is 
equally explicite. Quod viſus judicat cœlum 
* quaſi planæ figure extenſæ ſuper caput in orien- 
« tem & occidentem, quando aſpicit ad alterum 
illorum. Sed quod videtur prope caput propin- 
« quius videtur, & ideo ſtella quando eſt in medio 
« cceli videtur eſſe propinquior, & ideo in horizonte 


„ videtur magis diſtare, fed quod magis videtur 


« diftare, videtur eſſe majus, poſtquam ſub eodem 
s angulo videtur.” Perſpective Diſtinct. 3. cap. 6. 

26. Tuls was the opinion of the cauſe of this 
appearance, while the Arabick learning prevailed, 
and the ſame has been generally adopted ſince. Be- 


ſides Kepler before mentioned, who propoſes again 


the ſame opinion in his excellent Epitome of Aſtro- 
nomy, Lib. 1. pag. 81. Chriſtopher Rothmannus 
tomewhat earlier, being mathematician to the fa- 
mous Landgrave of Heſſe-Caſſel, and con-temporary 
with Tycho Brahe, at page 109 of his Diſcourſe on 
the Comet in 1585 in direct terms approves of the 
explanation of this phænomenon given by Alhazen. 
And Cardan ſtill earlier has very dſtinctly expreſſed 
the ſame opinion in the following words. * Aftra 
omnia, dum oriuntur & occidunt, majora viden- 
tur, quam in cœli medio, quoniam terre magni- 
* tudo intermedia facit, ut oculus ea plus dilkare 
« exiſtimet, & ob id eſſe majora: nam & turris 
* ulna major judicatur ab oculo illius diſtantiam 


(e 


cc 


„ oculo faciat ulna ipla ““. | 
27. AdAlxN, Martin Hor tanſius in his Diſſertation 
on the appearance of Mercury in the ſun anno 163 1, 
at pag. 42 expreſſes hiniſelf to the ſame effect, 
** Quia cœlum longius a nobis Putatur diſtare in 
* De ſubtilitate. Lib. 3 f 4 
. 6 « horizonte 


comprehendente, tametſi minorem angulum in | 
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« horizonte ob longiſſimum terre tractum inter- 
« jectum, in medio autem coli videtur vicinius, 
« quia nihil ei interjicitur. Apparent quoque ſtellæ 
% majores in horizonte quam in medio cceli ; cum 
« eorum quæ ſub eodem angulo videntur, que 
4 Jongius putantur abeſſe, majora appareant, quæ 
% propius, minora.” ye 
28. A rEw years after, Des Cartes in his Diop- 
tricks cap. 6. p. 93. gives expreſly the ſame reaſon; 
« Hxc aſtra [ſol & luna] circa meridianum in cœli 
<< vertice minora apparent, quam cum ſunt in ortu 
vel occaſu, & occurrunt inter ipſa & oculos no- 
<« ſtros diverſa objecta, quæ judicium de diſtantia 
& melius informant. Et aſtronomi cum ſuis ma- 
<« chinis illa dimetientes ſatis experiuntur hoc, quod 
ita jam majora, jam minora appareant, non ex 
„ eo contingere, quod modo ſub majori, modo fub 
* minori angulo videantur, fed ex eo quod longius 
« diflita judicentur.“ 


\ 


* 


29. Tnrsz are the words of Des Cartes, which 
Mr. Molyneux in the paper, to which our author 
refers his readers, has ſo ſtrangely miſrepreſented. 
Nor has Mr. Hobbes fared any better under his 
hands. For though he erred in ſuppoſing, there 
was any neceſſary connection between the center of 
that arch, into which the ſky appears, as formed, 
and the center of the earth; yet he accounts for the 
appearance truly from our being to ſenſe out of the 
center of that arch *; nay has extended this fo far, 

. | | of as 

„ Cauſa quare ſol, luna, & cæteræ ſtellæ majores apparent 
«« prope horizontem quam ab horizonte remotiores, ex eo ori- 
tur, quod cum oculus fit in ſuperficie, non in centro terre 
„ magis diſtat ab horizonte aſpectabili, hoc eſt, ab horizonte 
« czrulez illius ſuperficiei quam vocamus cœlum, quam ab e- 
juſdem ſummo culmine. Etſi enim terra ad orbem ſtellæ cu- 
juſcunque rationem magnitudinis habeat inconſiderabilem, 
« magna tamen eſt comparata cum diſtantia, quæ apparet ab 
„ ipſa ad loca ſtellarum apparentia.” As this writer had very 


little mathematical (kill, no wonder he ſhould conceive the ſub- 


ON DN SMITH. ͤ 
3s ro obſerve this deception to operate gradually 
from the very zenith to the horizon, and thar if the 
apparent arch of the ſky be divided into any num- 
ber of equal parts, thoſe parts in deſcending towards 
the horizon will gradually ſubtend a Jeſs and leſs 
unge _ ! 8 

30. JAMES GREGORY ſubſcribes to the common 
opinion, though he agrees with Alhazen, that an 
extraordinary refraction by clouds may at particular 
times increaſe the appearance. Geom. Par: Univerſ. 

141 | = | | 
b 31. FATrHER Malebrahclie alſo in the firſt book of 
his Recherche de la verite printed in 1673, has ex- 
plained this phenomenon almoſt in the expreſſions of 


Des Cartes, and twenty years after in defending it, 
he ſuppoſed like Mr. Hobbes the vault of the ſky to - 


appearance ſpread into What, he ſomewhat impro- 
perly calls a demi ſpheroide applati T. And he 
cauſed to be printed in the Journal des Scavans F, 
an Atteſtation ſigned by M. le Marquis de PHopi- 
tal, M. Varignon, M. Sauveur, and M. L'Abbe de 
Catelan, ſignifying that his reaſons were demonſtra- 


ject ſo indiſtinctly ; but immediately after he gives a better rea- 
ſon for this difference ih the apparent diſtance of the different 
parts of the ſky. © Accidit oculo horizontem proſpicienti di- 
« ſtantiam, ejus terram inter poſitam legendo æſtimare, unde 
** magis videtur diſtare quam a cœlo ſummo. Majorem autem 
* diſtantiam apparentem ſub eodem angulo viſorio neceſſario 
« ſequitur imago major.” Hobbes de Homine cap. 3. p. 17. 
If it be ſurprizing, that this author ſhould here expreſs himſelf 
in part ſo ill, in part ſo juſily, it may be remembered, that he has 
been ſuſpected of receiving aſſiſtance, in what he has writ both in 


geometry and opticks from the manuſcript papers of a perſon of 


more ſkill, Mr. Warner the publiſher of Mr. Harriot's Artis Analy- 
tice Praxis. See J. Walliſii Elench. Geom. Hobbian. p. 116 & 
Sethi Ward. Exercitatio in Philoſophiam Hobbianam p. 356. 

* Hobbes de Homine, cap. 7. p. 41. 

+ Reponſe du P. Malebanche a M. Regis à Paris 1693. 

p4 Ann, 1094, Ne. X. | 
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tive and clearly deduced from the true principles of 

| opticks. | 35 
32. I won p ER our author ſhould repreſent Mr. 
_ Molyneux's paper, as containing the laſt thoughts, 
which had been advanced upon this ſubject, excepting 
the fancy in the Eſſay toward a new Theory of Viſion, 
which is here ſo diffuſely examined; when in the ſame 

Philoſophical Tranſaction, in which Mr. Molyneux's 
aper was publiſhed, there follows a diſcourſe of Dr. 
allis, which alſo is quoted in the New Theory of 
Viſion, wherein the Doctor aſſigns the ſame cauſe as 
thoſe authors, we have here named. And ſince Mr. 
Profeſſor thought fit to examine in form ſo trifling 


an opinion, he ſhould not, methinks, have put us off 


with a bare referring to Riccioli for the hiſtory of the 
ſubject. For he has made mention of no other than 
the two opinions, which we have already taken no- 
tice of, excepting that of Gaſſendus; whereas Bap- 
tiſta Porta has given us no leſs than three others *, 
and Scheiner has likewiſe ſuggeſted a particular 
thought upon the ſubject, that the appearance might 
in part ariſe from the contraction of the perpendicu- 
lar diameter of the luminaries, or the perpendicular 
diſtance of ſtars near each other, whereby we may 
be led into a wrong judgment, and inſtead of conſi- 
dering theſe, as leſſened, conceive the horizontal 
diameters of the luminaries, or the horizontal 
diſtance between two ſtars, as increaſed. Refract. 
Cceleſt. cap. 28. pag. 46. 
33. Bur indeed none of theſe obſcure opinions 
deſerve any particular examination; nor even that of 
Gaſſendus, though an author of greater fame, who 
would aſcribe the appearance merely to a dilatation 
of the pupil, which he ſuppoſes to attend the view 
of celeſtial objects near the horizon ＋; for this is 


* De Refract. L. 1. prop. 12. 


+ De apparente magnitudine ſolis humilis & ſublimis Epiſt. I, 
art. 5 b ; 


incon- 
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| Inconſiſtent with the principles of opticks, and the 
author of it is ſo totally ignorant in that ſcience, as to 


_ aſſert, that a dilated pupil magnifies an object for 
the ſame reaſon, as a convex. glaſs does *. His 


letters upon this ſubject contain likewiſe divers other 


abſurdities; that the office of the cryſtalline humour, 
is to erect the images of objects, which otherwiſe 
would appear inverted ; that no object is ever ſeen 


by both the eyes at once for this ſtrange reaſon, that 
becauſe an object viewed firſt with one eye alone, and 
then with the other, appears to cover different places 


of a diſtant wall; therefore if the axis of both eyes 
vuVere together directed to the object, both thoſe parts 


of the wall, if not the whole interval, ought to be 


hid ; nay, great part of thoſe letters is taken up 


in reviving and juſtifving the ridiculous Epicurean 
ſcheme, that objects are ſeen by ſpecies continually 
flying off from them. 


34. Nox do we find, that this opinion of Gaſſen- 


dus gained any credit with the ſkiltul, however a 


writer or two of little note may have fruitleſsly en- 
deavoured to make ſenſe of it. On the contrary 
Huygens in his treatiſe upon the Parhelia, tranſlated 
by our author, has approved, and very clearly ex- 
plained the received opinion 5. 

| | 35. This 


* De apparente magnitadine ſolis humilis & ſublimis Epiſt. 2. 


art. 1 a 
＋ Ibid. 1 pag. 18. 
T Ibid. art. 17. pag. 52. 
$ * The cauſe of this fallacy i in ſhort is this, that we think the 
* ſun or any thing elſe in the heavens to be remoter from us, 


* when it is near the horizon, than when it approaches towards 


* the vertex, becauſe we imagine every thing in the air that ap- 


« pears near the vertex to be no farther from us than the clouds 
« that fly over our heads; whereas on the other hand we are uſed 
« to obſerve a large extent of land lying between us and the ob- 


* n near the horizon, at the far end of which the convexity. 
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35. Tris apparent greater diſtance of the fky 
near the horizon is ſo very obvious to the ſenſe, that 
we find it aſſumed, as jndubitable, upon all occaſt- 
ons, Aguilonius, though he does not conſider the 
effect of this appearance upon the luminaries, or the 
diſtance of ſtars, has in the very page quoted by our 
author, in article 160, for another purpoſe this pro- 
poſition, © Ceelum prope horizontem longius a no- 
bis diſtare videtur quam juxta verticem *®. And 
Merſennus in his Opticks, pag. 495, ſays, ** Viſus 
* non deprehendit quantum aſtra diſtant a nobis, & 
« cœlum terræ in ambitu horizontis cohærere putat : 
res enim ut plurimum propinquiores exiſtimantur, 
quarum intermedium ſpatium non percipitur: hinc 
cœlum prope horizontem longius quam juxta ver- 
« ticem a nobis diſtare videtur.“ | 
36. Bur Mr. Hobbes is the farft, who has expreſsly 
conſidered this vaulted appearance of the ſky, as 
the real portion of a true circle, and Mr. Profeſſor 
has followed him herein ſo far, as to improve upon 
his thought of dividing this arch into equal parts ; 
propoſing to find what portion of a circle this arch 
contains by obſerving the angle of the elevation of 
the middle point between the zenith and horizon. 
37. As this is the only addition, this gentleman 
has made, to what had been before advanced upon 
this ſubject, I am ſurprized to find the problem ſo 
very ſlightly paſſed over, ſince it is capable of a 
geometrical ſolution, which affords a better mecha- 
nical conſtruction than the inartificial one, he ac- 


cc 
cc 


of the ſky begins to appear; which therefore with the objects 
that appear in it is uſually imagined to be much farther from. 
„% us. Now when two objects of equal magnitudes appear un- 

der the ſame viſual angle, we always judge that object to be 
larger which we think is remoter. And this is the true cauſe 
of the deception we have been ſpeaking off,” Art. 556. 
Optic. L. 4. Prop. 4. Conſe. 1 


quieſces 


ter is E, two Diameters 


and in AE, EF be taken 
to AE, as the tangent of : 


ON DR. SMITH. 345 


quieſces in; and beſides admits of a computation ſo 
conciſe, as to be prefera- | FE 
ble to either. If in the 
circle ABCD, whoſe cen- 


AC, BD be drawn per- 
pendicular to each other, 


the angle obſerved to the 
radius, this angle being 5 
leſs than half a right the Fan 
point F will fall between "Oi | 
A and E. Then EF being divided into two equal 


parts by the line GH parallel to BD, and ED alfo 


divided into two equal parts by the line IK parallel 
to AC, and to the aſymptotes GH, IK the hyper- 
bola LM being deſcribed through F cutting the qua- 
drantal arch AB in N; the arch BN will be ſimilar 
to half the apparent arch of the ſky between the 
zenith and horizon, But the problem may allo be 


ſolved by computation thus. Deduct the ſquare of 


the tangent of the angle obſerved, and one third of 
that ſquare each from the ſquare of the radius. Then, 
as the radius is ſuppoſed unity, the arithmetical com- 
plement of the logarithm of the greater of theſe two 
numbers, half that complement, and the logarithm 


of the other number being added together give the 
logarithmick coſine of an angle, the coline of the third 


part of which exceeds half the arithmetical comple- 
ment of the greater of the two forementioned num- 
bers by the ſine of the angle, whole tangent is to the 
radius, as the apparent horizontal diſtance to the ap- 
parent perpendicular diſtance. : 
38. By this computation it will be eaſy to judge, 
how far the figure of the ſky can be determined by 
obſervation - upon this principle. As our author 
places the limits of the middle altitude withio 18 
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and 30 degrees, if the altitude be 20 degrees, the 
horizontal diſtance will be ſcarce leſs than four times 
the perpendicular diftance ; but if the altitude be 28 
degrees, it will be little more than two and a half. 

39. AFTER this account of what authors have 
ſaid upon this phznomenon, it plainly appears, how 
little reaſon Mr. Profeſſor has to aſſert in article 333 
of his remarks, that ever ſince the time of Ptolemy 
the cauſe of it has been dubious and diſputed. Pro- 
bably he ſcarce looked farther into this matter than 
the diſſertation of Mr. Molyneux, he here praiſes, 
who alſo for want of inquiry and miſtaking the au- 
thors, he had ſeen, had thus repreſented it. But we 
find on the contrary, that from the time of Alhazen 
the opinion of the beſt writers had been, as it were, 
unanimous. Where this gentleman learnt, that the 
firſt aſtronomers were not aware, that the intervals 
of ſtars ſeem much greater near the horizon than the 
meridian, I cannot conjecture : for ſurely it is im- 
Poſſible to have look at the ſtars without perceiving 
it. Nor can I find, where Ptolemy has given that 
piece of advice, our author here aſcribes to him. In 
the place, he has quoted, nothing is ſaid upon the 
ſubject. But I ſuppoſe, he intended to refer to the 
ſecond chapter of the ninth book of the Almageſt, 
which is cited by Kepler on this occaſion * though 
nothing farther is there to be found than this ſhort 
obſervation, that the difference in the apparent di- 
ſtance between ſtars in different elevations created a 
difficulty in Judging of the exact time, wherein the 
planets are ſeen ſtationai 

40. IN this particular! inquiry, beſides ſhewing the 
true ſtate of the ſubject, J had alſo a farther gelign, 
to ſet forth how well the principles concerning the 
apparent magnitude of dbjects had been eſtabliſhed, 
and how generally approved, which this gentleman 


1 a in Vitcl. pag. 134. 


has 


r — 2 
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has rejected for that crude conception concerning 
it, advanced in the firſt dawn of this ſcience. But 


it will not be amiſs to ſee farther, how diſtinctly op- 


tical writers have expreſſed themſelves upon this 
head in general. | 9 

41. ALHAZEN has here delivered himſelf in very 
diſtinct terms, that though the apparent magnitude 


of objects had been by moſt aſcribed to the magni- 


tude of the viſual angle only, yet that this opinion 
was undoubtedly falſe. He aſſigns this reaſon, that 
within moderate diſtances it is evident to the ſenſe, 


that the object does not appear leſs to the eye by in- 


creaſing the diſtance. That for inſtance the eye does 
not perceive a thing at two cubits diſtance, as if it 
were leſs, than at the diſtance of one cubit, nor even 
though it were removed to the diſtance of three or 
four. He confirms this farther by obſerving, that 
if two diameters are drawn in a circle, and the circle 


* Plures opinantur, quod quantitas magnitudinis rei viſæ non 
comprehenditur a viſu, niſi ex quantitate anguli, qui fit apud 
centrum viſus, quem continet ſuperficies pyramidis radialis, cu- 
Jus baſis continet rem viſam: & qudd viſus comparat quantita- 
tes rerum viſarum ad quantitates angulorum, qui fiunt a radiis, 


qui continent res viſas apud centrum viſus, & non ſuſtentatur in 


comprehenſione magnitudinis, niſi ſuper angulos tantum. Et 


quidam illorum opinantur, quod comprehenſio magnitudinis 


non completur in comparatione ad angulos tantum, ſed per con- 
fiderationem remotionis rei viſe, & fitus ejus cum comparatione 
ad angulos. Et veritas eft, quòd non eft poſſibile, ut fit com- 


prehenſio quantitatum rerum viſarum a viſu ex comparatione ad 


angulos, quos res viſæ reſpiciunt apud centrum viſus tantùm. 
Quoniam eadem res viſa non diverſatur in quantitate apud viſum, 


quamvis remotiones ejus diverſentur diverſitate non magna. 


Quoniam quando res fuerit prope viſum, & ipſe comprehenderit 
quantitatem ejus: & poſtea fuerit elongata a viſu non multum : 


non diminuetur ejus quantitas apud viſum, quando ejus remo- 


tio fuerit mediocris. non comprehendit viſus rem vi- 


ſam in remotione duorum cubitorum, minorem, quam in remo- 
tione unius cubiti. Et ſimiliter fi elongetur à viſu per tres cu- 
bitos aut quatuor, non videbitur minor, quamvis anguli, qui 
frunt apud viſum, diverſentur diverſitate extranea. Opt. Lib. 2. 

n. 36. . | | 
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ſo preſented before the fight, that one diameter 
ſhall appear under a leſs angle than the other; or 
if the two ſides of a ſquare are offered to the ſight 
in the ſame manner; yet, if the diſtance be mode- 
rate, the eye ſhall notwithſtanding ſee one as a circle, 
the other as a ſquare . To ſhew how conſiderable 
a power the diſtance of the object has upon the idea, 
we receive from the eye of its magnitude, he after- 
wards propoſes this obſervation; if a man ſhould 


cover with his hand before his ſight a great part of 
a diſtant wall, or of the ſky, and then upon the re- 


moval of his hand obſerve the idea raiſed in his mind 
from that part of the wall or ſky, which his hand 
before covered, he will perceive his imagination to 
be aſſected in no degree with the impreſſion of his 
hand being of a like apparent magnitude with that 


part of the wall or ſky, it covered T. This is ſo di- 


ſtinctly explained by this author, and fo generally 


followed 2, that Herigone has ſet it down as an op- 


tical axiom, * Que ſub eodem angulo videntur, 
«© quz longius putantur abeſſe, r e . 
42. Tis point therefore having been ſo generally 
received, I think Mr, Proſeſſor's fellow-writer might 
have ſpared himſelf the trouble of his long diſſerta- 
tion in ſupport of this opinion &; which can only 
erve to perſuade the world, that theſe gentlemen 
had but juſt come to the knowledge of ſo common 
a principle. = ; 5 | 
® Tbid, | 
+ Ibid. n. 38. | 
t See Vitell. L. 4 prop. 27. Peckham Perſpec. L. 1. prop, 
Bacon Perfp. Diſtinct. 3. c. 8. „ 5 
Curſus Math. Tom. 5. pag. 15. This author conceived, 
ſo little difficulty in the appearance of the horizontal moon, that 
he produces it as an indubitable proof of the axiom. Ut luna, 
« quamyis in horizonte & medio cœli, ſub eodem angulo cer- 
« natur, major tamen in horizonte quàm in medio cœli apparet; 
quod ejus diſtantia in horizonte major exiſtimetur propter in- 
65 terjecta corpora.” JJ nt 6 ie en a 
5 Art. 171. of the Remarks, 
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43- Wen Alhazenhas expreſſed himſelf fo diſtinct- 
ly upon this ſubject, as we have ſeen, it is a ſtrange 


aſſertion of Tacquer, that every one of the ancient 


writers upon opticks ſuppoſed the viſual | angle alone 
to determine the apparent magnitude“. But this 
author can be of no account in this matter ; ſince he 
had ſo little conſidered the operation of the eye, as 
to ſubſcribe to the abſurd aſſertion already mentioned 


of Gaſſendus, that the axrs of both eyes are never 


directed to the ſame object F. 

44. Aguilanius, though he adopts the ſame form 
of expreſſion, yet by better conſidering the ſubject 
found himſelf obliged to acknowledge, that the eye 
does in fact eſtimate the magnitude of objects by 
comparing the viſual angle with their diſtance : 
« Vim oculis natura conceſſit, qua ſimul rej diſtan- 
tiam percipiant, atque ex ejus collatione cum an- 


_<« gulo pyramidis opticæ, veram magnitudinem 


* quam proximè dignoſcant. Manifeſts enim de- 
% prehendimus errores omnes, qui in magnitudinis 
<« perceptionem Irrepunty ex diſtantiæ ignoratione 
« originem ducere . And he afterwards quali- 
fied the aſſertion, that thoſe things, which appear 
under the ſame angle, are judged equal, and thoſe, 
which appear under the greater angle, greater, by 
limiting it to the caſe, when the difference of diſtance 
is not taken cognizance of l. 


* Quz ſub æquali angulo Aenne, apparent æqualia; quæ 
ſub majori, majora; minora ſub minori; & qualis eſt angulorum 
optieorum, talis eſt & magnitudinum apparentium proportio. 
Id veteres optici ad unum omnes axiomatis loco habuere. Opt. | 
Lib. 1. prop. 3. | 

+ Ibid. prop. 2. | | 

1 Opt. Lib. 3. prop. 11. | 

Por. X. 

Majoribus ſpectata angulis majora, minora minoribus, æqua- 
libus zqualia videntur. 

In hac propoſitione ſubintelligendum eſſe, ut ratio diſparis in- 
tervalli, quo magnitudines ab a] pectu diſtant, penitus ignoretur. 
Opt. Lib. 8 Ln 
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45. Wnar Aguilonius has mentioned of the er- 
rors we fall into in relation to the apparent magni- 
tude of objects being cauſed by a wrong judgment 
of their diſtance, Alhazen has particularly inſiſted 
on, when amongſt the ſeveral cauſes of errors in vi- 
ſion, he ſets down one to be great diſtance, and 
ſhews, that from thence will ariſe an error in our 
judging, both of the interval between diſtant bodies, 
and allo of their magnitude r. 

46. Ir is this error in our judgment of diſtance, 
which cauſes parallel lines to ſeem converging, and 
the like deceptions, which in the optical treatiſe 
aſcribed to Euclide, and by our author are referred 
to the mere decreaſe of the angle. Trees are ſome- 
times planted ſo as to appear in one point of view, 
as parallel. But in theſe the angles ſubtending their 
diſtances continually diminiſh, as theſe diſtances 
are farther removed from the fight, though not ſo 
much, as when the trees are really parallel. If the 
angle only determined it, trees, which extended in 
two lines from the point of view, muſt be ſeen as 
parallel. | 
47. Bor now to ſum up the reſult of this diſequi: 
ſition concerning the apparent magnitude of objects; 
as we have ſhewn the concurrent opinion of all the 
beſt writers to be, that it is connected with our ideas 
of their diſtance; ſo this gentleman has not only ad- 
mitted as much in many objects viewed by the na- 
ked eye; but alſo in terreſtrial objects ſeen through 
tele ſcopes , that the object does not ſtrike the be- 
holder with the appearance of its magnitude being 
increaſed as much as the angle, under which it is 
ſeen, becauſe it is thought nearer. And this is cer- 
tainly the true cauſe of the appearance. But I am 
very much ſurprized to ſee it affirmed, that, what is 
here ſaid, expreſſes the true ſenſe of his definition of 


+ Optic. Lib. 3. n. 52. | hy Remarks, Art. 243. Zo 
apparent 


ON DR. SMITH. 2357 
apparent magnitude given in the 98th Article of 
his book, where it is aſſerted, that the greater viſuab 
angle not only cauſes a larger picture of the object 
on the bottom of the eye; but that this picture be- 
ing larger or ſmaller cauſes a ſenſation of a greater 
or ſmaller viſible extenſion. Fe - | 

48. In ſhort, what has perplexed Mr. Profeſſor 
is this, that the apparent magnitude of very diſtant 
objects is neither determined by the magnitude of 
the angle only, under, which they are ſeen, nor is 
in the exact proportion of that angle compared with 
their true diftance, but is compounded alſo with a 
deception concerning that diſtance z inſomuch that 
if we had no idea of difference in the diſtance of 
objects, each would appear in magnitude proporti- 
onal to the angle, under which it was ſeen; and if 
our apprehenſion of the diſtance was always juſt, our 
idea of their magnitude would be in all diſtances un- 
varied: but in proportion as we err in our concep- 
tion of their diſtance, the greater angle ſuggeſts a 
greater magnitude. Our author not being apprized 

of this compound effect, has ſometimes explained 
the apparent magnitude by the viſual angle only, at 
other times by that angle compared with the diſtance, 
and by that means becomes thus inconſiſtent with 
himſelf. ; TE SIT ra RP ny RTE 

49. HowEVRR beſides this gentleman's incon- 
ſiſtency, the method he has taken to determine the 
place of images made by reflection or refraction 
ſimply from the magnitude of the angle, under which 
they are ſeen , is certainly. erroneous: For not to 
mention other examples to the contrary, when the 
inverted image made by reflection from a convex 
lens appears leſs than the erect image; though the 
_ inverted image ſcems neareſt, yet it not only looks 
leſs to the ſenſe, but alſo in reality ſubtends a ſmaller 


| 14 Art. 139. | 
angle, 
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angle, as may be eaſily proved by bringing one of 


the images over the other. | 
50. I BELIEVE, I need not apologize for the 

length of my remarks upon this point; becauſe it 

relates to a principle, that extends itſelf throughout 


this whole work, and in which Mr. Profeſſor tri- 


umphs as a great diſcovery in opticks unknown even 
to Sir Iſaac Newton or Mr. Cotes F. But I ſhall 
now conclude this head with one ſhort remark upon 
what, he has ſaid concerning the inventors of the 
teleſcope. For, as he has promiſed us the hiſtori- 
cal, as well as the other parts of the ſubject ; this 


account would have been leſs deficient, - if beſides 


the tranſlation of Huygens's hiſtory of the invention, 
and the deſcant he has made upon Mr. Molyneux's 
claim in behalf of Roger Bacon, he had taken notice 

of the pretenſions of another of our countrymen 
Leonard Digges Eſquire. For if Roger Bacon had 
never compounded glaſſes together, it is certain, 
this gentleman had. For he expreſsly ſays in the 
21ſt chapter of the firſt book of his Pantometria, 


Publiſhed by his ſon Thomas Digges Eſquire in 
1571, © Marveylouſe are the concluſions that may 


* be perfourmed by glaſſes concave and convex of 
t cixculare and parabolicall fourmes, uſing for mul- 
<< tiplication of beames ſometime the ayd of glaſſes 
<«< tranſparent, whiche by fraction ſhould unite or 
1% diſſipate the images or figures preſented by the 
“reflection of other. By theſe kinde of glaſſes or 
& rather frames of them, Sc.“ Whoever reads the 
whole chapter, I think, can ſcarce doubt, but the 


author had ſeen in ſome meaſure the effects of view- 
ing an object made by reflection from concave or 


convex ſurfaces through a lenticular glaſs. | 
51 Howevex, it Roger Bacon were quite igno- 


rant of the teleſcope, yer I cannot agree, that the 


1 Remarks, Art. 197, 465, 494, 536. 
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uſe of glaſſes of ſmall convexity for the relief of the 
ſight decayed by age was ſo very imperfectly known 
by him, as this gentleman ſuppoſes“; for the more 
deficient or erroneous his theory is, the leſs probable 
is it, he ſhould make ſuch an aſſertion in terms fo 
expreſs ( hoc inſtrumentum eſt utile ſenibus“) if 
he had not ſeen the effect. The curſory manner, in 
which this is mentioned, perſuades me, it was not 
an invention of his own; but I cannot conceive, 
how he ſhould have ſaid it ſo directly, if this uſe of 
glaſſes had not at that time begun to be in practice; 
eſpecially in a chapter, which profeſſes to exhibit 
examples of the doctrine before laid down. Mr. 

Profeſſor's opinion, that the fryar had here only in 
his thoughts a plano-convex glaſs with the flat fide 
laid immediately upon the object, I cannot ſubſcribe 
to. Not to examine into the criticiſm on the word 
t ſuppoſiti, the conſequence drawn from Roger 
Bacon's conſidering in his reaſoning only the refrac- 
tion of one ſurface is, I think, certainly invalid: 
for by the ſame argument one might conclude, that 
teleſcopes are now moſt uſually made with a plano- 
convex object-glaſs; becauſe Dr. Smith has deter- 
mined the relation of their lengths to their apertures, 
charges, and power of magnitying upon that ſuppo- 
lition . Certainly ſince Mr. Profeſſor in ſo ample 
a treatiſe has thought fir to conclude theſe points 
from the caſe, where one refraction only takes place; 
though the object-glaſſes of thoſe inſtruments in their 
common fabrick have two ſurfaces, which refract; 
why may we not ſuppoſe this old writer in that very 
imperfect ſtate of the ſcience to have taken the like 
liberty. | : | 
352. IN what relates to the philoſophical theory 
of light, this gentleman has had the caution to ſet 
down Sir Iſaac Newton's diſcoveries for the moſt 


Remarks, Art. 88. + B. 2. chap. 6, & 7. 
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part in his own words“; but has entirely omitted 
all, that he has eſtabliſned in his ſecond book of 
Optics concerning the cauſe, why ſome part of the 
light is tranſmitted, and ſome part reflected at every 

llucid ſubſtance. Now as this ſpeculation is the 

rongeſt inſtance of the wondrous capacity of that 
great man in unravelling the moſt intricate and diſ- 
rw operations of nature, and eſtabliſhes at the 
ame time ſuch a ſeries of properties belonging to 


| light, as give us no ſmall reaſon to hope, that by 


diligently following the clue, he has here put into 
our hands, ſtill greater ſecrets of rature may one day 
be brought to view; Mr. Profeſſor ought not to 
have paſſed over ſo important and complicated a 
ſubject by a bare hypotheſis, that the paſſage of a 
ray of light at a ſurface, where it is reflected, is in 
a curve with one point only of contrary reflection at 
the very ſurface T. For if the light is inflected in 
its paſſage near the edges of bodies by the ſame prin- 
Ciple, as it is reflected and refracted, and the alter- 
nate returns of eaſy reflection and eaſy tranſmiſſion 
will give the light in its paſſage by thoſe edges ſo 
many different bendings as to form three or even 
more viſible fimbriæ to the ſhadows of bodies, why 
may not the ſame alternate diſpoſitions at refracting 
ſurfaces produce in the light a more compound 
motion? 8 15 : 

53. IN the remarks upon the cauſe of refraction 
and reflection, ſince Mr. Profeſſor thought proper 
to explain the hypotheſis of Leibnitz Þ more at large 
than any other; it would not have been amiſs for 
him to have aſcribed it to its true author, Monſ. 
Fermat ||; nor would it, I believe, have diſpleaſed a 


- geometrical reader in ſo large a work, containing ſo 


* B. 1. chap. 6, 7, 8. 
+ Article 191. 

x Article 413. 

{ See Varia Oper. Math. Pet. Fermat, pag. 156, &c. 
| | many 
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many collections, to have ſeen Huygens's moſt ele-. 
gant demonſtration from his treatiſe of light“. 

54. I SHALL now proceed to conſider the 2d 
book of this treatiſe, in which we may diſcover per- 
haps one cauſe of Mr. Profeſſor's falling into the a- 
bovementioned miſtakes. For here, I think, ap- 
_ pears throughout that inexpertneſs in demonſtration, 
which ſhews him to have been too little converſant 
in the writings of the beſt geometers. Of this we 
might have before taken notice of ſome examples. 
For inſtance, in article 157 it is ſaid, that the ap- 
parent magnitude of a given line AB ſeen very obli- 
quely at a given dla _ | 
ſtance OA (meaning 
the angle A OB, 
which it ſubtends at 
the eye in O) in- 
creaſes and decreaſes 
in proportion to the 5 3 
—— or decreaſe of 5 „ W 
OP, the perpendicu- 
lar diſtance of the eye from the line AB produced; 
provided that the diſtance AO be very large in 
compariſon to AB. But though this aſſertion may 

be admitted, his proof is not to be juſtified. Firſt, 
he ſays, if the ray BO cut a line AC perpendicu- 
lar to AB in C, while the eye is raiſed or depreſſed 
in the perpendicular OP, the line AC will increaſe 
and decreaſe, as OP does: whereas this is falſe ; 
for AC is to OP as BA to BP, which is not a given 
proportion, ſince neither BP nor AP are given, but 
AO. Again the angle AOB does not ſo properly 
vary in the ſame proportion with the line AC, as 
with a line let fall from A perpendicular on OB, 
or from B perpendicular on OA; and it is this per- 
pendicular BZ, which is in a given ratio to OP, BZ 


* Traite de la Lumiere, chap. 3- p. 40. 
I 3 being 
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being to OP as AB to AO. From this wrof 
turn given to the demonſtration he was obliged th 
pou an unneceſſary reſtriction upon the propoſition ; 
or it is equally true, when the diſtance AO bears 
a very great 1 to AB, whether AB be ſeen 


with a great or ſmall degree of obliquity. 
55. Bur in the ſecond book we find petpetual | 
proofs of this unſkilfulneſs in regard to geometrical 
demonſtrations. Hence his complaint againſt the 
great Huygens's demonſtrations for being tedious; 
intricate and embarfaſſing to the reader, by what he 
is pleaſed to call formal compoſitions and reſolutions 
of ratios * ; the inartificial method of marking the 
ſame points with different letters ; demonſtrating 
by folding up the paper ; grounding. his demon- 
ſrations || concerning cauſtics upon the deſcription 
of them in the popular part of his treatiſe, where 
eye ſight is appealed to for the light being condenſed 
at them; the unuſual phraſes of proportionable, 
middle proportional; conjointly to ſignify every me- 
thod of adding the terms of proportionals, and diſ- 
Jointly both for diviſion, converſion, and taking the 
difference of the antecedents and of the conſequents. | 
To the ſame cauſe was owing the great inaccuracy, 
with which he expreſſed himſelf in relation to what, 


he calls the center of a lens. This likewiſe could 


be the only reaſon, which ſhould induce him to take 
refuge in algebraical calculations **, in a caſe, whoſe 
demonſtration is no more than this. XY being to 

TX as AP to PT, and X; to XY as TP to Pg, by 
equality Xx is to TX as AP to PS, and by com- 
poſition Tr to TX as AP ro GP, or as BB x BA to 
BB x BP. Again TF being to Fr as APg to PSA. 
by converſion TF is to Ts as APq to AB x ÞB. 
Therefore T+ being to TX as AB x GB to PB x B, 


* Remarks, Art. 421, 475. . Art. 329. 
+ Fig. 449 & 443. Art. 3 39. 
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by equality TF is to TX as APA to PP x 6B. 
Conſequently 'T'X is greateſt, when the rectangle 


under PHB is greateſt, that is, when it is equal to 


one fourth of the ſquare of PB or AP, and then, 


ſince TF is to TX as APg to PB x BB, IX will 
be equal to a fourth of I'S and XY equal to one 


fourth of FG. 


56. Ou author ſoon himſelf conſcious of this 
imperfection, „when he takes advantage from his 
ſubject to expreſs the lemma, whereen Sir Iſaac 


Newton builds his demonſtrations by prime and ul- 


timate ratios in ſuch terms, as he thinks, may be 
allowed in a phyſical ſubject, but in a demonſtra- 
tion purely mathematical have certainly no meaning. 

For, when it is ſaid, that quantities and their pro- 
portions, which ſo approach to a ſtate of equality as 
to become equal at laſt, may be taken for equal in 
a ſtate immediately preceding the laſt, were he 
aſked to explain, what that ſtate is, which can be 
underſtood immediately to precede the laſt in any 
ſubject of geometrical demonſtration, it were im- 
poſſible to make ſenſe of the queſtion. Nay, ſo ap- 
prehenſive is he of a deſect in his geometrical rea- 


ſoning, that he even refers to computation, (a me- 


thod, he has in another place“ n as an ad- 
ditional confirmation +. 

57. Bur beſides ſuch imperfections we find ſeve- 
ral direct errors. The fourth chapter has affixed to 


it a very pompous title, though it contains no more 


than two . and thoſe relating to the very 


* Remarks, Art. 42 1. 

+ The whole lemma runs thus. Quantities and their pro- 
* portions, which ſo approach to a ſtate of equality as to be- 
come equal at laſt, may be taken for equal! in a tate imme- 
& diately preceding the lait ; and alſo in a ſtate ſomewhat remote 
from the laſt without ſenſible error in phyſical ſubjects: and 
e the fame may be ſaid of figures, which continually approach to 
a ſtate of ſimilitude; eſpecially if theſe errors, when comput- 
ed, are found inconſiderable.“ Art. 204. | 
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eaſieſt caſes. The ſecond of which gives only an 
approximation except in the ſphere. The firſt is 
ſcarce true in any kind of object beſides a plane or 
curve line parallel to the refracting ſurface. It is 
here only proved, that the diſtances of any inter- 
mediate point of a ſtreight line from the extremes 
are in the ſame proportion in the image, as in the 
original. But ſtreight lines are never in geometry 
ſaid to be ſimilar, becauſe they are proportionally 
divided. If this term is to be applied to the right 
line, it muſt be ſaid without reſtriction, that all 
ſtreight lines are ſimilar. In every other object not 
arallel to the refracting ſurface, the propoſition is 
directly falſe. If the object were the arch of a circle 
in any plane not parallel to the plane of refraction, 
its image, as here aſſigned, would be elliptical. It is 
alſo falſe in every plane object, not parallel to the 
refracting ſurface; and much more ſo in every ſolid 
object. | : | 
358. IxoEED the demonſtrations in the firſt chap- 
ter of the foci, beſides the imperfection of the prin- 
ciple, upon which they are grounded, are on ano- 
ther account alſo inconcluſive. As Dr. Barrow has 
ſearched with much more exactneſs than any, who 
had gone before him, into the place, where rays 
are collected by reflection or refraction, and where 
the images of objects formed by this means are ſeen 
fo his exact inquiry into the line, in which each ray 
paſſes, and in what degree they condenſe together 
in every circumſtance drawing out his diſquiſition 
into ſome length, others have endeavoured to give a 
more conciſe, though leſs perfect idea of this ſubject. 
For this purpoſe, in particular, Dr. Gregory in his 
Elements of Opticks has by a method of demenſtra- 
tion ſimilar to that of our author contented himſelf 
with ſhewing, whereabouts thoſe rays would croſs 
the axis of a reflecting or refracting ſpherical ſurface, 
Which would enter the eye placed in that axis; and 
| | thus 


BAC generated by the re- 


reflected, as the ray DA 
is reflected into Ag, as 
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thus far his demonſtration may be admitted as juſt. 


But our author having uſed the ſame method to aſ- 


ſign the place of the focus independent of the eye; 


his demonſtrations are by no means ſo free from ex- 


ception. For in the firſt part of his work *, he has 
always repreſented as neceſſary to conſtitute a focus, 
that the rays be in that place condenſed together 


but his form of demonſtrating may be applied to 


caſes, where there is no condenſation of rays. For 
example, if rays patallel 
to the baſe of the cycloide 


volution of the ſemicircle 
BFE upon the line EC be 


the point of incidence A 
approaches towards C, the 
lines Eq, EC continually 5 | 
approach toward equality, and become equal, when 


the diſtance DE vaniſhes ; yet here is no condenſa- 


tion of the rays on the axis at the point C; becauſe 


the intervals between the points q appertaining to 


equidiſtant rays increaſe, while DA approaches EC. 
This is evident, becauſe Ag is parallel to FG, the 
tangent to the ſemicircle BFE at the point F, where 
the rays interſect that ſemicircle, and Cq is equal to 


V the exceſs of the arch EF above the tangent. 


59. ARTICLE 468 contains a falſe concluſion 


from the preceding principles. For the denſity of 
the light, which is proportional to its heat or warmth, 
is to be eſtimated by a perpendicular ſection of the 


reflected rays, and to be determined by the aberra- 
tion of the rays from the point of contact at the 
cauſtic after this manner. 
60. Ir rays diverging from any point A are re- 
flected by the ſurface BC into the cauſtic DE, all 
* Book 1. chap. . 
R 2 the 
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the rays in the pencil BAC will be ſpread through 

the part of the cauſtic FG, ſuppoſing F and G to 

ET be the points, in which 

B GC the reflected rays BH 

and CH touch the cau- 

ſtic. Here the denſity 

| of the light upon the 

* cauſtic muſt not be 

N meaſured by the mag- 
FH nitude of FG, but by 

ag perpendicular ſection 

of thoſe rays, where 

E they are moſt con- 

denſed. Thus if Hl be 

| | drawn from H perpen- 

A a dicular to the curve, 

| ecvery, ray of the pencil 

BAC will paſs through that line HI. This line 
then will nearly repreſent the magnitude of a per- 
pendicular ſection of thoſe rays at I; and therefore 
if two pencils proceeding from A are taken ſo that 


that the quantity of light, or, which is the ſame, 


that the angles made by the extream rays may be 
equal in each, the denſities of the light at the mid- 
dle of the parts of the cauſtic formed by each pencil 
will be reciprocally as the lice IH in each. But 
IH is ultimately the chord of ꝶ the angle BHC to 
the radius GH or GE The denſity then eſtimated 
by this means will be reciprocally as Gl, or its 
double GF compounded with the reciprocal of the 
angle BHC. | 
61. Hence it follows, that when to equal angles 
made by the incident rays at A unequal angles are 
made by the reflected rays at H, the denſity of the 
_rays will nct be juſtly eſtimated by the reciprocal 
of the part FG of the cauſtic included between the 
reflected or retracted rays. For inſtance, though 
in our author's caſe, at art. 465, when the rays 
V | reflected 
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reflected by a circle iſſue from a point in its circum- 
ference the denſity of the light in the ſuperficial cau- 
ſtic, which is proportional to its heat, is, as this 
gentleman has computed, reciprocally as H x HI : 
yet in his 467th art. when the rays are parallel, this 


denſity 1s not in the ſimple ratio. of BD directly and 


the triplicate of CD inverſly, as he has determined 
but in the duplicate ratio of DB directly and in the 


triplicate of CD inverſly. 


62. WREREAS this gentleman profeſſes to have 


rendered the doctrine of the rainbow more general, 


than it has been yet handled ; all that he has added 
to what Dr. Halley had in the Philoſophical Tranſ- 
ations Numb. 267. already done upon that ſub- 


ject, is the applying to the computation of the 
inverſe problem a general theorem of Mr. John Ber- 


noulli publiſhed in the Acta Eruditorum “*, for find- 
ing from the tangent of an arch the tangent of any 
multiple of that arch. The lemma in article 508, 
from which this general theorem is deduced, might 


have been demonſtra- 


ted thus. If ROA 0 1 

be one angle, ROB — 
the other, and ROD : - 

their ſum or differ ß 8 

ence. Draw OZ per- 0 | 


pendicular to AO, 
then the angle ROZ. 


is equal to the angle BR ET B 


RAO, and therefore "oe 
the angle ROB being equal to the angle AOD, that 
under RDO is equal to that under BOZ ; whence as 


' DZ to O ſo is OZ. to BZ, but as OZ to ZR fo is 


AZ to OZ, ſo that by equality, as DZ to RZ, ſo is 


AZ to BZ, and by diviſion as DR to RZ, ſo is AB 


to BZ, or by permutation DR is to AB as RZ ta 
BZ, or as RA x AR to BZ x AR, that is, as ORq 


* Ann. 1722, Men. Jul. : 
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to ORq—AR x RB, when AB is the fum of the 
given tangents and RD the tangent of the ſum of 
the arches, but as ROꝗ to ROq+AR x RB, when 
AB is: the difference between the given tangents, and 
RD the tangent of the difference of the arches. 
63. Tur propoſition contained in article 602 is 
not univerſally true, but fails, whenever the curva- 
ture at the vertex of any one of the curves cannot 
be compared with that of the circle. For inſtance, 
| | in the cycloide ABC, 
when any ray parallel 
to the baſe AB is re- 
flected at S, Bo, the ab- 
erration from B, is e- 
qual to the arch AD 
leſſened by the tangent 
| | DH or HA, and Bg is 
BER HA equal to AD—DI; but 
AD—AH bears not ultimately a finite proportion to 
AD — DI. And hence the corollary in article 603 
is not true, when one or more of the ſurfaces are 
cycloides or curves of the like curvature. | 
64. Bur the firſt propofition of this chapter is 
both defective and erroneous upon the author's own 
principles. The place of the image cannot be deter- 
mined, as is here required, till it be ſhewn how to 
find the line, in which it is ſeen, that is, how ta 
aſſign the reflected or refracted ray, which ſhall en- 
ter the eye. But of this our author has been abſo- 
lutely ſilent. The problem is indeed in moſt caſes 
too complex to admit of a ſimple and elegant ſolu- 
tion; but this is no excuſe, why in a treatiſe pro- 
miſed to be compleat, no notice ſhould be taken at 
leaſt of what had been done by others in this parti- 
cular. Alhazen's problem to find the ray, which 
iſſuing from a given point ſhould be reflected by a 
tpherical ſurface to the eye in any given poſition, 
was thought worthy to exerciſe the invention of w_ 
8 at N 8 or 


and B the eye. AC and 
BC being joined, and 
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of the principal mathematicians of the laſt age. The 
hyperbola, by which Huygens ſolved the problem, 
eſpecially as determined by Sluſius in the Philoſophi- 
cal Tranſactions, Numb. 98. admits of a very con- 
ciſe demonſtration. Sup- N 
poſe a ſpherical ſurface 
IKL, whoſe center is C, 
and A to be a point, 
whence the ray proceeds, 


ACx EC likewiſe BCx CF 
made equal to the ſquare 
of the ſemidiameter, and 
EF drawn and continued; : 
if an equilatera] hyperbo- oF 7 
la FM be deſcribed to the Ps 
diameter EF, whoſe or- K 

dinates ſhall be parallel to | 

AB, the ray, which paſſing from A falls on the ſur- 
face in the point D, where this hyperbola interſe&ts 
the ſurface within the angle ACB, ſhall be reflected 
to the eye at B, Draw DHG parallel to AB, then 
by the hyperbola EG is to GD as GD to GF, fo 
that the triangles EGD, DGF will be ſimilar, and 
the angle DEG equal to the angle FDG. Again, 
AC x CE and BC x CF are equal; therefore AC is 


to CB as CF to CE, the triangles ACB, FCE are 


ſimilar and the angle CEF equal to ABC or DHE. 


Conſequently the angles DEG, FDH being alſo 


equal, the angles DEC and DFC will be equal, 
But if CD be drawn, AC is to CD as CD to CE; 
therefore the angle ADC is equal to DEC, For the 
ſame reaſon the angle BDC is equal to DFC; conſe- 
quently the angles ADC, BDC are equal; and fo 


the ray AD will be reflected to B. 


63. Ir the oppoſite hyperbola be deſcribed, it 
will paſs through the point C; and where it cuts the 
R 4 ſpherical 


N 
ſpherical. ſurface within the angle made by AC and 
BC continued will give the point in the concave ſur- 
face, whence the ray from A will be reflected to B. 
66. NEITHIR ovght Dr. Barrow's excellent ſolu- 
tion given in bis Optical Lectures“ of the problem 
in plane retracting ſurfaces to have been omitted; 
eſpecially ſince it admits of an improvement from 
Geometrical Lectures f. 
67. Bur farther in this propoſition, What relates 
to the viſible place of the image is inconſiſtent with 
Mr. Profeſſor's general doctrine. For example, if 


the object be Qq a part of the line QP, it is here 
determined, that Q x being drawn parallel to OP to 
meet the reflected or retracted ray, in which the 
oint Q js ſeen, and g drawn likewiſe paralled to 
OP, till it meet the like ray in *; then the object Q q 
will be ſeen as extended from x to x; but the gene- 
ral precept was, that the object appears in that place, 
where it would fill the angle, under which it is ſeen; 
whereas here the diſtance x x is greater than Q 4. 
68, WE, have now gone through the two firſt 
books of this treatiſe, which are intended to com- 
prehend as much of the ſybject, as is the proper 
object af macthematicks. In the next book, which 
promiles the mechanical part, to moderate our ex- 
pectat ions the author {ets out with informing us, 
that he had himſelf no fill, in what relates to the 
figuring, grinding and poiiting of glaſſes; and 
therefore has contented himſelf with giving us what 
collection, ke , could gather from others. Thus 


. 9.13. 1 Leck. 6. * here 
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there is no account of the common methods made 
uſe ot; but only a particular artifice invented by 
Huygens, as better ſuited than the uſual ways of 


working, to the formation of glaſſes for teleſcopes of 


an extraordinary length. But I. ſhall take leave to 
obſerve upon this part of the work, that as our au- 
thor profeſſes to deliver the hiſtory and progreſs of 
the ſubjects, he has handled; in the deſcriptions of 
the aſtronomical inſtruments, which he has here in- 


ſerted, he ſhould not have ſubſcribed to the vulgar 


miſtake, that the method of graduation uſed in theſe 
inſtruments was the invention of Petrus Nonius “. 
For his method of diviſion, which he explains at large 
in his very curious treatiſe de Crepuſculis Þ printed 
at Lisbon in 1542, is widely different. It conſiſts 


in deſcribing within the ſame r 45 concentric 
arches, dividing the outermo 
the next within into 89, the next into 88, and ſo on 


into go equal parts, 


till the innermoſt was divided into 46 only, By this 
means, in moſt obſervations, the plum line or index 


muſt croſs one or other of thoſe circles very near a 
point of diviſion, Whence by computation the de- 


orees and minutes of the arch might eaſily be coun- 
ted T. This method of diviſion is alſo deſcribed 
by Mr. William Barlowe in his book, entitled, 
The r 6 Supply printed at London in 18973 
ual example of it is to be ſeen in the 
* Are. $61; I Parti 3 2 6 
t This artifice Nonius likewiſe 20 years afterwards deſcribes 
briefly in his excellent treatiſe De Arte atque Ratione Navigandi, 
where he would perſuade himſelf, that it was not unknown to 
Ptolemy, ſaying, „Ita enim exiſtimo Claudium Ptolemzum 
feciſie. Nam fi maximam ſolis declinationem 1dcirco (ait) re- 


* periſl partium 23. m. 51. ſe. 20. quia ea proportio inyenta 


uiſſet totius circuli ad arcum inter tropicos quam 83 habent 
« ad 11, Conſtat igitur aliquem quadrantem intra ambitum in- 
« ſtrumenti deſcriptum, in ipſos 83 zquales partes deſtributum 
„ fuiſſe, quarum arcus inter tropicos 44 continebat. Neque 
« enim tanta fuit illius -inſtrumenti quo Ptolemæus utebatur 
© magnitudo, ut in eo prima atque ſecunda minuta notari poſ- 
fs. ſrut,” Lib. 2. Cap. G. Es | firſt 


n Nn 

FHiſt figure of Tycho Brahe's Aſtronomiæ Inſtauratæ 
_ Mechanica, printed in the ſame year, But as this 
divides the degrees very unequally, and is alſo 
very difficult to execute with exactneſs, eſpecially 
when the numbers, into which the arches are to be 
divided, are incompoſite, of which there are no leſs 
than nine; though Tycho in his ſecond inſtrument 
endeavoured to leſſen the latter difficulty by the uſe of 
other numbers; yet to that inſtrument he alſo added 
diagonals, which he ſo much preferred, that at 
length he left Nonius's way quite of * and uſed only 
diagonals in his mural Arch and the reſt of his in- 
— 5 . 
69. Tms method of diagonals was firſt publiſhed 


4 #$£% 


of this paſſage of Mr. Digges, and affirms, when he 
ſtudied ar Lipſick, he ufed ſuch an inſtrument di- 
vided after this manner, which was communicated to 


De Cometa Ann. 1577. pag. 461. 
4“ libere fateor illam partiendi radium in 7 1 8 N ſenſibiles 
© partes rationem a me inventam non fuiſſe, ſed diu hic in Anglia 
cc a plurimis peritiſſimis mathematicis uſurpatam. Primus tamen 
« qui ea diviſionum ratione uſus eft, quemadmodum ex auditu 
« accepi, quidam fuit nomine RichaRx Dy⁵S CHANSLERUS, peri- 
« tiſſimus & ingenioſiſſimus artifex mathematicus, cujus nomen 
* eo libentius publicare decrevi, quod jam e vita diſceſſerit, ne- 
ce que monumentum ſuarum virtutum ullum publicum reliquit, 
« præter inftrumenta quædam ſumma arte fabricata, & dulciſſi- 
ce mam ſuæ ſingularis peritiæ (in nonnullorum mathematico- 
* rum adhuc ſuperſtitum animis) memoriam.“ Capitul. 9. 


© 


him 
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him from one Homelius, a famous mathematician of 
that place“. This was about 1565; for in a letter 
written to Rothman in 1587, he ſays, he was then 
17 years of age T. "BT e HA 

70. Bur Jacobus Curtius, Vice-Chancellor of the 
empire, improved at different times the diviſion by 
concentric circles. At firſt, after deſcribing with- 
in the limb of the quadrant a number of ſuch 
circles, he extended the firſt to 91 degrees, the ſe- 


| cond to 92, the third to 93, and ſo on; and then 
divided each of theſe into go equal parts. This, 


when he was the Imperial miniſter at Rome, he com- 
municated to Clavius, who publiſhed it there Anno 
1586 in a treatiſe, where he deſcribes an inſtrument 
for delineating of dials ; and Clavius himſelf pro- 
poſes a variation in this method by deſcribing 39 
ſuch concentric circles within the limb of the qua- 
drant, continuing the ſecond of theſe to 91 degrees, 
the third to 92, and fo on, till the 39th extended to 
128 degrees, Each of theſe circles he divided into 
128 equal parts, which is performed by the ſimple 
method of biſection 8. But a calculation is neceſ- 
ſary, or at leaſt a table ready computed, for know- 
ing the degrees and minutes, which anſwer to the 
diviſions of the ſeveral circles in both theſe methods; 
and Curtius made a ſecond improvement, which re- 
quired no ſuch computation. 5 Ne e 


* Ego certe multo ab hinc tempore, videlicet annis plus 
& minus 28, cum Lipſiæ ſtudiis incumberem, ejuſcemodi parti- 
tionem radii in uſu habebam, ex clariſſimi mathematici Home- 
« }ii officina, beneficio Bartholomei Schulteti, qui illi inſervierat, 
«© mihi communicatam. Unde autem Homelius hanc hauſerit, 


e aut an ipſemet eam adinvenerit, apud me incertum eſt. Sit 


e cujuſcunque velit, ingenioſa certè & apprimè utilis eſt deftri- 

© butio, quam & ego poſtea arcualibus graduum ſubdiviſioni- 

« bus in quadrantibus, ſextantibus & armillis non inconcinnè aut 

« infrugefere applicui.” Pag. 671. | 

+ Epiſt. Aſtronomic. pag. 62. | | 

_ Fabrica & uſus Inſtrumenti ad Deſeriptionem Horologior. 

Cap. ult. p. 114. § Ibid. pag. 116. 
1 | | 71. Tris 
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71. Tris he ſent about 1590 both to Clavius and 
Tycho, which the firſt publithed in his book of the 
Aſtrolabe, Anno 1593 *; and Tycho printed Cur- 
tius's letter with the account of this improvement, 
at the end of the abovementioned treatiſe, where he 
gives a deſcription of his inſtruments. This method 
_ conſiſts in ſetting off upon the firſt concentric arch 
within the outermoſt, the Goth part of ſuch a por- 
tion of that arch as anſwered to 61 degrees, and from 
that diviſion continuing on through the whole arch 
the intervals of ſingle degrees. By this means every 
diviſion in this arch is advanced one minute for- 
warder than in the firſt. At the beginning of the 
next arch he takes off the Goth part of 62 degrees, 
and from that point continues through the whole arch 
the intervals anſwering to ſingle degrees; whereby 
each diviſion in this arch is advanced two minutes 
beyond the degrees of the firſt. And thus he pro- 
ceeds, till the degrees are divided into the whole 
number of minutes they contain . oY 
ITT 72. Bur 
Lib. 3. Canon. 1. Schol. pag. 565. 


I This worthy gentleman Jacobus Curtius was the great pa- 
tron of Tycho with the Emperor Rodulph the ſecond, When 
T'yeho had been fo ill uſed by his countrymen. He was alſo a 
very ' ingenious perſon, as appears from theſe methods of divi- 
ſion, as alſo from a ſcale of his invention for readily drawing the 
hour-lines, and a quadrant, which by the help of a table of {ines 
and tangents. is of excellent uſe in aſtronomy and practical geo- 
metry. Both theſe are deſeribed by Clavius in the 16th, and laſt 
chapters of his abovementioned book of dialling. Curtius like- 
wiſe made an improvement in trigonometry, which he takes no- 
tice of in his letter to Tycho. This was occaſioned thus. In 
1588 one Nicolas Raymarus Urſus, of whom both Tycho and 
Rothman often complain as a plagiary, publiſhed at Straſburgh 
a ſort of rhapſody, which he called Fundamentum Aſtronomicum, 
where amongſt many things good and bad, at fol. 16 and 17 he 
gives a ſcheme and directions how to reſolve ſeveral cafes in tri- 
gonometry by addition and ſubtraction; this Curtius informs 
Tycho, he had improved fo as to include all caſes. He does not 
there directly ſet down his method, but only hints, how it might 
| | * 
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72. Bur as this laſt improvement is very operoſe, 


a molt excellent compendium of it has been ſince in- 


troduced. This was firſt communicated to the world 
by Peter Vernier a perſon of diſtinction in the 
Franche-Comté, in a very ſmall tract, entitled La 
Conſtruction, I Uſage & les Proprietez du Quadrant 
nouveau de mathematique, &c. printed at Bruſſels 
in 1631. In his dedication to the Infanta of Spain, 
Iſabella Clara Eugenia governeſs of the Netherlands, 


having ſhewn its preference to what Nonius and Cla- 


vius had done in the affair he adds, Le mien ayant 


be done. Pitiſcus at the beginning of the fifth book of his tri- 

onometry in 1600 gives a method to this purpoſe ; but Clavius 
* ſeveral years before in his abovementioned treatiſe of the 
Aſtrolabe, Lib. 1. lem. 53. performed it much better. This 
method may be briefly repreſented thus. The product ariſing 
from the multiplication of any two numbers is equal either to 
half the ſum or to half the difference of the coſines of the ſum 
and of the difference of the arches, to which the numbers pro- 
poſed ſhall be the fines, multiplied by the radius; the ſum of the 
coſines is to be taken, when the ſum of the arches exceeds a 
quadrant, and the difference of the coſines, when that ſum is 
leſs than a quadrant. If either or both the numbers exceed the 
radius, ſo as not to be found among the fines, ſuch numbers muſt 
be divided by 10, 102, or 1000, &c. till they can be found in the 


table, and the produce multiplied accordingly. In like manner 


tie quotient ariſing by the diviſion of any number by another, 
will be equal to halt the ſum or half the difference under the con- 
dition abovementioned of the coſines of the ſum and of the dif- 


| ference of two arches, one of which has for its ſine the dividend, 


and the other for its co-ſecant the diviſor, that ſum or difference 
being divided by the radius. But if the dividend exceed the ra- 
dius, it muſt be divided as before; and if the diviſor be leſs than 
the radius, it muſt be multiplied in like manner, till it can be 
found among the ſecants. This directly follows from thete two 
propoſitions ; The firſt, that the rectangle under the ines of 
two arches is equal to the rectangle under the radius and 
half the ſum or half the difference of the coſines of the ſum and 
of the difference of the arches. The other is, that the hne and 
co-ſecant of the ſame arch are reciprocals. A report of this arti- 
fice ſeems to have put lord Napier upon the noble invention of 
logarithms. See Tycho Brahe's life by Gaſſendus p. 109. 165, 
as alſo Anthony Wood's Athenz Oxonienſes, Vol. I. col. 549. 


tous 
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4 tous ces advantages ſur les autres ce n'eſt pas ſans 
& fubject que je Pappelle nouveau et de mon inven- 
& tion.” In the preface alſo he claims it as his own 
invention, and fays, thereby a quadrant of three 
inches is rendered capable of determining minutes *. 
In his book he fhews how to apply it to inſtruments 
of different dimenſions. His contrivance is a move- 
able arch divided into equal parts, one leſs in num- 
ber than the diviſions of the portion of the limb cor- 

reſponding to it F. - 

73. In 1634 Joan. Baptiſta Morinus, one of the 
Royal Profeſſors of mathematicks at Paris, printed a 
book entitled Longitudinum Cœleſtium atque Ter- 

reſtrium Scientia. The way there delivered for find- 

ing the longitude had been publickly examined by . 
commiſſionets appointed by Cardinal Richelieu. The 
author in graduating the inſtruments for making ob- 
ſervations to ſufficient exactneſs commends two me- 
thods. The firſt, he ſays, was the invention of 
Joannes Ferrerius, a moſt induſtrious and accurate 
artiſt T. This is performed by circular diagonals, 
85 8 which 
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ge d'un inſtrament du tout admirable de mon invention, 
« & qui n'a jamais eſtE veu, &c.—en un quart de cercle de 
« trois poulces d'eſtendue, on demeſle les minutes entieres du 
tc cercle quoy qu'il ne ſoit diviſe qu'à Pordinaire en nonante de- 
% prees, à Payde toutefois d'une petite portion de cercle mobile 
e contenant ſeulement quinze parties eſgales; qui ſont toutes les 
« ſubdiviſions neceſſaires au dict inſtrument. —— | 
. + In his firſt inſtrument after having ſuppoſed a quadrant to be 
divided into half degrees, he adds, La — partie de l'in- 
*< ſtrument eſt une planche conſtruicte en la forme & figure d'un 
« ſecteur de cercle, la circonference de laquelle comprendra juſte- 
« ment un angle de trente & un demy degrees; non toutefois 
« formes ny deſcrits, mais bien diviſe en trente parties eſgales 
« ſeulement.— p. 10. | ES: 
t © Prima. Eft accurata & geometrica diviſio cujuſlibet gra- 
dus in 60 minuta, quæ ſuper Quadrante 2 pedum, imò unius 
te pedis ſemidiametri commode applicari poteſt; quam adinvenit 
_ D. Joannes Ferrerius inſtrumentorum mathematicorum ſoler- 
« tiſſimus & accuratiſſimus fabrefactor, qui præſens aderat; ipfis 
| = « notiſſimus 
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which continued ſhall paſs through the center of the 


quadrant, and which he demonſtrates to anſwer to 


geometrical rigour *, But to fave the trouble of 
drawing particular diagonals for every degree he ad- 
viſes one only to be affixed to the moveable index, 

which being divided into 60 equal parts, by its in- 

terſection with the ſtreight lines proceeding from the 

center and diſtinguiſhing the degrees on the limb of 
the inſtrument, will give the overplus minutes +. 

The other method is Vernier's , which Morinus 

particularly explains, and ſhews, if the radius of the 
quadrant be half a foot, one foot, two feet, or three 
feet, by a ſmall arch divided into 30 equal parts an- 
ſwering to 3 tt of the diviſions of the limb, along 
which it moves either as a ſector, or as joined to the 
arm that carries the ſights, angles may be meaſured 
true to one minute, 30 ſeconds, 15 ſeconds, or 6 
ſeconds reſpectively. This he juſtly prefers to the 
other method ||, and deſcribes it again in the con- 


tinuation of his book, printed in 1635 F, and again 


« notiſſimus Commiſfariis, quibus inventionem ſuam pridem 
« detexerat.” Long. Scient. Par. 1. p. 17. This Ferrerius 
muſt have been then very old, if he was the ſame, that is praiſed 
for finding out a new method of drawing the hour: lines upon 
dials by Clavius, in the preface to his abovementioned book 
printed in 1586, in theſe words; “Inventor primus hujus ratio- 


s nis, quz præclariſſima eſt, Hiſpanus quidam dicitur, nomine 


* 


« dis admodum ſagax. | 

* Long. Scient. Part 2. pag. 51, &c. 

+ * Hac enim particula ſemper adhzrens alhidadz & ſecta a 
« lineis quz diſtinguunt gradus inſtrumenti, oſtendet in ſectione 
* minuta gradibus addenda.” Ibid. p. 52, 53. 

f < Secunda eſt accurata etiam diviſio 31 graduum five par- 
„ tium Quadrantis in 3o. partes zquales ; inventa & in lucem 
«* edita a Nobili viro Petro Vernerio in comitatu Burgundiæ 
äcaſtelli Dornanſii Capitaneo ; qua cum Quadrante 2 pedum 
quarta pars unius minuti ſenſibiliter menſuratur.“ Ibid. Par. 1. 
pag. 18. ; | 


'Z [| Ibid. Par, 2. pag. 53. & Par. 6. pag. 187. 


« Joannes Ferrerius, homo in primis acutus, & in rebus invenien- 
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in a further continuation printed in 1639, where he 


7 


recommends an azimuth quadrant of 5 feet radius, 


which by this artifice would meaſure angles to two 
ſeconds *; and laſtly, in his anſwer to Longomon- 


tanus, printed in 1641, he mentions both theſe 
methods . 


74. NoTwITHSTANDING all this, in 1643 one 
Benedictus Hedræus a Swede, publiſhed at Leyden 
a ſmall treatiſe, entitled Nova & Accurata Aſtrola- 
bii geometrici Structura, &c. where in the preface 
he takes occaſion to deſcribe circular diagonals with- 
out mentioning Ferrerius, and aſſumes to himſelf 
Vernier's method. This in his book he applies to a 
Theodolite and Protractor, by divicing ſuch a part 
of a moveable circle as anſwers to 61 degrees of the 
limb of the inſtrument, into 60 equal parts ; he 
ſhews alſo how this moveable circle may be otherwiſe 
divided $, and likewiſe deſcribes a large aſtrono- 
mical quadrant, which by a ſmall moveable arch 
correſponding to 5 degrees 5 minutes of the limb of 


the inſtrument, each degree of which limb being di- 


vided into 12 equal parts, would meaſure angles to 5 


| ſeconds |}, or even half that. | 
75. This method is alſo ſuccinctly 


explained by 


Tacquet in his Opera Mathematica ** printed in 
1669, where he would aſcribe the original of it to a 
propoſition of Guido Ubaldi in his book of Aſtro- 


nomical Problems ++ publiſhed after the author's 


* Par. 9. Cap. 8. 
+ Coronis Aſtronomiæ, p 


t « Limbo fic diviſo, numerentur ab 


I 


una linearum, quas vo- 


« cant fiduciz, ut in delineatione AB, in quam partem placuerit, 
« 61 gr. ab A uſque in C, & ſpatium illud in circulo mobili, quod 


Memb. 1. cap. 2. 

$ Ibid. cap. 6. 

Par. ult. Memb. 1. cap 
** Geom. Pract. lib. 1. c 
++ Lib. 1. Prob. 1. 


2&4. 
ap. 4. pag. 23. 


« hiſce 61 gr. reſpondet, dividatur in 60 partes zquales.” Par. 1. 


death 


th 


ND. AMI 
death in 1609. But this was delivered very diſtinct- 
ily by Clavius in 1586 *, as the invention of Fabri- 
tio Mordente, the Emperor Rodulph's mathema- 
tician, who diſcovered it long before, as appears 
from a treatiſe of his brother printed at Antwerp in 
1584, entitled Il Compaſſo del Signor Fabritio Mor- 
dente: con altri iſtromenti mathematici ritrovati da 
Gaſparo ſuo fratello. Though this can at moſt be 


conſidetred only as a very faint rudiment of theſe me- 


thods, being no more than a propoſal to find the 
number of minutes, ſeconds, &c. of any arch leſs 
than a degree, by multiplying this arch 60 times; 
whereby the number of degrees, it meaſures, will 
expreſs the number of minutes in the original arch 
and if the multiple exceed an exact number of de- 
grees, the exceſs multiplied in like manner will ex- 
hibit the ſeconds, whereby the arch given exceeds an 
exact number of minutes. | 


76. In 1673 the famous Hevelius publiſhed the 


former part of his Machina Cceleſtis, where he adopts 


this method with due applauſe ; being the firſt thar 
reduced it to practice in large aſtronomical inſtru- 
ments. He deſcribes it from Hedræus, and appears 


not to have known, that it had been mentioned by 


other writers. - „„ 

77. In 1674, one Gerard à Gutſchoven, Profeſ- 
ſor of the Mathematicks and Anatomy in the Uni- 
verſity of Louvain in a very ſmall piece entitled Uſus 
Quadrantis Geometrici printed at Bruſſels gives this 
method without taking notice of any preceding au- 


| thor. He applies it in the form of a ſector Þ to a 


® Fabrica & Uſ. Inſtrum. &c. cap. ult. pag. 120. 

+ © Curſor eſt ſector circuli mobilis, cujus partes ſunt arcs 
'* minutorum, arcus nempe in 30 partes æquales diviſus, ipſos 
* Quadrantis gradus lambens.“ in pref, 
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ſmall quadrant, whereby minutes may be meaſured . 


This quadrant, which he ſo much boaſts of, as not 
the production of his cloſet, but as brought into uſe 


n the fields and woods, has the rectilinear ſides of the 
quadrant projected into two circular arches to make 
room for the ſinical diviſion in the middle , which 
had been deſcribed by others 4. 


78. LasTLY, it is this method of Vernier, that 
Mr. Profeſſor Smith has alſo deſcribed, which is in- 
deed preferable to any form of diagonals, though 
Dr. Hook in oppoſition to Hevelius labours to prove 
the contrary F. The doctor has indeed removed the 
objection againſt the abſolute exactneſs of rectilinear 
diagonals, when divided by equidiſtant concentric 
arches, by ſhewing how to divide them more truly 


by the help of a table of tangents l. But as his ar- 


# % Quadrans totus diviſus eſt in go gradus ; Curſor autem in 
«« 30 partes æquales qui comprehendit accurate 31 gradus qua- 
% qrantis. Quiſque Curſoris gradus ſingulos Quadrantis gradus 
« excedit una trigeſima gradus, id eft, duobus minutis primis, 
« unde fit ut ſequenti methodo non gradus tantum, fed etiam 


* ſingula minuta prima a Regula fiduciz abſciſſa numerare valea- 


mus.“ — Prob. 1. 


+ * Uſui & praxi maximè appropriatum ¶ inſtrumentum] mihi 
dc excogitavi non in Muſæo vel Cathedra, fed in ipſis agris & 
* filvis, in ipſa manual operatione.” In pref. And after- 
« -wards Habes Scalam altimetram ad arcum reductam variis uſi- 
« bus deftinatam :—TFandem planum opplevimus lineis eancella- 
e tis, magnum in triangulis folvendis uſum habentibus; & hæc 
etiam de peny meo deproinpta ſurit,” F 

t The Arabians, who introduced the uſe of fines into trigono- 
metry, ſeem to have been the authors of this device; fee Catalog. 
MSS. Angl. p. 461. No. 3309-6. But Petrus Apianus in his 
Introductio Geographica, printed at Ingolſtad in 1533, has 
given a figure of it with this inſcription on the limb, . Qua- 
« drans univerſalis a Petro Apiano jam recens inventus ;” pre- 
miſing this character of it : © Quadrans novus quem univerſaiem 
« ſeu generalem libuit appellare, ed quod quicquid in primo mo- 
+ hilt quæri, excogitari, aut proponi poteſt per hunc licet inve- 
* mare.” | P23 8 f 

$ See his Animadverſions on Hevelius's Mach. Cœleſt. 

[| Ibid. pag. 22. and 23. | | 
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guments for their preference are very weak; fo he in 


vain would alledge the authority of Tycho on his ſide: 


for it does not appear from Tycho's works, that this 
compendium was at all known to him. The cita- 
tions * thence given by the Doctor, refer only to that 


little improvement upon Nonius mentioned above. 


79. Tre truth is, neither of theſe methods are 
of any uſe unleſs executed with exactneſs; and one 
great excellence of that of Vernier is its readily diſ- 


covering the leaſt error committed in the diviſions. 
For which reaſon none but an able artiſt dare under- 
take it. But it is now performed very accurately in 


various inſtruments by our moſt ſkilful workmen, and 
its ſuperior uſefulneſs is fuffictently eſtabliſhed by its 
having a place in the mural arch of our Royal Aſtro- 
nomer ; whom the ſame ardor ſtill ſupports, which 
above 60 years ago carried him .to St. Helena to ſet- 
tie the ſouthern conſtellations z fo that we may ex- 
pect from his great abilities, and unwearied diligence, 


a ſeries of obſervations upon the Moon's motion, 
that will far exceed, whatever has been produced 


ſince the very beginning of aſtronomy: 

- 80. BUT to return to our author, whoſe fourth 
and laſt book promiſes a complear hiſtory of the diſ- 
coveries, that had been made in the heavens by the 
teleſcope, ſelected from a great variety of books, 
memoirs and obſervations of the beſt aſtronomers ; 
which books are theſe, Galileo's Nuncius Sydereus 
the firſt on the ſubject, the Syſtema Saturnium of 
Huygens, Du Hamel's Hiſtory of the Royal Aca- 


demy of Sciences at Paris, the Memoirs of that 


Academy, our Philoſophical Tranſactions, and a late 


treatiſe of Bianchini, entitled, Heſperi & Phoſ- 


phori nova Phænomena. But as in relation to the 
late wonderful diſcovery of an apparent motion in 
the fixt ſtars, which is occaſioned by the gradual 


+ Dr. Falley. 
S 2 progreſs 
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progreſs: of light, wherein the worthy Savilian Pro- 
feflor of Aſtronomy at Oxford, Mr. Bradley *, has 
ſhewn equal diligence and ſkill in obſervation in de- 
tecting the circumſtances of the —— as ſaga- 
city in ſearching out the cauſe; ſince our author has 
only dilated upon what Mr. Bradley has himſelf 
writ, I ſhall conclude my remarks on this treatiſe 
with a ſhort account of an improvement communi- 
cated in 1729, as ſoon as Mr. Bradley's diſcovery was 
known, by the late great geometer Dr. Taylor to 
ſome of his friends; whereby the particulars of this 
appearance may be exhibited according to the exact 
theory of the earth's motion. . 1 
81. LET ABC be the orbit of the earth, in 
which it moves from B 
et "297 to C and A round the 
o EI, ſun in D. Then the 


N . earth being in C, if the 
tangent CE be drawn, 
NM and upon the tranſverſe 


axis AB as a diameter 
the circle AEBF be 
deſcribed, ED being 
drawn and continued 
to G, DE is perpendi- 
cular to the tangent 
EC; and therefore the 


1. velocity of the earth in 

RY 'Bis to the velocity in C 
e reciprocally as DB to 
ANTS 8 DE; that is, directly as 
: — 1 AD to DG, ſince the 
6 7 rectangles under ADB 


| and EDG are equal. 
Now CH being drawn from the earth in C toward 


2” Now Dr. Bradley, and the Royal Aſtronomer at Greenwich, 
as well as Profeſſor at Oxford. | | 


the 
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| che true place of any ſtar, take CI to AD as the ve- 
 locity of light to the velocity of the earth in B. 


Through I draw KIL in a ſituation perpendicular to 
AB, and making KI equal to AD and IL equal to 
DB, upon the diameter KL deſcribe the circle KMLN 
parallel to the plane ACBF, Laſtly, make the angle 


under KIO equal to that under ADG, which is 


nearly the arithmetical mean between the mean and 
true diſtance of the earth from the aphelion, and 
draw CO. Now KL being in a ſituation perpendi- 
cular to AB and the angles under KIO, ADG equal, 
Ol will be equal to DG, and be ſituated perpendicu- 


larly to GE, and therefore is parallel to CE or to the 
direction of the earth's motion in C; and is to KI as 
the velocity of the earth in C to its velocity in B. 


Conſequently ſince KI or AD is to CI as the velocity 
of the earth in B to the velocity of light, by equa- 
lity OI is to IC as the velocity of the earth's motion 
ia C to the velocity of light. Therefore the ſtar 
will be ſeen from the earth at C in the direction CO. 


Hence it follows, that every fixed ſtar is viewed from 
the earth as moving in a circle parallel to the plane * 


of the ecliptic, the diameter of that circle which is 


parallel to the leſſer axis of the earth's orbit being 
divided by the true place of the ſtar in the ſame pro- 


portion, as the greater axis of the earth's orbit is 
divided by the ſun, . 
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Diſtin& and Indiftint VISION. 


T O theſe made upon Mr. Proſeſſor 
Smith's compleat Syſtem of Opticks 1 ſhall 
add ſome obſervations upon the Eſſay ſubjoined by 
his friend and fellow-writer Dr. Jurin. This dil- 
courſe conſiſts of four general heads. The firſt re- 
Jates to the difference in the appearance of an object 
when ſeen diſtinctly, and when confuſedly ; z the ſe- 
cond to that faculty in the eye, whereby it accommo- 
dates itſelf to the different diſtances of objects; the 
third to a particular phænomenon in indiſtinct viſion, 
which is the multiplication of the object; and the 
fourth is taken up in conſidering the dazling, to 


which the eye is ſubject by the immediate contraſt 
of light and darkneſs. 


„ 
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Hriter would have done, to whom the ſubject was 


not new: And after all he has treated of it but im- 
perfectly, proceeding on a ſuppoſition, that the light 
is uniformly ſpread through his circles of diſſipation; 
whereas he confeſſes at art. 220. that the denſity of 
the light is different in different parts of theſe circles. 
Nay, he had ſo ill fixt the ſubject in his thoughts, 
that when he was put to ſuch hard ſhifts how to ac- 


count, that the aſtronomers without the aſſiſtance of 
_ teleſcopic ſights ſhould obſerve the diameter of the 


moon nearer to the truth, than he could have ex- 
pected, he had certainly forgot, that the magnitude 


bol bis circle of diſſipation depends upon the breadth 
of the pupil; for as thoſe obſervations were made 


either through a ſmall hole, or ſlit much narrower 
than the pupil, the dilatation of the moon's image 


from its indiſtinctneſs muſt have been proportiona- 


bly leſſened. 

3. WHEN he comes to conſider at art. go. an ob- 
ject but a little more complex, a black circular line 
ſeen upon a white ground, or two black parallel lines 


viewed in like manner, he has much miſtook. Ir is 


a fact, that ſuch a circle at one diſtance from the eye 


will appear to have a black ſpot in the middie, and 


the middle ſpace between two paralle] lines near to- 
gether in the like ſituation will become dark; but 


0 
—— 


RE : " 
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this is owing to a very different cauſe from what he 


has aſſigned: For if AB be the diameter of the pupil, 


and CE, FD the diſtin& images of the tranſverſe 
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ſections of the circumference of the circle, or of the 
parallels; and from the extremities of the pupil to 
the extremities of theſe images the rays AC, AE, 
AF, AD, and BC, BE, BF, BD be drawn, the 
ſpaces GCHE and IFK D will be deprived of light; 
but all without theſe ſpaces will be ſo much illumi- 
nated, that the axis of the eye can no where be de- 
prived of light ſufficiently to produce ſo diſtinguiſha- 
ble a degree of darkneſs. Neither is the appearance 
truly deſcribed by our author, for the middle dark- 
neſs in the parallel lines, and the central ſpot in the 
circle do not extend into a {imple penumbra gra- 
dually vaniſhing, but that ſhade is compoſed of a 
number of different images, and appears uniform, 
only when thoſe images become ſo numerous, as not 
to be eaſily diſtinguiſhed. And the true cauſe of this 
appearance is the multiplication of the image found 
in objects ſeen indiſtinctly; which I apprehend to 
ariſe from ſome corrugation, or inequality of ſur- 
face, to which that part in the eye, which is changed 
for the different diſtances of objects, is ſubject in its 
extreme tenſion either way, whereby the image of 
an object looked at out of the limits of diftin& vi- 
| Hon is multiplied. From this multiplicity. of images 
two parallels, as each is multiplied, at firſt are ſeen 
as four lines, or even more, but at length the two 
innermoſt unite into one; and in the circle by a 
more multifarious appearance a ſpot in the center is 
in one ſityation produced by the union of the dif- 
| ferent images in ſome one part. 
| Moreover the defence of Hevelius againſt 
the objections of Dr. Hook, which this gentleman 
is here pleaſed to bring in, ferves only to ſhew, he 
did not underftand the method of obſerving prac- 
tiſed by that great aſtronomer. It is very well 
known, that Dr. Hook paſted too fevere a cenſure 
upon Hevelius's inſtruments, and his method of ob- 
ſervation. But this mere imagination of an extra- 
1 
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ordinary length of ſight, which Hevelius might ac- 
quire from age and long exerciſe 1s a very trifling 
defence. But the truth is, his method of obſerva- 
tion required no ſuch, length of fight. This might 
be juſtly objected to the method of obſerving 
practiſed before Tycho Brahe; but that noble 
reſtorer of aſtronomy invented a form of ſights con- 
tinued in uſe by Hevelius not chargeable with this 
inconvenience, The fight next the eye is a plane 
furniſhed with two parallel chinks, both of which, 
not one only, as this gentleman * has repreſented, 
are made uſe of in every obſervation, The other 
ſight 1s either a plane likewiſe equal in breadth to 
the interval between the chinks, or a cylinder of that 
| thickneſs. Now when theſe ſights were pointed to- 
wards any ſtar, a little before they came into the exact 
direction of the. ſtar, the light of the ſtar would ſhine 
through one of the chinks, but be intercepted from 
the other by the interpoſition of the remoter ſight, 
and when the ſights had paſſed the direction of the 
ſtar, the chink before obſcured would now receive 
the light of the ſtar, and the other chink be covered 
from it. But in the intermediate ſituation, which is 
the very direction of the ſtar, the light of the ſtar 
5 would paſs through both chinks. Therefore it was 
ö the buſineſs of the obſerver to bring the ſights into 
L ſuch a ſituation, wherein by looking through each of 
n the chinks, one immediately after the other, his eye 
8 Vould receive the light of the ſtar through both, 
This method of obſervation therefore is little in- 


: fluenced by the larger or fhorter fight of the ob- 
n ſerver, but its accuracy depends upon the proportion 
e of the breadth of the chinks to the diſtance between 
2 the ſights : and thoſe chinks were ſo framed, that 
1 by a ſcrew or ſome other like contrivance they might 
8 be equally dilated, or contracted together. In this 
7 manner of obſerving Dr. Hook's aſſertion 1s evi- 
I * Eſffay upon diſtin and indiſtin Viſion, art. 183. ; 
y „ dently 


—— 
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dently falſe, that a leſſer angle cannot be diſtin, 
guiſhed better by a long radius than by a ſhort one *, 
5. IN the ſecond part of this eſſay, after inform- 
ing us, that he had deceived himſelf by certain trials 
to favour the ſingular opinion of Monſ. de la Hire, 
that the eye was not poſſeſſed of the faculty, he now 
admits of, he tells us, that Dr. Porterfield in his diſ- 
ſertation lately publiſned by experiments better con- 
trived has cauſed him to change his mind, and ſub- 
ſcribe to the common opinion. 5 

6. In relation to the new ſcheme, he advances, 
concerning this change in the eye ; before it is any 
further conſidered, I think, we muſt aſk the anato- 
miſts, whether a muſcle ſtrong enough to keep the 
eye tenſe can be inviſible. 

7, IN his third head this gentleman has had the 
hardineſs to advance beyond the inſtructions of his 
maſter z; and has adventured to expatiate upon the 
diſcoveries of Sir Iſaac Newton, concerning the fits 
of eaſy reflection and tranſmiſſion of light, where 
Mr. Profeſſor has choſe to be very conciſe. And as 
our compleat ſyſtem of opticks is upon this argu- 
ment ſo very deficient, that theſe alternate fits of re- 
flection and tranſmiſſion of light are not ſo much as 
mentioned by name, where he has undertaken to ex- 
hibit Sir Iſaac Newton's diſcoveries in optics ; be- 


fore I come ta conſider this writer's ſpeculations upon 


this point, I ſhall briefly give ſome account of this 
matter. | 5 N 

8. Ir is well known, that when light falls upon 
any the moſt tranſparent ſubſtance, a part only en- 
ters the ſubſtance, ſome part being reflected at its 
ſuperficies. Again, when the light, which paſſes 
into the ſubſtance, is arrived at its farther ſuper- 
fcies, the whole is not tranſmitted through that ſu- 
perficies, but there alſo a part is reflected back, 


Animadverſions on Machina Ceeleftis, pag. 7, & 3, 
+ Book 1. chap. 6, 7, &  —- _ Whe: 
| | en 
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When any colourleſs tranſparent ſubſtance is expoſed 
to the open light of the day; what is reflected from 
its firſt ſuperficies is always white, and ſo is the light 
returned from its farther ſurface, unleſs the ſubſtance 
be very thin; for in that caſe the light is coloured; 
and the colour differs according to the particular 
thickneſs of the ſubſtance. If ſuch a thin tran- 
ſparent plate be unequally thick, the light reflected 
from its farther ſurface will be variegated with dif- 
ferent colours. Such is the appearance ſeen in a 
bubble blown up with water rendered tenacious by 
the diſſolution of a little ſoap. When this bubble is 
placed under a glaſs to protect it from being diſturbed 
by the agitation of the air, the water, which compoſes 
it, will' gradually and regularly deſcend from the upper 
to the lower part, rendering the bubble continually 
thinner and thinner till it breaks; the upper part alſo 
by this means will be always thinner than the lower. 
This bubble, when grown very thin, will be over- 
ſpread with a great variety of colours, which Sir 
Iſaac Newton has very particularly deſcribed. Like- 
wiſe, if the object-glaſs of a very long teleſcope be 
laid upon a glaſs, that is flat, fo as to touch it in one 
un the ſmall convexity of the teleſcope glaſs will 
cave between the two a thin plate of air of a conſi- 
derable breadth perforated in the middle, where the 
glaſſes touch, and from thence gradually thickening. 
Thang where the glaſſes touch, and for ſome little 
diſtance round, the light is ſo freely tranſmitted, 
that no reflection is ſeen, but this dark ſpot will be 
_ encompaſſed round with a great variety of colours of 
the ſame kind with thoſe ſeen upon the water-bubble. - 
When the plate of air begins to be a little thick 
theſe colours become of a very compound kind, an 
ſoon after end in perfect whiteneſs, In like manner 
the light reflected from the bubble of water at firſt, 
while its coat is thick, is uniformly white; and on 
the contrarv, when it becomes extremely thin, a dark 


1pos 
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ſpot appears on the top by the refleCtive power being 
in that place nearly quite loſt. 

9. Tur cauſe of theſe phænomena Sir Iſaac New- 
ton found to be, as follows. The rays of light in their 
motion through the air, or any other tranſparent me- 
dium, are not alike diſpoſed inevery part of their paſſage 
in regard to reflection and refraction; in ſo much that 
in ſome places, if they meet with another tranſparent 
ſubſtance, they ſhal] enter it freely, ſuffering only a 
refraction at the ſurface upon its tran{miſſion through 
into the tranſparent ſubſtance, but in other places 
the ſame ray ſhall be diſpoſed to be reflected back 
from any ſuch ſubſtance in its way. Theſe alternate 
diſpoſitions are found to. return at equal intervals 
after this manner. Suppoſe AB to repreſent the path 
of a rayof light. Then if at the point C the ray be 


„„ 


— 
diſpoſed to enter freely any tranſparent ſubſtance in- 
terpoſed in its way, but at D be diſpoſed to be re- 


flected, from the ſurface of ſuch a ſubſtance; if DE 
be taken equal to CD, at E it ſhall again be in a diſ- 


poſition freely to be tranſmitted through the ſuper- 


| ficies of ſuch a ſurface, and if EF be taken of the 
ſame length with the former intervals, the ray at F 
| ſhall be again in a diſpoſition to be reflected. And 
thus will theſe two diſpoſitions change and return at 
equal intervals throughout the whole progreſs of the 
ray within the ſame medium. But theſe alternate 
diſpoſitions are not to be underſtood, as confined to 
_ theſe preciſe points; but if theſe diſpoſitions are ſup- 
poſed to operate ſtrongeſt at theſe points, they muſt 
be conſidered, as decreaſing gradually from them both 
ways. Sir Iſaac Newton divides theſe intervals into 
two equal parts, as here CD is divided atg, and DE 
at 5; and conſiders the whole fit of reflection to be 
cxtended between g and h, but ſtrongeſt at D, _ 
| | | | rom 
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from thence gradually weakening toward g and 5, 
yet with this caution that it ſhould not be conceived 
as preciſely limited at theſe points g and , but to de- 
cay indefinitely. - | 
10. Bur farther, as the rays of light differ one 
from another in colour, and refrangibility, inſomuch 
that there are rays of all degrees of refrangibility in- 
definitely from the leaſt to the .greateſt; ſo the 
lengths of theſe fits of eaſy reflection and tranſmiſ- 
ſion are as much varied, and every degree of refran- 
gibility 1s accompanied with a peculiar length of 
theſe fats, the leaſt refrangible rays having their fits 
the longeſt, and the moſt refrangible rays the ſhorteſt 
within the ſame medium. GT | 
11. Acaiv in different mediums, and according 
to the different angle, under which the ray enters 
any medium, theſe fits are in the ſame rays different. 
12. THE inequality in the length of theſe fits be- 
longing to rays of different refrangibility and colour, 
is very great within the ſame medium, the intervals 
between the middle points of two neareſt fits either 
of reflection or refraction in the moſt refrangible rays 
being to that length in the leaſt refrangible as 63 to 
100; whence it follows, that when the medium 
through which the light paſſes, is ſo thin a plate, 
that its whole depth contains but a ſmall number of 
theſe fits in any one colour, the light of ſome co- 
lours may at its farther ſurface be in a fit of eaſy re- 
flection, and the light of other colours in a fit of eaſy 
tranſmiſſion, in which caſes the light reflected will be 
coloured. Sir Iſaac Newton exhibits for an inſtance 
of this the thickneſs of a plate, wherein the green 
light ſhall at the farther ſurface be in its third fit of 
_ eaſy reflection; there the yellow, and great part of 
the blue will in ſome degree be in a fit of eaſy re- 
flection alſo; but no other part of the light: there - 
fore the reflected light will be pure green compound- 
ed only with ſome yellow and blue. 


I 13. How. 
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13. However to produce this coloured appear 
ance the plate muſt be very thin; for theſe intervals 
in every one of the colours are very ſmall; in the 

leaſt refrangible rays, when the light falls perpendi- 
cularly upon a plate of air, the interval between the 
middle of two ſucceſſive fits of eaſy reflection, that is, 
D in the preceding figure, is not the 78 000th part 
of an inch, and in the moſt refrangible rays ſcarce 
the 125000th part. In water theſe fits are about 4 
only of this length, and in glaſs not quite 5. If the 
plate of air were but the Soth part of an inch, 
whereby according to computation from Sir Iſaac 
Newton's numbers, the leaſt refrangible rays would 
arrive at the farther ſurface in the ggth fit of reflec- 
tion, a ray at the confine of the red and orange will 
have 107 fits of reflection within the plate, a ray at 
the confine of orange and yellow will have 111 fits 
of reflection, a ray at the confine of yellow and 
green 119 of thoſe fits, a ray at the confine of green 
and blue 129 fits, a ray at the confine of blue and the 
indico 139 fits, a ray at the confine of the indico and 
violet 145 fits, and laſtly the moſt refrangible rays 
156 of theſe fits. Hence many ſpecies of the rays of 
each denomination of colour will be found in fits of 
eaſy reflection at the farther ſurface of ſuch a plate 
all which together can compoſe nothing ſhort of per- 
fect whiteneſs in the reflected light, and conſequently 
the light tranſmitted will be equally free from any 
tinge of colour. Nay fo ſoon does the light loſe all 
diverſity of colour, that Sir Iſaac Newton found it in 
his obſervations to become white, as ſoon as it had 
more than 8 or 9 fits in paſſing through a thin plate“. 

14. ANOTHER circumſtance is here ſtill to be con- 
ſidered. While the tranſparent plates in Sir Iſaac 
Newton's experiments were ſo thin as to exhibit rings 
of colours; the rings, where the plate was thinneſt, 
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reflected the greater quantity of light. The reaſon 


of this is evident from the method he has laid down 
for finding the colour reflected in each cafe, where- 
by it appears, that in the moſt luminous part of the 


rings, where the plate was thinneſt, a greater pro- 


portion of the whole light was in a fit of reflection at 
the farther ſurface of the plate. But when any plate 
comes to be ſo thick, that the light of each denomis 
nation of colour has many parts reflected, and many 
parts tranſmitted, by reaſon that the whole contains 
many ſpecies, which ſhall have different numbers of 
fits of eaſy reflection or eaſy tranſmiſſion ; then the 
light reflected will not only be white, but the num- 


ber of the ſpecies of light in fits of reflection will be 


fo equal ro the number of thoſe in fits of tranſmiſſion, 


that the proportion between the quantity of reflected 


and tranfmitted light will not be varied by any in · 
creaſe of the thickneſs of the plate. 

15. Fo inſtance in the plate of air before men- 
tioned the 800th part of an inch in depth the extteme 


red light in the middle of a fit of eaſy tranſmiſſion at 


the firſt ſarface, would arrive at the farther ſarface in 


the middle of the goth fit of eaſy reflection, and the 


extreme violet in the middle of a fit of eaſy tranſ- 
miſſion at the firſt ſurface, would arrive at the far- 
ther ſurface rather beyond the verge of the 156th fit 


of eaſy tranſmiſſion; inſomuch that, as there would 


be at leaſt 57 different ſpecies of rays, which would 
artive at the farther ſurface after a different number 
bf fits of reflection, fo there could not be reckoned 


above one leſs in fits of tranſmiſſion, Were the 


plate the tenth part of an inch in thickneſs, the num- 
ber of ſpecies arriving at the farther ſurface after dif- 
ferent fits of reflection would be no leſs than 4629, 
and the number of ſpecies in fits of tranſmiſſion can- 
not at moſt differ from this above one. Hence it 
"comes to pals, that in all thick plates, and conſe- 
quently in all the common appearances, the light 

5 reflected 
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reflected from every point of either ſurfate of co- 
lourleſs tranſparent ſubſtances, whatever be the fi- 
gure of their ſuperficies, is not only always white, 
but alſo the ſame in quantity of light, the ſame pro- 
portion of the whole light arriving at each point of 
5 ſurfaces in fits of eaſy reflection. 

16. Hence appears how abſolutely this gentle- 
man has erred in this whole matter, when, in order 
to account for the double, or more compounded ap- 
pearance of objects ſeen indiſtinctly he imagined, 
that by reaſon of theſe alternate fits of eaſy reflection 
and tranſmiſſion whenever a pencil of rays, from a di- 
ſtant object falls upon the cornea z that becauſe ſome 
parcels of its rays will be tranſmitted into the eye, 
while other parcels are reflected back into the air, 
therefore, if the light were received upon a plane 
placed before the cryſtalline, it would conſiſt of a 
middle circle ſurrounded with rings dark and lumi- 
nous alternately. | Y 

17. NEITHER can any diverſity be made, as this 
gentleman farther ſuppoles, in the tranſmitted light 
at either ſurface of the cryſtalline z for the brighteſt 
part of the light in paſſing between the cornea and 
cryſtalline, which is the leaſt of the two intervals, 
and that wherein the fits are longeſt, will have more 
than 12000 fits of reflection, or refraction. 

18, Burt as little as this gentleman appears to have 
underſtood the ſubject, he had far other thoughts; 
for he has not contented himſelf with applying this 
curious doctrine, as he terms it, to viſion, but even 
takes upon him to correct and improve upon Sir 
 Ifaac Newton by making the fits of reflection of dif- 
| ferent extent from the fits of tranſmiſſion in a manner 
contrary to what Sir Iſaac Newton has repreſented. 
From what we ſaid above, it appears, that in com- 
mon half the light incident upon any ſurface is in a 
fit of tranſmiſſion, and the other half in a fit of re- 
flection. Hence ariſes this obvious queſtion, Why 

| 18 
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is not half the light reflected at all ſurfaces ? But in 


regard to this it mult be conſidered, that Sir Iſaac 
Newton has purſued his ſpeculations upon this ſub- 


ject no farther, than what he could determine by in- 
dubitable experiments and obſervations, and he has 
found, that at all ſurfaces, where the light is ated 
upon by bodies, as a part is tranſmitted into pellucid 
ſubſtances, ſo a part is reflected; and he likewiſe 


findsy that as the tranſmitted light is diverted from 


its ſtraight courſe by a refractive power, where that 


ower is ſtrongeſt, the greateſt quantity of light is 
reflected. From this and other conſiderations he 


_ concludes, that it is one and the ſame power, by 
which the light is refracted and reflected; and that 
the light, which is reflected, is only ſuch, as is in a 
fit of eaſy reflection, when it arrives at the ſurface; 
and as theſe fits in the paſſage of the ray to the tran- 


ſparent ſubſtance are alternately changed for fits of 
tranſmiſſion, and return at certain intervals; ſo each 
ft likewiſe continues for a certain ſpace, and that the 


intervals of theſe returns, and the ſpace, through 


which each continues, depend altogether upon the 
medium, through which the light paſſes, and not 
upon that, whereon the light falls. But as Sir Iſaac 
Newton had not diſcovered, wherein this power in 
bodies of refracting and reflecting light expreſly con- 
ſiſts; ſo he is ſilent in relation to the cauſe, why 
more light is reflected from ſome, bodies than from 
others. rot ga $4 

19. Now this gentleman imagines this defect in 
Sir Iſaac Newton may be ſupplied by correcting him 
in regard to the extent of each fit of reflection, and 


ſuppoſing that to be varied according to the medium, 


upon which the light falls; for inſtance, when the 


light paſſing through air upon glaſs, or through glaſs 


upon the air, the extent of the fit of eaſy reflection 
ſhould not be what Sir Iſaac Newton ſuppoſes, half 


the interval between the middle of the neareſt fits of 
VoI. II. Es reflection, 
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reflection, but only — of that interval, and at ſur- 
6 : 100 | = 3: 

faces between air and water g of that interval. 


But this ſuppoſition is abſolutely inconſiſtent with 
the very experiments, from which Sir Iſaac Newton 
deduces his whole doctrine. If the extent of theſe 
fits varied thus, not only the quantity of light re- 
flected from a tranſparent ſurface would be varied 
changing the contiguous medium, but alſo the co- 
Jour, which, Sir Iſaac Newton ſays, he could never 
obſerve. The colours, which aroſe ſucceſſively up- 
on the bubble of water, Sir Iſaac Newton has de- 
ſcribed very diſtinctly with all the concomitant cir- 
cumſtances; but were it examined according to the 
new regulation of our author, what colours ought 
to have appeared, we ſhall find, that from the yel- 
low, which Sir Iſaac Newton ranges in the gth order 
of colours, to the total blackneſs, each colour ought 
to emerge almoſt uncompounded, being, where the 
leaſt ſimple, ſcarcely mixed with the contiguous co- 
lours of the ſame order, and never with thoſe of any 
other. In particular the purple in the 5th order, 
which, Sir Iſaac Newton ſays, was much inclined to 
red, muſt have been a pure violet without any mix- 
ture, and a dark interval have been ſeen between that 
and the red of the next order; even in the 7th or- 
der, where they are moſt compounded, no thicknels 
of the bubble can be aſſigned, at which more than 
three colours will be reflected; inſomuch that in no 
part of this 7th order of colours any whiteneſs could 
appear: nay, were the extent of the fit of eaſy re- 
flection any thing leſs than what, Sir Iſaac Newton 
ſuppoſes, a ſenſible interval void of reflection muſt | 
have appeared between this and the order preceding. 
This ſhews, that the proportion aſſigned by Sir Iſaac 
Newton between the extent of each fit of eaſy re- 
flection and the interval of the fits was the reſult of 
| mature 
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mature deliberation, and neceſſary towards pro- 


ducing the appearances. 

20. Hence it appears, that whether more or leſs 
light be reflected from a body, the extent of the 
fits of reflection in the incident rays is the ſame, 
and the difference in the quantity of reflected light 
is owing to the greater or leſs portion of that part of 
the light, which arrives at the body in a fit of 
eaſy reflection, being thrown back by the reflective 
power of the body. The cauſe this gentleman has 
been pleaſed to aſſign for this, is ſo abſolutely in- 
conſiſtent with the eſſential principles of Sir Iſaac 
Newton's doctrine, that the thought could never 
have been entertained by one of the leaſt degree of 
{kill in the ſubject. But this gentleman ſeems fo 


great a ſtranger to the matter, he has writ upon, 
that he does not appear in the leaſt to have known, 


that rays of different colours have their fits of re- 
flection and tranſmiſſion of different lengths. For 
from this it follows, that, when a thin tranſparent 


plate, whether the bubble of water in Sir Iſaac 


Newton's experiments, or the plate of air between 
the flat and convex glaſs, is expoſed to the open 
light of the day, ſcarce any part of it is exempted 
from reflecting light, except the central ſpot only, 
but the reſt appears ſpread over with different co- 
lours contiguous to one another. But had this 
gentleman been at all apprized of this, he ſhould'at 
leaſt have ſuſpected, that if the phenomenon, he 
is here endeavouring to account for, depended upon 
the cauſe, he aſſigns for it, inſtead of a multitude 
of ſeparate images a broad one ſhould have pre- 
ſented itſelf variegated with colours. 


% 


21. AFTER it has been thus made appear, how 


totally unſkilled this gentleman is, in this doctrine 


relating to the fits or diſpoſitions of eaſy reflection 
and of eaſy tranſmiſſion accompanying the rays of 
light; I know not, whether it may be thought worth 

1 while 
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while to take notice, how little this gentleman's er. 
roneous opinions concerning it will ſerve his purpoſe. 
By computing on ſuppoſition that rays of all colours 
have the ſame intervals between their fits, and the 
extent of each fit what this gentleman aſſigns, the 
magnitude and number of the rings, that are formed 
at the cornea, when the rays are incident in ſuch a 
manner as to make the rings the largeſt, will be a- 
bove 670, if the aperture of the pupil be ſuppoſed 


5 75 of an inch; and if the magnitude of the firſt or 


largeſt dark ring be deſired, it will be found, that, 
if the rays falling on the middle of the cornea be in 
a fit of eaſy tranſmiſſion, the breadth of the firſt 


dark or reflected ring will be about the — of the 


whole pupil; but if the rays falling on the middle 
of the cornea, be in a fit of eaſy reflection, then the 
breadth of the firſt dark ring will be but about the 


875 part of the whole pupil; if we conceive now 


the vifion to be ſo indiſtinct, that a luminous point 
appears under an angle of 20 minutes (a degree of 
indiſtinctneſs five times greater than that, under 
which he ſuppoſes theſe rings to be perceptible) the 
breadth of the firſt or broadeſt dark ring cannot, 
under all theſe favourable circumſtances, ſubtend a 
greater angle at the eye than 24 ſeconds; and con- 
ſequently none of theſe rings could, even on his own 
repreſentation of this doctrine, be ever ſenſible. It is 
evident then, that, when our author, to account for 
the double appearance of objects ſeen by indiſtinct 
viſion, ſuppoſes the viſibility of theſe rings, it was 
not only neceſſary, that he ſhould utterly miſappre- 
hend Sir Iſaac Newton's doctrine; but that he 
ſhould alſo be ignorant of the moſt obvious conſe- 
quences of thoſe abſurd conceptions, he had formed 
to himſelf on this ſubject. on 

| 22, IN 


of light next the central black ſpot ſpoken of in Ob- 
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he fo little ſuſpected this appearance to be owing to 
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22. IN the laſt part of this eſſay our author has 
diſcourſed very diffuſely upon the dazzling, to which 
the eye is ſubject from the immediate contraſt of 
light and darkneſs, and tells us, he ſhould not have 
been ſo particular, had he not ſuſpected, that Sir 
Iſaac Newton was once led into a miſtake by an ap- 
pearance ſimilar to thoſe, he here treats of; at leaſt, 
lays this gentleman, I do not find, he has any wh re 
accounted for the extraordinary ſtrength of the ring 


ſervation 23, Part 1. of his ſecond book of Op- 
ticks; nor do I ſee any way of accounting for it, 
but from ſome ſuch conſideration. 

23. Hee it is ſuppoſed, firſt, that Sir Iſaac 
Newton, in attributing any ſuperior degree of bright- 
neſs to this ring, was deceived by the neighbourhood 
of the central black ſpot; ſecondly, that Sir Iſaac 
Newton has no where accounted for this extraordi- 
nary brightneſs; and laſtly, that no account can be 

f it, but what our author here aſſigns. 

24. Ir this were indeed a miſtake of Sir Iſaac 

Newton, it muſt be owned a very ſignal one; ſince 


any ſuch incidental cauſe, that when he is ranging 
the colours of bodies under the ſeveral rings pro- 
duced in theſe experiments, he places the light of 
white metals under the claſs of this ring, on account 
of their ſuperior brightneſs. But it is further evident, 
that he was not impoſed upon by any ſuch deception, 


from the method he took to ſatisfy himſelf of the 
extraordinary brightneſs of the light of this ring, by 


comparing two bubbles of water blown at diſtant 
times; in the firſt of which the whiteneſs appeared, 
which ſucceeded the colours, and in the other the 


' whiteneſs, which preceded them all *; and before 


+ he tells us, this whiteneſs, which ſucceeded the 
colours, would often ſpread and dilate itſelf over 
"= M Opticks, pag. 196. ＋ + Ibid. pag. 190. 
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the greater part of the bubble, before that even the 
ſucceeding blue emerged on the top; nay, would 
decay gradually, and quite vaniſh, before the black 
ſpot appeared. | | 

25. Acaln, though Sir Iſaac Newton has not 
ſeparately diſcuſſed the cauſe of this particular ap- 
pearance, yet it is ſo unneceſſary to have recourſe to 
this gentleman's chimerical imagination concerning 
it, that it is a moſt obvious confequence from the 
method, Sir Iſaac Newton gives for inveſtigating the 
ſeveral colours exhibited by thin plates. For it 
thence appears, that at this thickneſs of the plate 
no part of the light, which enters it, arrives at its 
farther ſurface in a fit of eaſy tranſmiſſion, which 
never happens in any greater thickneſs. | 

26. THUS then has this learned gentleman un- 
happily attempted the application and improvement 
of a doctrine, of which, it appears, he was not 
qualified to deſcribe even the very rudiments, 

27. Fox the firſt principle laid down by Sir Iſaac 
Newton, in the ſecond part of his ſecond book of 
Opticks, is the inequality of the length of the fits 
of tranſmiſſion and reflection in rays of different 
colours, and it is only from the combinations of 
theſe different lengths in plates of a different thick- 
neſs, that all the appearances deſcribed in the firſt 
part are deduced. | OT 

28. Bur the deſcription and application of this 
doctrine. as given us by our author *, do neceſſari- 
ly ſuppoſe the lengths of theſe fits to be the ſame in 
rays however different in colour. | | 

29. AGAIN, Sir Iſaac Newton in the ſame ray 
, makes the fit of · reflection equal in length to the fit 
of tranſmiſſion, the experiments in the firſt part ne- 
ceſſarily requiring nt. | 

30. Ox the contrary Dr. Jurin tells us, that in 


water the fit of reflection is in length but - of the 


Art. 209, 210, 211, &c. „„ 
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fit of tranſmiſſion ; an aſſertion that abſolutely de- 
ſtroys the wholeczheory eſtabliſhed by Sir Iſaac News 


ton, ſetting it at variance with almoſt every appear- 


ance, it is intended to ſolve. 5 
31. LasTLy, The immediate conſequence of Sir 
Iſaac Neyton's theory, as deſcribed in the ſecond 
book of Opticks, is, that the light of the firſt ring 
ſurrounding the central ſpot ſhould be much ſtronger 
than that of the ſucceeding rings, all the rays being 


there in a fit of reflection. | | 
32. YET fo little was our author verſed in this 


doctrine, that he conceives the remarkable ſtrength 
in the light of this ring ta be only an illuſion, ſu- 
ſpects Sir Iſaac Newton to have been miſtaken in his 
deſcription of it, and tells us, that he does not ſee, 


that its reality can be any way accaunted for. 


„ „ THUS Mr. Robins ſbewed the fallacy of what 
bad been advanced in the Eſſay upon diſtint and indiſtinct 
viſion. But its author was not a man to be convinced 
even by demonſtration ; for he publiſhed a Reply, whereof 


Mr. Robins ſoon printed a Full Confulation; there ex- 
poſing alſo the many errors he bad further committed. 
But the above Remarks are abundantly ſufficient to pre- 


vent any intelligent perſon from being impeſed cn by Dr. 


Jurin's Eſſay, or by whatever may be urged in its de- 


fence. For the Doctor laboured in vain to acccunt for 
an appearance, that depended ſolely on mixt and hetero- 
geneous light, from a property of the moſt pure and unmixt 
light, fuch as exiſts no where. I ſhall therefore only 


give two paragraphs from Mr. Robins's laſt Tra#, as 
they contain a certain proof of a particular, he had de- 


livered merely as a conjetiure. | 
« To. ſpare this gentleman (Dr. Jurin) the 


« labour of framing a new hypotheſis, and be- 


+ wildering himſelf further in this ſubject, 1 will 


« inform him of ſome particulars relating to the 
* multiple appearance of objects ſeen indiſtinctly, 
5 that will not only evince, that the fits of tranſ- 

5 . V miſſion 
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« miſſion and reflection have nothing to do in this 
& affair, but will alſo prove, that he cauſe, I had 
< hinted at in my Remarks *, Is undoubtedly the 
genuine one. 
& I is true, that a narrow line of light, ſuch 
« as the interval between the edges of a parallel 
80 —— brought very near together, will appear 
« bordered with other lines of light, when held 
$ either too near or too remote for diſtinct viſion, 
If Dr. Jurin's aſſignment of the cauſe of this 
« appearance can at all take place, the ſtars ought 
„ not to appear radiated, but invironed with con- 
„ centric circles of light; as the forementioned line 
« of light is bordered with parallel lines. A very 
« ſmall pin-hole in a piece of paper being held up 
<« againſt the light, firſt at a diſtance from the eye, 
46 . it may be ſeen diſtinctly; and then, while 
| | < the eye is directed to it, drawn gradually nearer ; 
\ | this hole, as ſoon as it ceaſes to be ſeen diſtinctly, 
=_ * will alſo appear radiated like a ſtar, not incompaſſed 
= e with luminous circles. If the appearances in this 
& experiment are duly attended to, they will account 
4 for the lines of light in the other obſervation : for 
* theſe rays will moſt of them, if not all, have a lucid 
„ ſpeck in them; ſo that if a flit were cut in the pa- 
« per, through the pin-hole, of the breadth of the 
« hole, each of theſe ſpecks will become a line of 
« light parallel to the ſlit. But circles of light not 
« appearing about the pin-hole in this experiment, 
* ſhews plainly, that no ſuch luminous circles are 
formed in the bottom of the eye, by rays iſſuing 
1 from a luminous point, either beyond, or within, 
the limits of diſtinct viſion F.” 


Remarks on Dr. Jurin, $. 3. p. 280. I. 16. | 
t Robins s Full Confutation of Dr. Jurin' 5 Reply, pag. penult. | 
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S my friend, beſides. the abuſive treatment, 
which he received from Philalethes Cantabri- 
gienſis, has not eſcaped cenſures from other quar- 
ters; I here purpoſe to vindicate his memory from 
thoſe aſperſions. This will lead me to obviate ſome 
late inſinuations againſt Sir Iſaac Newton himſelf. 
And I ſhall farther make a few obſervations on that 
great man's early writings; having been enabled from 
papers, that have fallen into my hands, to determine 
more fully, than has been done, not only the order, 
in which the ſeveral tracts, he had from time to time 
| compoſed, were writ ; but alſo, a point which I con- 
ceive to be of much greater conſequence, by what 
ſteps, he gradually corrected the crude ideas, he 
had received of indiviſibles; till he perfected the 
þ | doctrine, which Mr. Robins has diſtinguiſhed him- 
ſelf by explaining. _ | | 
Ds. Robert Simſon, the learned profeſſor af the 
mathematicks ia the univerſity of Glaſgow 9 


/ % 


w vw 


muſt always honour for his zeal towards reviving a 
juſt taſte in geometrical ſubjects) at the end of the 
ſecond edition of his Conick-SeCtions, printed at 
Edinburg in 1750, after having given the ſolution 
of a celebrated problem of Alhazen, has ſurprized 
me by the following inſinuation againſt Mr. Robins's 
_ eandour, 4 Solutionem hane, tam analyſin quam 
* compolitionem, diu ante annum 1729 inveni; ex 
« eo autem anno diſcipulis eam quotannis prælegi, 
« jiſque etiam ſcripto communicavi. Anno autem 
« 1739 vir clariſſimus Benjaminus Robins, in libello 
« cui titulus, Remarks upon Mr. Euler's Treatiſe 
« of Motion, p. 75, 76, &c.“ compoſitionem a 
ce præcedente non multum abludentem publicavit. 
4 Num eam ipſe invenerat. aut aliynde acceperat, 
4 non dicit vir doctiſſimus. Veriſimile autem 
„ eſt eum analyſin hujuſmedi problematis, ope 
cujus ad compoſitionem retrogradaretur, non ha- 
« buiſſe; dicit enim problema in multis caſibus 
* magis complicatum eſſe, quam ut ſolutionem 
« ſimplicem et elegantem accipiat. Præcedens 
« vero analyſis, five ſolutio æque ſimplex eſt, ac 
$ compoſitio ex ea derivata, eamque excogitave- 
< ram diu antequam Sluſn conſtructionem vide- 
„ ram; et in compoſitione analyſin ita preſſe ſecu- 
e tus ſum, ut non obſervaveram rectam LM 
4 parallelam eſſe junctæ BC, ante viſam Sluſii con- 
„ ſtructionem. Hæc autem monenda duxi, ne 
0 quis putet me tantum analyſin præcedentem Sluſii 
4 conſtructioni aptaſſe.“ . Cs 

_ Hexe Dr. Simſon has in the firſt place wholly 
miſtaken Mr. Robias in regard to the problem, 
which he ſpeaks of as too complex in moſt caſes 
to admit of a ſimple and elegant ſolution ; for 
Mr. Robins does not ſay this of Alhazen's problem, 
which he had not yet mentioned, but has reference 
to the propoſition of Dr. Smith there animadverted 


* Remarks on Dr. Smith, $. 64. 
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on, in its full extent; and Dr. Smith's propoſition 


is this: When a large picture, or a plane object 
of any given ſhape, ſtands perpendicularly to the 


common axis of any number of refrafting or re- 
e flefting ſurfaces, its apparent ſhape, ſituation, 


magnitude and diſtance from the eye, at any 


„ point of the axis, may be found as follows *.“ 
And Mr. Robins charges the explanation of this 


propoſition with being defective, becauſe there is 


no notice taken, that the place of the image 


cannot be determined, as here required, till it 
& be ſhewn, how to find the line, in which it is 


% ſeen; that is, how to aſſign the reflected or 
e refracted ray, which ſhall enter the eye .“ 


Though, to avoid the cenſure of unreaſonable 
captiouſneſs, he acknowledges, that the pro- 


„ blem, thus generally propoſed, is, in moſt caſes, 


* too complex to admit of a ſimple and elegant 


ce ſolution ;” but, however, thinks this no juſt ex- 
cuſe for Dr. Smith's paſſing over in ſilence, what 


ſolutions had been given of particular caſes; and 


ſpecifies two, this problem of Alhazen, and another 


concerning refraction given by Dr. Barrow in his 


Optical Lectures. IO | 

AcaiN, with reſpect to Alhazen's problem in par- 
ticular, I am morally ſure, Mr. Robins was wholly 
unapprized of Dr. Simſon's having ever had it 
under conſideration. For whenever Mr. Robins 
was in London, there was ſcarce a day paſſed, 
wherein I was not in his company; and he could 


not have failed mentioning to me a thing of this 


kind. The demonſtration publiſhed in his Remarks, 
had been communicated to him by me from the 
papers of my friend Dr. Pemberton , who had con- 


" Compleat Syſtem of Opticks, book 2. chap. xx. prop. *** 


+ Remarks on Dr Smith, F. 64. 


I This the Doctor permitted Mr. Robins to publiſh, but not 
to make uſe of his name. | | 


% 


ſidered 
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_ fidered this problem above 40 years ago, when we 
were fellow ſtudents at Paris, upon the following 
occaſion. | | | 

Tux treatiſe of Apollonius De Sectione rationis 
having then lately fallen into his hands, he was greatly 
ſtruck with the elegance of the ancient method of 
ſeeking the ſolution of problems, delivered there 
more tully and explicitly, than in any of their 
- works, which had before been known to the modern 
world ; though ſeveral ſpecimens of their methods, 
ſcattered abour in thoſe writings, had enabled ſome 
to diſcover in part this ancient form of analyſis, 
My friend's admiration of this method, induced him 
frequently to apply it to the problems, he met with 
ſolved by the calculations of algebra. And in 
part cular, turning over Sir Iſaac Newton's treatiſe 
on Algebra, with the intention of conſidering his 
problems in this hight, where, among others, this 
occurred. To find the locus of the vertex of- a 
triangle, wherein the angles at the baſe ſhould have 
a given difference; he applied to this the ancient 
method of analyſis in the following manner. 

SUPPOSE, in the triangle ACB, the angle CAB 
exceeds the other angle at the baſe CBA, by the 

15 d given angle BAD. 
| Ihen the angle CAD 
Do.” will be equal to CBA, 


| and the triangles CAD, 
CBA ſimilar ; whence 
BC is to CA as AC to 


2 E_ ... ..*-, BCD, and the rectangle 
under BCD equal to the ſquare of AC. Hence if 

AB be biſected by EFG parallel to BC, the rec- 

tangle under EGF will be equal to the ſquare of 

AG, or of GC. Conſequently the point C will be 

in an equilateral hyperbola, in which EFG will be 

2 a diameter, E the center, CA ordinately applied to 
that diameter, and AF a tangent to the hyperbola . 

| in 


draw the ſemidia- 
AD, as a diameter, 
A, draw the equila- 
to which the right 


line AB, the chord 
of the arch to be 
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ja the point A. Therefore the given line AB will 
alſo be a diameter, and the line AF, given in 
poſition, the tangent of the hyperbola at the vertex 


. A; fo that the point C is in an equilateral hy- 
perbola given in poſition. e 


THis very analyſis was afterwards applied by 
Dr. Pemberton for aſſigning the vertex of a triangle, 


| whoſe angles at the baſe differ by an angle given, 


in the ſecond of two problems concerning the rain- 
bow, publiſhed by him in the. Philoſophical Tranſ- 
actions, Ne 375, for the months of January and 
February 1723 *. Where it is likewiſe noted, that 
if a line is drawn from the vertex of this triangle, 
here the point C, ſo as to be ordinately applied to 
the diameter AB of the hyperbola, which is alſo 
the baſe of the triangle, this line will make an angle 
with AC equal to the angle ABC . But this is 
the principle, whereon the demonſtration, publiſhed 


by Mr. Robins of Alhazen's problem, is founded. 


Bur this analyſis of Sir laac Newton's problem, 
immediately led my friend to the following method 
of triſecting a circular arch. | 

LE the arch to 
be triſected be AB . 
In the circle ABC, 


meter AD, and to 


and to the vertex 


teral hyperbola AE, 


Vu the triangle CML in the figure of page 283. 
+ Viz. the line LT in the figure of page 255 ſhewn to be 


ordinately applied in the hyperbola to the diameter MC, and 
the angle SCL. to be equal to the angle TLM. | 


triſected, 
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triſected, ſhall be a tangent in the point A; then the 
arch AF, included within this hyperbola, is one 
third of the arch AB. 

Da the chord of the arch AF, divide AD into 
two equal parts at G, ſo that G be the center of the 
hyperbola, join DF, and draw GH parallel to DF, 
cutting the chords AB, AF in I and K; then the 
hyperbola being equilateral, every diameter is equal 
to its latus rectum, and the rectangle under GKI 
will be equal to the ſquare of AK, chat is, GK will 
be to KA as AK to Kl, the triangles GKA, AKI 
ſimilar, and the angle KAI equal to AGK, which 
. equals the angle ADF. Now the angle ADF, 1 
the center of the circle, being equal to KAI at the 
circumference ; the arch AF will be equal to half 
FB, and therefore equal to one third of AB. 

Arx the ſame time, his determination of this locus 
ſuggeſted to him, how eaſily it might be applied 
A) to Alhazen's problem : 
ſince, if from the point D 
(I. refer to Mr. Robins 
figure) right lines were 
drawn to the points E and 
F, aſſigned according to 
Huygens and Sluſius, the 
angles CED, CFD would, 
as the Marquis de PHo- 
pital had obſerved *, be 
equal, whereby EF being 
joined; the angles DEF, 
DFE would have the 


ſame difference, as the 


angles CEF and CF E in the given triangle ECF. 


AnD now I hope, from what has been faid; 
Dr. Simſon will no longer retain any ſuſpicion, 
that Mr. Robins could be guilty of an act of 


meganneſs, whereof (if I may be allowed to know 
Sections Coniques, Liv. x. Exempl. vii. 


the 
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the temper and diſpoſition of one, with whom I 


converſed fo intimately for many years) I may pro- 


nounce him utterly incapable in any. occurrence of 


life whatever. | 


Bur I muſt beg leave further to add, that though 
Dr. Simſon's analyſis leads very directly to the de- 
monſtration publiſhed by Mr. Robins; yet, if ex- 
hibited as an adequate ſolution of the problem, it is 
incompleat. We fee by the treatiſe above men- 
tioned of Apollonius, that the cuſtom of the an- 
cients, in their analyſis, was to inquire into all the 
various caſes of a problem, and the limitations, to 
which the ſolutions in each were ſubject; and 
Dr. Simſon has juſtly obſerved, that “ ſine deter- 


„ minationibus, ſive dingioueis, problema rite ſolu- 


« tum minime habendum eſt *. But here Dr. 
Simſon has imitated Huygens and Sluſius in at- 
tending only to the general ſolution of this problem, 
as Dr. Barrow had dane before in his Optical 
Lectures; whereas Alhazen has taken into con- 
fideration the ſeveral caſes, though in ſome meaſure 
unſucceſsfully. _ 
Tae problem admits of ſolution only within the 
angle ACB, and in the angle vertical to it, com- 


| prehended by the lines AC, BC continued back- 


wards *, Therefore, when both the points are given 
without the ſpeculum (though the hyperbolas cut 
the circle in four points) they exhibit but two 
ſolutions only; one on the convexity, where the 
hyperbola, whoſe vertex in Mr. Robins's figure is 
F, paſſes through the ſurface of the ſpeculum within 
the angle ACB ; and another in the concave part, 
where the oppoſite ſection to this hyperbola, that 


whoſe vertex is E, paſſes through the ſpeculum 
, within the angle vertical to that under ACB. 


Bur when one of the points, and more eſpe- 
cially, when both are given within the ſpeculum, 
* Preface to his Conics, p. vii. I Alhazen, lib. 5. prop. 9 

| | the 
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the problem is ſubject to a greater variety of 


ſolutions. | 


In relation to the hyperbola, whoſe vertex is E, 
as it paſſes through the center of the ſpeculum, it 
5 muſt always exhibit 
one ſolution within 
the angle vertical to 
ACB; but when the 
point A ſhall be 
within the ſpeculum, 
as in the annexed 
ſcheme, the point E 
ſhall be without, and 
_— | this hyperbola ſhall 

enter the ſpeculum . within the angle ACB, and 
exhibit another ſolution of the problem within that 

angle. bay 

/ the next place, in regard to the hyperbola, 
whoſe vertex is F, when B is within the ſpeculum, 


F is without, And here it is evident, that if the 


angle ABC is either obtuſe, or right ; the hyperbola, 
whoſe vertex is F, cannot meet the ſpeculum within 


the angle ACB, whether the point A be within 
or without the ſpeculum ; ſince the tangent of this 


hyperbola in the vertex F, being parallel to AB, 
muſt paſs on this ſide wholly without the ſpeculum. 

Bur when the angle ABC is acute, if GH be 
a third proportional to BC and the ſemidiameter of 


tthe ſpeculum, and Gl being taken to IH in the 


duplicate ratio of the difference between AC and 


6 „,„ç.nü 1 "a 
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CB to their ſum, IK be taken equal to AC, and 
prolonged to L, that the ratio of IK, that is AC, 


to KL be the duplicate of four times the rectangle 
N under 


under AC, CB to thrice the rectangle under their 
ſum and difference; and if GM, equal to BK, be 
added to HG, when IK exceeds IH, otherwiſe 
taken from it, and to IK be added KN, a third 


proportional to thrice ML. and KL, and NO, 


which with ML ſhall make a rectangle equal to 
that under GKH, being taken from IN, when IK 
exceeds IH, otherwiſe added to it; then if OP, 


taken from O towards G, ſhall be to LP, as 
the ſquare of LP to thrice the rectangle under 


KLM, GP will be the verſcd ſine, to the dia- 
meter GH, of half the angle ACB, when the hy- 
perbola, whoſe vertex is F, touches the ſpeculum. 
Bur from this analogy LP, and conſequently GP, 
may be eaſily found by the methods too well known 
to make any particular explanation here neceſſary. 
ONLy it muſt be obſerved, that when two points are 
found by this analogy within GH, that neareſt to G 
gives the verſed ſine, which determines the angle ACB, 
Ir AC is leſs than IG, or if the angle ACB be leſs 


than this now found, the hyperbola, whoſe vertex is 
PF, will not reach the ſpeculum within the angle ACB; 


but if greater, this hyperbola will paſs through the 
ſpeculum, and exhibit rwo ſolutions of the problem. 

Ox the other hand, if the angle ACB is given, 
with the two diſtances AC, CB; the ſemidiameter 
of the ſpeculum, wherein the hyperbola, whoſe 
vertex is F, will touch it, may be found thus, 
Find an angle, the cube of whoſe tangent, applied 
to the ſquare of the radius, ſhall be to the tangent 
of half the angle given, as the difference of AC 


from CB to their ſum; then the rectangle under this 
ſemidiameter of the ſpeculum, and the exceſs of 


AC above CB, will be to the reftangle under AC 
and CB, as the cube of the fine of the angle now 
found, applied to the ſquare of the radius, to the ſine 
of half the angle given. | 
Mok kovxx, if the angle ACB and the ſemidiame- 
Vor, IE N U ter 
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ter of the ſpeculum were given, together with one of 
the diſtances AC or CB; the other may be aſſigned, 
wherein the hyperbola, whoſe vertex is F, ſhall ex- 
hibit a ſingle ſolution by touching the ſpeculum. 
Io ſet down at length the inveſtigation of all 
theſe particulars, would exhibit an extenſive ex- 
ample of applying the ancient analyſis to the de- 
termining the limits of the higher order of pro- 
blems ; of which Dr. Pemberton has long ago given 
a very diſtinct ſpecimen, in the two problems con- 
cerning the rainbow above referred to. But as this 
would carry me too far from my principal defign; 
let it ſuffice here to obſerve upon the whole, that 
as the point A may be either without the ſpeculum, 
within, or on the ſurface, while the point B is 
within; when B and A are both within the ſpe- 
culum, the problem may admit of two, three, or 
four ſolutions ; for two will be given by the hy- 
1 8 whoſe vertex is E; but when the point A 
Is in the ſurface of the ſpeculum, or without, this 
hyperbola will exhibit but one ſolution, and the 
problem may have that ſingle folution only, or by 
the concurrence of the other hyperbola have, in 
the whole, three ſolutions, or perhaps only two. 
Ap thus I ſhall take leave of this problem, 
after adding the two following ſhort remarks. | 
55 "ep 3 Is the firſt place, 
Au | ; _ Huygens's conſtruction 
Rs of this problem will 
admit of a concife de- 
monſtration by the fol- 
lowing propoſition. 
| In any triangle ABC, 
LIC if the baſe AC is bi- 
ſected in D, and EPF, 
E DOH be drawn, each 
making equal angles 
| N 


aAkn, OFF, the angles AER, SPT are equal, alſo 
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the four ſegments AE, CF, BG, BH will be 
all equal. | | 


Fon Cl being drawn parallel to EF, BI wil "ON 


equal to BC and the difference between AB and 
BC, and AE, EI each equal to half that difference, 
being equal to each other, ſince AD isequal to DC: bur 


CE is equal to EI; therefore AE and CF are equal. 
Ix like manner if CK is drawn parallel to DH, 


BK is equal to BC, and BG half the difference of 


AB, BK, being alſo equal to BH, as the angles: 


BGH and BHG are equal; therefore GB and BI 


are each equal to AE and g. 
Now Huygens's conſtruction is this. The line 


Ef being biſected in T, and the lines Are, TAX 


| a 
= 
A — E 
—_— 
+ A 
. 


drawn to make each of them equal angles with EC, 


CF, the oppoſite hyperbolas having theſe lines for 
alymptotes, and one of them paſſing through the 
center C, will be interſected by the ſurface of the 
ſpeculum in the points, wherein the reflection ſought 

ould be made. Here if D be the point, where 
the reflection is made, the angles CED, and CFD 


are equal; and EF being biſected in , and are, 


AE making each equal angles with CE and CF, if 
As interſect ED in IT, and DF produced in E, alſo 
PA interſecting ED in 7, and FD in &, in the triangles 


the 
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the angles EAN, SF are equal; conſequently the 
angles AE, OF are equal, and IIZ drawn through 
T, wherein EF, being the baſe of the triangle EDP, 
is biſected, makes equal angles with the legs ED, 
DF. In like manner, the angles EZ T, FAS being 
equal, the angles EYT, TF are equal; whence, by 
the preceding propoſition, EIT, TD, D, FE are all 
equal: therefore the points E, D, and F are in 
oppoſite ſections paſſing chrough E and F, having 
for aſymptotes A®, TA: and in the triangle ECF, 
EA being equal to CZ, the hyperbola rough E 
paſſes alſo through C.. 
I $HALL alſo further add, that if AB be biſeQed i in 
7, and d. _ drawn making equal angles with AC, 
CB, an interſecting 
CDin E, as alſo yn per- 
pendicular to d, meet- 
| ng DC produced in 
\ 0; then the rectangle. 
under 96, and the ra- 
dius of the ſpeculum, 
will be equal to that 
under AC, CB. And 
thus the problem may 
be ſolved in a manner 
different from the ſo- 
lutions both of Huygens and Sluſius, or the ori- 
ginal of Alhazen, by applying a line, as d, which 
ſhall be to one of the lines AC, CB, as the other to 
the radius of the ſpeculum, through the point. C, 
within the lines de, 50, given in poſition. 
I SHALL now proceed to defend my friend from 
reflections, that come from another quarter. 
Tnovon Mr. Robins, in his Tracts on fluxions and | 
prime and ultimate ratios, had given a very juſt and 
clear account of their nature and uſe, contormable 
to tlie ſenſe of their great inventor; yet, it ſeems, it 
was ſo different from the notions, many had is 
. taine 


a - ns gone. 
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tained of theſe ſpeculations, that divers objections 
were made to what he had publiſhed. Amongſt 
other things it was pretended, that the way of 
demonſtrating followed by the ancient geometers, 
ſo much commended by him, was. tedious and per- 
plexed, if not inconcluſive; that he had done ill in 
diſtinguiſhing the method of fluxions, from that of 
prime and ultimate ratios * ; rhat he had been pre- 
ſumptuous in ſaying Sir Iſaac Newton was too brief 
in his explications ; that he had explained wrong 


Sir Iſaac Newton's expreſſions of the prime and 


ultimate ratios of the quantitates naſcentes and eva- 
neſcentes, by having maintained, that thoſe prime 
and ultimate ratios were only the limits of all the 
different ratios, theſe variable finite quantities bore 
to one another, while they were riſing or vaniſhing 


together; and hence that he had miſrepreſented 


the firſt Lemma of the Principia, by endeavouring 
to ſhew, that its demonſtration did not prove the 


actual coincidence of the inſcribed and circum- 


{cribed rectilinear figures with their reſpective curvi- 
linear limits, and by aſſerting that Sir Iſaac Newton 
never intended ſuch a coincidence ; and laſtly, that 
Mr. Robins had quite perverted Sir Iſaac Newton's 
deſcription of the momentum. . 85 

Tae gentleman, who under the name of Phi- 
lalethes Cantabrigienſis had undertaken a defence 
of Sir Iſaac Newton againſt Dr. Berkeley the author 
of the Analyſt, not brooking, that Mr. Robins's 
explanation of theſe doctrines ſhould be inconſiſtent 


with his own, refrained not from caſting out againſt 


him theſe and other reproaches; all which might 
indeed, nay perhaps ought to have been, paſſed 
over without any notice, as ſolely the effects of 
anger and diſappointment, and as having been 
already anſwered by Mr. Robins himſelf; had not 


Account, F. 45. Diſſertation, F. 9, 10. + Diſcourſe, 
I. 4, 94. Account, 5. 28. 99 5 
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the behaviour of Philalethes, in theſe conteſts, been 
ſeriouſly commended, and Mr, Robins as much 


cenfured, by M. de Buffon, in the Preface to his 


Tranſlation of Sir Iſaac Newton's Treatiſe of Series 
and Fluxions, printed at Paris in 1740, with a 
train of general invective, without citing any one 
expreſſion from Mr. Robins's writings in ſupport 
of it; merely, as it ſeems, from the high notions he 
had been inſpired with of Philalethes, and his 
manner of writing; for mentioning his Tracts againſt 
the author of the Analyſt, M. de Buffon »s pleaſed 
to ſay, © qui font admirables pour la force de 
„ raiſon et la fineſſe de raillerie qu'on y trouve par 
* rout—.** But perhaps, when he calls to mind 
a ſmall pamphlet, entitled Lettre à Monſieur de 
Buffon par M. Jurin, writ in his own language, he 
may not be unwilling, that this high ſtrained com- 
pliment ſhould be aſcribed to his want of a perfect 
knowledge in ours. N 
IA furprized at M. de Buffon's imagining, that 
the author of the Analyſt could find any cauſe of 
triumph in the repreſentation Mr. Robins had given 
of Sir Iſaac Newton's doctrine, which at once de- 
ſtroyed all his objections ; while Philalethes by al- 
lowing, at leaſt in parc, Dr. Berkeley's interpre- 
trations of Sir Iſaac Newton, denied the conſequences 
in vain; and was ſo far from demoliſhing the 
Doctor's writings, or humbling his metaphyſical 
— as M. de Buffon expreſſes it *, that Phila- 
lethes left him room enough to write on without 
end; but on the appearance of Mr. Robins's book, 
the author of the Analyſt thought fit to be ſilent. 
Bur M. de Buffon gave ſo little attention to what 
he ſcrupled not to treat with fo much ill manners, 
that he aſſerts of Mr. Robins, that © il avouẽ que 
« 1a geometrie de l' infini eft une ſcience certaine, 
4 fondẽe ſur des principes d'une verite ſüre— 
VV | 


whereas 
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whereas Mr. Robins always contended, that what is 
8 fſtyled the geometry of infinites was no certain ſcience, 
2 nor built on ſure principles; and therefore he has 


* ſhewn, according to Sir Iſaac Newton, that the pro- 
3 portions of fluxions are not the proportions of an 
ne quantities imagined to be infinitely imall, but only 
oy the limits of the varying ratios of hnite quantities, 
os that diminiſh together, till they vaniſh, _ ., 
. Wir the ſame precipitancy . M. de Buffon con- 
ft cludes by aſſerting, that the mathematicians paid no 
5 regard to what Mr. Robins had ſaid (“ il n'y a pas- 
* „eu moyen de leur faire croire un ſeul mot de tout 
_ 40 cela. But the contrary is evident for the beſt 
d writers ſoon after trod in Mr. Robins's ſteps, and 
4, expreſſed themſelves conformably to his ſentiments 
* and phraſeology without reſerve. 1 
5 Even M. de Buffon's own countrymen are at 
c length come into Mr. Robins's way of explaining 
| theſe ſubjects; for M. de Bougainville, in the Fre- 
has face to his Traite du calcul integral“, fays, < Le 
ar & calcul de Newton eſt independant de la realite 
en t des quantites infiniment petites. And M.d'A- 
5 lembert has, at ſeveral times, ſnewn his diſlike 
al- to the notion of infinitely little quantities. In his 
15. Traite de Dynamique Þ, ſpeaking of the Methode 
_ des infiniment petits, he ſays, Que les commen- 
the gans qui n'en penetrent pas toujours Vefprit, pour- 
* & roient s' accoutumer a regarder ces infinimen t petits 
* &* comme des realites 3 c'eſt une erreur contre la- 
—_ 1 quelle on doit ètre dautant plus en garde, que 
ok, * de grands hommes y font tomibes, et queelle- 
F * meme a donne occaſion à quelques mauvais livres 
WA &* contre Ja certitude de la geometric.” In Tom. . 
ers, of the Encyclopedie + he has theſe words, „n'y 
que e a point reallement de quantites infiniment peti- 
ne, 6 tes.. Cette idee des limites eſt tres · nette et tres- 
1 * Printed at Paris in 1754. p. viii. + Ibids in 1743. 


p. 36. 1 Ibid. in 1751. p. 845. . 
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* . pour reduire la geometrie des infiniment 


_ a des notions claires.”* And in Tom. IV. “ 
Newton] n'a jamais regards le calcul differen- 
wi © ht comme le calcu] des quantites infiniment pe- 
« tites, mais comme la methode des premieres et 
«© dernieres raiſons, c eſt-a-dire la mẽthode de trouver 


les limites des rapports.“ 


Bur more particularly Mr. Maclaurin publiſhed, 
within feven years after Mr. Robins, his Treatiſe of 
Fluxions at Edinburg in 1742; wherein he con- 
-formed himſelf entirely to Mr. Robins's ſentiments, 
in regard to Sir Iſaac Newton's doctrine. And 


though he was joined in a long courſe of intimacy 


with the chief of Mr. Robins' $  oppoſers, and per- 
fonally unknown to him; yet in the preface he has 
publickly commended Mr. Robins's performance. 
Nav, Mr. Maclaurin not only concurs with Mr. 
Robins in his interpretation of theſe doctrines, but 
has even expreſly followed his plan in treating the 


ſubject. 
— Maclaurin in the 8 he gives himſelf | 
of his book in the Philoſophical Tranſactions, 


NN 468, P. 325, thus begins. The author's firſt 


s deſign, in compoſing this Treatiſe, was to eſtabliſh 


„ the method of Fluxions on Principles equally 


« evident and unexceptionable with thofe of the 
ancient Geometticians by Demonſtrations deduced 
after their manner in the moſt rigid form , and 
* by illuſtrating; the more abſtruſe Part of the Doc- 
* trine, to vindicate it from the imputation of un- 
« certainty or obſcurity.” Again, in the introduc- 
tion to his book, p. 3. Mr. Maclaurin ſays, The 
« method of demonſtration, which was invented by 
« the author of fluxions, is accurate and elegant I 3 
« but we propoſe to begin with one that is ſome- 
« what different; which, _ leſs removed from 


Printed at Paris in 17 54. p. 985, + Diſcourſe, 
J. 4, 151. Account, f. 6. 1 5 vaſe, 8 3, 94, 142, 150. 
3 „that 


— 
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e that of the ancients, may make the tranſition to his 
* method more eaſy to beginners, and may obviate 
„ ſome objections that have been made to it *. 
ALL this is an exact deſcription of the method 
Mr. Robins purſued. For though Mr, Maclaurin 
has expreſſed himſelf thus tenderly, yet his method 
does not indeed differ eſſentially from that of the 


ancients. | 


He immediately ſubjoins, „“ But, before we pro- 


4 ceed, it may be of uſe to conſider the ſteps by 


„ which'the ancients were able, in ſeveral inſtances, 
+ from the menſuration of right-lined figures, to 
« judge of ſuch as were bounded by curve lines : 
% for as they did not allow themſelves to reſolve 
« curvilineal figures into rectilineal elements, it is 
« worth while to examine by what art they could 
“ make a tranſition from the one to the other 4. 
This alſo is the very order in which Mr. Robins pro- 
ceeded in regard to the doctrine of prime and 


ultimate ratios. Mr. Maclaurin farther adds, that 


e as they were at great pains to finiſh their demon- 
<« ſtrations in the moſt perfect manner, ſo by fol- 
« lowing their example, as much as poſſible in 
« demonſtrating a method ſo much more general 
e than theirs, we may beſt guard againſt exceps 
<« tions and cavils, and vary leſs from the old founs 
& dations of geometry.” And he illuſtrares this 
by the very example, which Mr. Robins || had given 


before him, in explaining the methods of the an- 


cients. Thus [p. 8.] © when Archimedes demon- 
“ ſtrated, that the area of a circle is equal to a 
ce triangle upon a baſe equal to the circumterence 
« of the circle, of a height equal to the radius, it 


8 - « was not by ſuppoſing it to coincide with a circum- 


“ ſcribed equilateral polygon of an infinite number 

* Diſcourſe, §. 40, 151. Account, 5. 6. + Diſcourſe, 
J. 39. Diſſertation, 5. 12, 103s + Ibid. 5. 1 3s 
1 „ F. 90. «a 
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* of ſides, but in a more accurate and unexcep: 
< tionable manner.” - 
Mx. Maclaurin ſo perfectly approved of the 
courſe Mr. Robins took of juſtifying Sir Iſaac New- 
ton's doctrine, by comparing it with the practice of 
the ancients, that he choſe to expatiate largely in 
deſcribing their methods, and in comparing them with 
the practice of the moderns before Sir Iſaac Newton. 
Tus at p. 33. lt is often ſaid, that curve lines 
©« have been conſidered by them as polygons of an 
c infinite number of ſides. But this principle no 
<< where, appears in their writings. We never find 
* them reſolving any figure or ſolid, into infinitely 
« ſmall elements. On the contrary, they ſeem to 
« avoid ſuch ſuppoſitions, as if they judged them 
c unfit to be received into geometry, when it was 
ce obvious that their demonſtrations might have been 
“ ſometimes abridged by admitting them. They 
< conſidered curvilineal areas as the limits of cir- 
* cumſcribed or inſcribed figures of a more ſimple 
c kind, which approach to theſe limits (by a bi- 
<< ſection of lines, or angles, that is continued at 
« pleaſure ,) ſo that the difference betwixt them 


“ may become leſs than any given quantity 7. The 


“ inſcribed or circumſcribed figures were always 
< conceived to be of a magnitude and number that is 
<« aſſignable ; and from what had been ſhewn of theſe 
<« figures, they demonſtrated the menſuration or the 
<« proportion, of the curvilineal limits themſelves, by 

« arguments ab abſurdo ||. They had made frequent 
„ uſe of demonſtrations of this kind from the be- 
4 ginning of the elements; and theſe are in a par- 
« ticular manner adapted for making a tranſi- 
tion from right-lined figures to ſuch as are 


* Diſſertation, F. 13, 107. + The uſe made in geome- 
try of the above expreſſion any given quantity, Philalethes never 
could underſtand, which occaſioned many of his miſtakes. Re- 
view, $. 18. Diſſertation, F. 42, 108, &c. ] Account, F. 28. 
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5 bounded by curve lines“. By admitting them 
« only, they eſtabliſhed the more difficult and ſubs 
e lime part of their geometry on the ſame founda- 


tion as the firſt elements of the ſcience. Nor 


% could they have purpoſed to themſelves a more 
ph r 1 

Tr1s is expreſly contrary to what Philalethes con- 
tended for, in oppoſition to Mr. Robins, that Sir 


Iſaac Newton's method, by proving the varying 


quantities came up to their limits, was more perfect 
than that of the ancients. Whereas Sir Iſaac New- 
ton never claimed ſuch ſuperiority ; and had Phila- 
lethes comprehended the ancient method of demon- 


tration, he would have known it to be impoſſible to 


excel it in point of evidence ; and not havelaid his 


friend Mr. Maclaurin under the neceſſity of thus con- 


tradicting him. Sir Iſaac Newton contented himſelf 


with aſſerting, that his methods were conſonant to 


that of the ancient geometers. The coincidence 


contended for, and thus highly praiſed by Phila- 


lethes, is the very eſſence of indiviſibles. | 
Bur Mr. Maclaurin proceeds farther, and confirms 


all, Mr. Robins had ſaid againſt the tediouſneſs and 


perplexity, which Philalethes objected againſt the 
ancient mode of demonſtration. 

In p. 35 he ſays, His [Archimedes] method 
«© has been often repreſented as very perplexed, and 
« fornetimes as hardly intelligible I. But this is not 
* a juſt character of his writings, and the ancients 


had a different opinion of them. He finds it 


© neceflary indeed to premiſe ſeveral propoſitions to 
« the demonſtration of the principal theorems z and 
©* on this account his method has been excepted _ 
„ againſt as tedious. But the number of ſteps is 


not the greateſt fault a demonſtration may have; 


© nor is this number to be always computed from 
« thoſe that may be propoſed in it, but from thoſe 
F Diſſertation, F. 12. + Diſcourſe, F. 40. Þ Diſſertation, F. 53. 
r + | 2 


- 
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* that are neceſſary to make it full and concluſive. 
« Beſides, theſe preliminary propoſitions are generally 
% valuable on their own account, and render our 
< view of the whole ſubject more clear and com- 
„ pleat. In his treatiſe of the ſphere and cylinder, 
* for example, by his demonſtrating ſo fully the 
<<. menſuration of the ſurfaces and ſolids, generated 
4 by the internal and external polygons, we not only 
«« ſee how the ſurface and ſolid content of the ſphere 
« itſelf is determined, but we acquire a more perfect 
„ knowledge of this theory, and of all that relates 
4 to it, with a ſatisfaction * that we are ſenſible is 
c often wanting in the incompleat demonſtrations of 
& {ome other methods.“ | 

Ixo kp the perplexity of a demonſtration does not 
ariſe from the number of ſteps in it; but from the 
diſorderly diſpoſing thoſe ſteps, and which are gene- 
rally increaſed from want of order. This Philalethes 
could never underſtand; not being able to diſtinguiſh 
between a long and a perplexed demonſtration. . 
Tux conſequences of the moderns, departing from 
this rigour in demonſtration uſed by the ancients, in 
introducing infinites, are thus expreſſed by Mr. Mac- 
Jaurin at p. 38, 39. * But when the principles 
« and ſtrict method of the ancients, which had hi- 
* therto preſerved the evidence of this ſcience entire, 
e were fo far abandoned, it was difficult for the 
« Geometricians to determine where they ſhould ſtop. 
After they had indulged themſelves in admitting 
quantities of various ſorts, that were not aſſigna- 
<« ble, in ſuppoſing ſuch things to be done as could 
* not poſſibly be effected, (againſt the conſtant prac- 
« tice of the ancients,) and had involved themſelves 
in the mazes of infinity, it was not eaſy for them 
to avoid perplexity, and ſometimes error , or to 
„fix bounds to theſe liberties when they were once 
| ® Differtation, F. 54. + Account, 5. 3, 38. Diſſer- 

tation, F. 30, 31, 32, 33. | 
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« introduced. Curves were not only conſidered as po- 


* flygons of an infinite number of infinitely little ſides; 


ce and their differences deduced from the different 
« angles that were ſuppoſed to be formed by thoſe 
e ſides; but infinites and infiniteſimals were admitted 
« of infinite orders, every operation in geotnetry and 
« arithmertick applied to them with the ſame freedom 
« as to finite real quantities, and ſuppoſitions of this 
« nature multiplied, till the higher parts of geometry 
« (as they were moſt commonly deſcribed) appeared 
« full of myſteries. _ nt Df eie; OS 

FROM geometry the infinites and infiniteſimals 
« paſſed into. philoſophy, carrying with them the 
« abſurdity and perplexity that cannot fail to. ac- 
« company them.” aL 


Ar page 46 Mr. Maclaurin ſays, We may 
« perceive from theſe inſtances, that it is not by 
“ founding the higher geometry on the doctrine 
4. of infinites we can propoſe to avoid the apparent 
« inconliſtences that have been objected to it;. 

ACCORDINGLY, at page 49, it is ſaid, Sit 
« Iſaac Newton accompliſhed what Cavalerius wiſned 
« tor, by inventing the method of fluxions, and 
« propoſing it in a way, that admits of ſtrict de- 
© monſtration *, which requires the ſuppoſition of 
c no quantities but ſuch as are finite, and eaſily 
% conceived, The computations in this method 
« are the ſame as in the method of infiniteſimals; 


« but it is founded on accurate principles, agreeable 
« to the ancient geometry . In it, the premiſes 
and concluſions are equally accurate, no quan- 


&« tities are rejected as infinitely ſmall, and no part of 
a curve is fappaied to coincide with a right line.. 
FARTHER, Mr. Maclaurin has expreſly copied 


Mr. Robins's repreſentation of fluxions in theſe 


words, Art. 10, page 56, 37. The velocity 
* Diſcourſe, F. 3, 94, 142, 150. Account, $. 4. Diſſerta- 
tion, 5. 1. + Diſcourſe, 5. 3, 142, 150. 5 
n N „ with 
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de wich which a line flows, is the ame as that of 
& a point which is ſuppoſed to defcribe or generate 
« it . The velocity with which a ſurface flows; 
is the ſame as the velocity of a given — line, 
66 3 — by moving parallel to ill. is ſuppoſed to 

_ = veflangne which is always equal to the 
ny . In-this method likewiſe quantities 
«.'of — — kind may be repreſented by right 
6 lines, and the velocities of the matians by which 
4 they are ſuppoſed to be generated, by the ve 
e Jaocities of points moving in right lines 4.“ 

Au the ſenſe of this paragraph is delivered 
by Mr. Maclaurin in the Philoſophical Tranſsqns, 
Ne 468, page 329; as follows. | 
„ Liwexs are ſuppoſed to be .generated by the 
* mation of points. The velocity of the point that 

&; deſcribes the line is its fluxion, and meaſures the 
% Rate of its Increaſe or Decreaſe ||: Other magni- 
« tudes may be repreſented by lines that increaſe 
6 or- decreaſe in the ſame Proportion with them; 
e and their Fluxions will be inthe ſame Proportion 
«© as the Fluxions of thoſe lines, or the Yolatites 
of the Points that deſcribe them | 

Tux uſes to be made of theſe 5 Me 
Maclaurin thus e xpreſſes, in conformity with Mr. 
Robins, in thedkafb Article of Het. _— 
ex this doctrine, when the velocity af a motion 
<« is determined, it is always with relation to the 
velocity of | ſorne other motion; and when we 
* enquire at what rate the ordinate, for example, 
« increaſes or decreaſes, it is always in relation 
« to the baſe; or fome other Ane with which 
«it is compared.” And thus Mr. Robins, It is 

4 by means of this proportion only, that fluxions 
are applied do geometrical une far this doctrine 


* Diſcourſe, 8. 6. Diſſertation, §. 3. 4 Diſcourſe, "a 40. 
2 Ibid. 5. 10, 17, 39. Diſſertation, $. 7. - „F. 6. 
—_— 3» 6. 101 Diſcourſe, F. 10, 39 ilfertation, f. 7. 
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« never requires any determinate degree of velocity 


« to be aſſigned for the fluxion of any one fluent®*.** 

How Sir Ifaac Newton applies his method - of 
prime and ultimate ratios to the quantitates naſcentes 
and evaneſcentes, whence are demonſtrated the pro- 


portions of theſe velocities or fluxions, Mr. Maclauria 


in Article 502 thus declares, **.-. . In order to 
« avoid fuch fuppoſitions” [infiniteſimals] «« Sir 
% Iſaac Newton conſiders the ſimultaneous incre- 
« ments of the flowing quantities as finite, and then 
e inveltigates the ratio which is the- limit of the 
e yarious proportions which thoſe increments hear 
„ to each other, while he ſuppoſes them to decreaſe 
“together till they vaniſh F; which ratio is dhe 


« ſame with the ratio of the fluxions by what wag 


„ ſhewn in Art. 66, 67 and 68 F. In order to 
4 diſcover this limit, he firſt determines the ratio 
* of the increments in general, and reduees it to 
the moſt ſimple terms ſo as that (generally ſpeak 
„ ing) a part at leaſt of each term may be inde- 


« pendent of the value of the increments therhs 


“ ſelves; then by ſuppoſing the increments to de. 
« creaſe till they vaniſh, the limit readily appears.“ 

ConcERNING this limit Mr. Maclaurin further adds 
Art. 505] that it is called the t or prime ratio of 
theſe increments, and may with equal propriety be 


ſaid to be the /aft or ultimate; becauſe though the 


ratio of thoſe increments continually varies, when 


the motion is' continually accelerated or retarded, 


yet the ratio of the generating motion is the term ov 
limit from which the variable ratio of the incrementa 


proceeds, or ſets out to increaſe or decreaſe z and 


ſoon after he obſerves, that a ratio may limit the 


variable ratios of the increments, though it cannot 
be ſaid to be the ratio of any real increments ]. 


= Diſcourſe, 15 f 
Diſſertation, F. 65. f Diſcourſe, F. 146, 149. Review, 
Diſſertation, 5. 65 i Diſcourſe, §. 104, 105, 107, 108. 
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Now this is the very doctrine Mr. Robins always 
inſiſted upon, and which Philalethes pretended to 
treat with ſo much ſcorn and contempt. 8 
Bur to conclude, I ought not, perhaps, to omit, 
that Mr. Maclaurin has once indeed ſpoke of in- 
finiteſimals, which he has thus expreſly condemned, 
more favourably than Mr. Robins has done, when 
he ſays Introduction, p. 471 we would not be un- 
«  derſtood to affirm, that the method of indiviſibles 
and infiniteſimals, by which ſo many unconteſted 
„ truths have been diſcovered, are without a foun- 
ies | | | 
War this ſuppoſed foundation is, Mr, Mac- 
laurin has no where explained; and whether this 
was ſaid by him in compliment to his friend Phila- 
lethes, or the effect of prejudices, remaining from 
former opinions, I leave undecided. It is certainly 
* with all, that has been here cited from 
Tuvus, upon the whole, I cannot doubt, but 
M. de Buffon, when he ſhall have calmly peruſed 
_ what Mr. Robins has writ, and obſerves, how ex- 
actly he has been followed by others; he will ſee 
reaſon to wiſh, that all, he has ſaid againſt my 
friend with ſo much inſult, may be underſtood to 
proceed from his not having duly himſelf conſidered 
Mr. Robins's tracts, but taken upon truſt the 
ſuggeſtions of ſome other, which were the effects of 
prejudice and ill will. And indeed when he talks 
of the obſcurity of Mr. Robins's ideas, the inſigni- 
ficancy of his phraſes, and the unintelligibleneſs of his 
ſtyle; he gives the moſt certain proof, that he had 
never carefully read his writings, ' or has a very 
imperfe& knowledge of the language in which they 
are writ; for Mr. Robins is much admired here 
for the contrary excellencies, on whatever ſubjects 
he has employed his pen. ts 
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M. de Buffon attempts to juſtify his abuſive 
treatment of Mr. Robins, from his having the pre- 
ſumption to cenſure the Grand Bernoulli, as he ſtyles 


him. This wonderful man, it ſeems, my friend has 


preſumed to call an inelegant computiſt *; which 
aſſertion he was very able to juſtify from that 
writer's numerous productions. Burt the principal 


motive of his uſing this freedom was the indignati- 


on, he had early conceived at M. Bernoulli's inſuf- 
ferable vanity and indecent carriage, without any 
cauſe, towards many eminent mathematicians. In 
particular, Dr. Keill he had abuſed in a moſt out- 


rageous manner; which ſcandalous behaviour the 


Doctor has treated, as it deſerved, in his Letter to 
M. Bernoulli F, which Letter being in Latin, I 
wonder, it was not reprinted by the collectors of Dr. 
Keill's works: for though it has ſome perſonal re- 
flexions, all juſtifiable from the uſage he had re- 
ceived (a Gar much blamed even by ſome of 
M. Bernoulli's beſt friends Þ and greateſt admirers) 
yet it alſo contains curious particulars relating to the 
mathematicks ; eſpecially the applying ſecond and 
third fluxions, in which many have committed er- 
rors. There the Doctor's aſſertions are ſupported by 


irrefragable arguments, the weakneſs of his antago- 


* Remarks on Dr. Smith, F. 1. + J. Keill Epiſtola ad J. 
Bernoulli. Lond. 1720. in 4to. ; | 8 

t What an opinion M. de Montmort had of M. Bernoulli's 
behaviour, appears from his letters to Dr. Taylor. In one it is 


ſaid, 4 11 eſt certain que M. Bernoulli eſt trop jaloux d'honneur 


« et porte trop loin ſes pretentions dans la diſpute avec fon 
„ frere, ils avoient tort tout deux mais luy a mon avis beau- 
coup plus que Jacques;” in another, Pay deja pris la 
„liberté de dire a M. Bernoulli que bien de gens trouyoient 
© qu'il n'en uſoit pas bien à Vegard de feu M. de VHoſpital ; 

and in a third, Il y a un endroit contre M. Keill que je blame 
« extremement en ſuis facht pour M. Bernoulli qui n'a pas ete 


en droit de faire un pareil reproche a M. Keill quelque ſujet 


« qu'il puiſſe avoir de s' en plaindre.“ Keill Epiſt, ad J. Ber- 
noulli, at the end. | | 
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322 APPENDIX. 
niſt's reaſons clearly evinced, his abuſes expoſed, and 
the whole written in a very elegant manner. Inſo- 
much that I am apt to believe, if M. d' Alembert had 
duly examined this diſpute, and ſeen this letter; he 
would ſcarce have faid of M. Bernoulli, ©* Peut-etre 
& Etoit-il excuſable a Pegard de M. Keill, qui avoit 
© en quelque maniere viole les regles du droit des 
«© pens, et dont les procedes n'etoient pas moins 
« blamables que les diſcours 
Acain, my moſt dear and worthy friend Dr. 
Taylor, a gentleman of fortune; who allotted ſome 
pa of his time to mathemarical ſtudies, and has pub- 
iſhed works of genius and invention; as his Methodus 
Incrementorum , with ſeveral curious Diſſertations 
in the Philoſophical Tranſactions F. And obſerving 
the imperfect manner the art of Perſpective was 
delivered in all the books he had ſeen, he wrote his 
treatiſe on that ſubject |; which is highly eſteemed 
by our moſt knowing painters Fj. This excel - 
lent perſon M. Bernoulli fell upon without cere- . 
mony, to which attack the Doctor gave a ſufficient 
anſwer in the Philoſophical Tranſactions, Ne 360; 


Eloge Hiſtorique de M. Jean Bernoulli, in M. d'Alem- 
bert's Melanges de Literature, &c. + An account of this 
book is given by the author himſelf in the Philoſophical Tranſ- 
actions, No 345. t Ibid. Ne 336, 35 2, 353, 35 4, and 367. 
See an account of this Perſpective by the author, ibid. Ne 344. 
Tj As Dr. Taylor's treatiſe is written briefly, not to ſay 
obſcurely ; ſome have attempted to explain it. Though I have 
Treaſon to think my friend found out by himſelf the excellent 
method, he deſcribed; yet he is not here an original inventor, | 
For that very method was long before publithed by Guido 
Ubaldi, in his Perſpective printed at Peſaro in 1600. Where it is 
delivered very clearly, and confirmed by moſt elegant demon- 
ſtrations. In the laſt book, Ubaldi applies his method to the 
delineating the ſcenes of a theatre. And in this particular, 
with __ to the practice, he is followed by Signor Sabbat- 
tini in his Practica di Fabricar Scene ; whereof was made, at 
Ravenna in 1638, a new edition, to which was added a ſecond 
book, containing a deſcription of the machines uſed for pro- 
ducing the ſudden changes in the decorations of the ſtage. 


ſetting 
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ſetting forth, at the ſame time, the groſs errors his 
antagoniſt had committed in the ſolution of the 
Iſoperimetrical problem. But M. Bernoulli per- 
ſiſting, that Dr. Taylor had ſtole from him the 
method of determining the center of oſcillation, the 


Doctor demonſtrated, that his own had been pub- ö 


liſhed in the Philoſophical Tranſactions, Ne 337, 
before that of M. Bernoulli's *. On this clear con- 
viction, M. Bernoulli had recourſe to the low ſhift 
of pretending, that what Dr. Taylor had publiſhed 
in the Tranſactions, was but a ſketch of what he 
afterwards produced in his Methodus Incremen- 
torum T. Now in contradiction to this, it is cer- 
tain, what was delivered in the Tranſactions, is more 
full and explicit, than what is contained in the Me- 
thodus Incrementorum, though even that treatiſe 
had been printed before M. Bernoulli's diſcourſe 
was publiſhed. po 

LasTLy, in regard to Sir Iſaac Newton, this greac, 


| modeſt, and generous perſon, has often, by M. Ber- 


noulli, been moſt unreaſonably inſulted, and more 


particularly in a paper, that was publiſhed in an 


infamous libel, dated 29 Julii 1713 Þ, and there 
ſtyled Judicium primarii Mathematici. That this 
primarius Mathematicus was M. Bernoulli, could 
not long remain a ſecret; as the paper bore ſuch 


roving marks of its real parent. However, M. 


ernoulli three years after, in a letter to M. Leib- 


nitz, wonders how it came to be known ||. But 2 


weakneſs of this judgment has been fully expoſe 


* AQ. Erudit. Sept. 1722. | + AR. Erudit. Supplem. 
Tom. viii, Set. v. This libel was tranſlated into French, 
and- printed at the Hapue in the Journal Literaire for Nov. and 
Decemb. 1713. p. 448. * Miror quomodo Newtonum 
“ ſcire potuerit me auctorem eſſe epiſtolæ illius, quam inſeruiſti 
* chartæ illi contra Newtonum publicatæ; cum tamen nemo 
« mortalium ſciverit me illam ſeripſiſſe, niſi tu ad quem ſcripta 
« eft, et ego a quo ſcripta eſt,” Leibnittii et Bernoulli Com- 
mercium Epiſtolicum Lauſanæ 1745. Tom. ii. Epiſt. 231, 
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324 APPENDIX. 
by Sir Ifaac Newton himſelf, at the end of the 
Commercium Epiſtolicum. See alſo the Journal 
Literaire for July and Auguſt in 1714; where 
the groſs abuſes thrown on Sir Iſaac Newton by the 
author of the libel itſelf, in relation to Dr. Hook 
and Mr. Flamſtead, are excellently well anſwered 
by Dr. Keil]. As to what was afterwards ſaid in 
the Acta Eruditorum for March 1720, in giving an 
account of M. de Fontenelle's Elogium of M. Leib- 
nitz, where an opportunity is taken of upbraiding 
Sir Iſaac Newton for having been beholden to M. 
Huygens and Dr. Hook; it may be replied, that 
he had quoted them both in his er Lib. i. 
Prop. iv. in the Scholium. | 
Acain, Mr. Robins's Remarks on a Treatiſe of 
M. Euler,, are by M. de Buffon brought into the 
account. And here I cannot but obſerve the dit- 
ference in the behaviour of a perſon of knowledge, 
who thinks for himſelf, and of one carried away 
with the unjuſt reports of envy and malice. M. 
Euler, highly to his honour as a gentleman, far 
from being influenced by any private diſguſt, not 
only has publickly praiſed, but has taken the pains 
to communicate to his countrymen in their own 
language, a work * of Mr. Robins's, which he 
thought worthy theſe marks of his eſteem. | 
Bor to be more particular upon the railings 
thrown out againſt - Mr. Robins in regard to Sir 
Iſaac Newton. 
M. de Buffon has charged Mr. Robins with want 
of reſpect towards that great man, by making him 
aſſert, that Sir Iſaac Newton had not well conſidered 
the ancient geometers, that his Lemma was obſcure 
and hypothetical, and his ideas not clear, and even 
ſetting himſelf above him. 


New Principles of Gunnery, banda into High Dutch 
As 


"oY M, Euler, Printed at Berlia in 1745. 


s 


APPENDIX. 325 
As M. de Buffon has not referred to any par- 
ticular paſſages in Mr. Robins's writings; it is not 
ealy to gueſs, where he pickt up all this ſtring of 
accuſations againſt one, who has always profeſſed 


the greateſt deference for Sir Iſaac Newton . Mr. 


Robins has indeed ſuppoſed, for which he had very 
good grounds, that, when Sir Iſaac Newton in- 
vented his method of fluxions, he had- not then 
much ſtudied the ancients +. But is this aſſerting, 
that he had never well conſidered them ? | 

NETHER has Mr. Robins ever repreſented Sir 


Iſaac Newton's Lemma as obſcure, much leſs as in 


any meaſure hypothetical ; nor has he any where 
inſinuated, that Sir Iſaac Newton was ever deficient 
in the perſpicuity or diſtinctneſs of his ideas, de- 


claring, in the ſtrongeſt terms, that his expreſs de- 


ſign was to ſhew, that the miſapprehenſions of 


others had given riſe to all the objections, that had 
been advanced againſt Sir Iſaac Newton's doctrine; 
which objections will be at once removed by a 


careful choice of expreſſions, adequately accommo- 
dated to Sir Iſaac Newton's real meaning ||. | 


Ma. Robins has indeed made mention of the 
great brevity with which Sir Iſaac Newton wrote |}, 


a fact well known to every one, that reads him. If 


to declare this be a crime, he is followed in it 


by Mr. Maclaurin rf. But this was the moſt com- 
25 7 | 47 plaiſant 
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« avoũer que fi ce calcul a eu des enemis dans fa naiſſance, 
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326 APPENDIX. 
plaiſant reaſon, Mr. Robins could alledge, why the 
author of the Analyſt might not underſtand Sir Iſaac 
Newton. It was in oppoſition to Dr. Berkeley, 
that Mr. Robins compoſed his treatiſe ; all that he 
| wrote afterwards againſt Philalethes, that gentleman 
brought upon himſelf by his impatience to ſee 
another enter the lifts _ his antagoniſt, with 
different weapons from his own; and turning his 
aſſault againft him (as M. de Buffon expreſſes it) 
% comme defenſeur de la verite $'eſt charge de 
<« lui _—_ ce qu'on entendoit fort bien Newton 
& fans Robins *;” but unfortunately for himſelf, 
as it now appears, that either he, or Mr. Maclaurin, 
as well as Mr. Robins, did not underſtand Sir Iſaac 
Newton. HE ſe dip RT. 
Bur if Mr. Robins had aſcribed to Sir Iſaac New- 
ton ſome degree of negligence F, it will be no more 
than what was freely admitted by Dr. Saunderſon, 
Profeflor of the Mathematicks at Cambridge, who, 
no body believes, ever wanted reſpect for Sir Iſaac 
Newton; yet did own, „that the great Inventor, 
„ never expecting, to have it”? ¶doctrine of fluxions] 
*< canvaſſed with ſo much trifling ſubtility and cavil, 
% had not thought it neceſſary to be guarded every 
% where by expreſſions ſo cautious, as he might 
<« have n uſed g.. : | 
: Tx truth is, Sir Iſaac Newton at firſt made 
= the ſame uſe of indiviſibles, others had done: in 
4 dis Analyſis per æquationes numero terminorum 
== infinitas, he expreſly ſays, © Nec vereor lo- 
| qui de unitate in punctis, five lineis infinite 
# « parvis I;“ and in his Lectiones Optice he 


h 1 ce poſed to have given ſome occaſion to the objections which 
} « have been raiſed againſt his method.” Maclaurin's Treatiſe 

. j | of Fluxions, p. 2. | 
1 M. de Buffon's preface, p. xxviii. . + Diſſertation, 
5. 101, 102. See Memoirs of Dr. Saunderſon's life, 
before his Algebra, p. xv. Comm. Epiſt. p. 85. 
115 85 . ä demon- 


N 


APPENDIX N 
demonſtrated by indiviſibles *; where he alſo at- 


tempts, by their aid, to accommodate the defi- 
nition of proportionality in commenſurable quan- 


tities to ſuch as are not commenſurable . But 
when he compoſed his Principia, he propoſed to 
eſtabliſh a more accurate method of conception 
and explicitly inſtructs his readers, how they ate to 


underſtand, whatever expreſſions may occur, that 


may WU ſimilar to what are uſed in the doctrine 
of indiviſibles, in ſaying. Siquando quantitates 
« tanquam ex particulis conſtantes conſideravero, 
« vel fi pro rectis uſurpavero lineolas curvas; 
« nolim indiviſibilia, ſed evaneſcentia diviſibilia, 
“ non ſummas et rationes partium determinata» 


rum, ſed ſummarum et rationum limites ſemper 


« intelligi 4.“ 3 

Bur experience has ſhewn, that notwithſtanding 
this caution, many had miſtook. Sir Iſaac Newton's 
meaning, even after he had explained, in the Intro- 
duction to his Treatiſe on Quadratures, his doctrine 
in terms guarded againſt every objection, that could 
be raiſed. | | 5 

Acain, M. de Buffon is too fond of his talent 
for invective to confine it to one object, but muſt 


needs extend it to Sir Iſaac Newton himſelf alſo in 


the ſame heedleſs manner; that becauſe Sir Iſaac 
Newton died not long after the laſt publication of 
his Principia, he takes upon him to preſume, that 
while that work was under his reviſal, his intellects 
were ſo impaired by age, that he was not maſter of 
his own thoughts, without conſidering in the leaſt 
the cauſe of his death, which, notwithſtanding his 
years, was not occalioned by the mere failure of 


* Diſſertation, $. 03. See alſo a demonſtration of Sir Iſaac 
Newton's, by indiviſibles, in Hunt's Gauger's Magazine, printed 
at London.in 1687. + Le&. Optic. Part. 1. Sect. 3. 
Lem. 6. Corol. 1. t Princip. Lib. i. Lem. xi. in the 
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Iſaac Newton's Philoſophy, in the preface. 


328 APPENDIX 
the principles of life ; but from one of the moſt 
tormenting diſeaſes, that human nature is ſub- 
ject to ®; for excepting ſome degree of that defect 
in memory in regard to recent occurrencies, which 
is the uſual concomitant of age, he is well known 
to have retained his intellectual faculties to the laſt, 
And this unjuſt reflection is thrown out upon Sir 


Iſaac Newton only; becauſe he had not pleaſed 
M. de Buffon in omitting a paſſage in his book 


relating to M. Leibnitz. | 
Now the original deſign of inſerting this paſſage 

was to ſhew, that Sir Iſaac Newton had before 

found out the method of fluxions. Of that affair 


he indeed had given an account in a letter written 


to Mr. Collins, of an earlier date | than that Þ 


alluded to in the paſſage, whoſe omiſſion is com- 
Plained of by M. de Buffon. But for above 20 
years after the Principia had been publiſhed, Sir 
Haac Newton did not know, that this letter to 
Mr. Collins exiſted, or that a copy of it had been 
ſent to Sluſius, M. Tchurnhans, and M. Leibnitz. 


This letter contained a particular deſcription of the 


method, he had delivered in the book of ſeries and 
fluxions, which he had written the year before; 
and as he was prevailed on by Dr. Pemberton ||, 


while the laſt edition of his Principia was carrying 


on, to ſuffer this treatiſe of ſeries and fluxions, 
after it ſhould have been reviſed and augmented by 


| himſelf; to come abroad; he thought proper to 


exchange the paſſage relating to M. Leibnitz, for 
what he had inſerted from the abovementioned 
letter to Mr. Collins; for as it was written before 


M. Huygens's Horologium Oſcillatorium was pub- 


* See his elogium by M. de Fontenelle, in the Hiſtory of the 


Royal Academy of Sciences at Paris for the year 1727. 


10 Dec. 1672. Þ 24 Octob. 1676. || View of Sir 
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liſhed ; ſo it mentioned Sir Iſaac Newton's havicg 
then derer e d the curvature of curves *. 


As to the paſſage, that regards M. Leibnitz, it 
may be obſerved, that Sir llaac Newton has ſaid, 


* 


vention of the calculus diſferentialis, independently 


of my own; and that to attribute this invention 


„ to myſelf, is contrary to my. knowledge there 
« avowed. But in the paragraph there referred 
„ unto, I do not find one word to this purpoſe; on 


the contrary, I there repreſent, that I ſent notice 
6 of my method to M. Leibnitz before he ſent no- 
„ tice of his method to me; and left him to make 


<« ir appear that he had found his method. before the 


date of my letter, that is eight months at leaſt 


<« before the date of his own T.“ And afterwards 
Sir Iſaac Newton adds, „As for the Scholium upon 
the ſecond Lemma of the ſecond Book of the 


“ Principia Philoſophiæ Mathematica, which is ſo 


„ much wreſted againſt me; it was written not to 


6 give away that Lemma to M. Leibnitz, but on the 
*© contrary to aſſert it to myſelf .“ And accord- 
ingly it is referred to and quoted at length in the 


diſpute about the invention of fluxions ““. 


Bur Sir Iſaac Newton finding M. Leibnitz, as well 
as others, had miſrepreſented this paſſage ; he re- 
ſolved to leave it out. On which account M. de 


Buffon aſks, Pourquoi ſupprimer cet article ? 


os puiſqu on Pavoit laiſſe ſubſiſter dans la ſeconde 
55 Comm: E e p. 105. Recueil de Nn 


Pieces ſur la Philoſophie &c. printed at Amſterdam in 1720, 
Tom. ii. p. 35, 42. 1 Raphſon. Hiſtor. Fluxion. p. 115. 
As alſo in Recueil, &c. Tom. 11. p. _ See alſo Philof. 
Tranſ. Ne 342. p. 218; or Com. Epiſt. p. 5 || Raphſon, 
Hiſt. Fluxion. p. 122. Or Kecueil, Ec. Tom. ii. p. 108. 
*® Journal Literaire 1714. p. 340. Philoſ. Tranſ. N? 342, 
p. 198; or Comin. Epikiolic. p. 30; and nn on Diverſes 
hieces, &c. Tom. i. in the preface, p. xiſi. 
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« edition en 1713. C'eſt-à-dire, dans le tems de la 
« chaleur de la conteſtation.”* I anſwer, that edi - 
tion was in the preſs, and great part printed off, be- 
fore the diſpute about the invention of fluxions 
began, before Sir Iſaac Newton knew, that his 
letter to Mr. Collins was in being, and long before 


the paſſage of the Principia had been miſrepreſented. 


And now there was no farther occaſion for that 
paſſage; ſince Sir Iſaac Newton's right to the inven- 


tion of fluxions had been fully demonſtrated in the 


Commercium Epiſtolicum. Beſides, it did not be- 
come him to be upon any terms with ſuch perſons as 
M. Leibnitz and M. John Bernoulli, who not con- 
tent to uſurp his inventions, had loaded him with 
calumnies. The former, not to inſiſt on the inven- 
tion of fluxions, pretended to the diſcovery of the 
principal propoſitions of the Principia; but the 

paralogiſms he committed, betrayed the plagiariſm *. 
The latter, with no ſmall degree of vanity, claimed 


to himſelf the integral calculus r, when what he had 


* 


produced was but a very inconſiderable part of what 
is contained in Sir Iſaac Newton's letters ſent to 
M. Leibnitz , and whoever ſhall conſider the ſeven 


theorems, he long afterwards publiſhed | with the 


ſame degree of boaſting, muſt be ſurprized at his 
obſtinacy in perſevering ſo to neglect, what Sir Iſaac 
Newton has done, as not to know, that the four firſt 
of thoſe theorems were but a ſmall pittance of the 
ſeries for the quadrature of curves, exhibited in the 
abovementioned letters ; even after the uſe of it had 


been farther explained in the Treatiſe of Quadratures ; 
Nor that the three laſt were only one very ſimple caſe 


of the ſeventh propoſition of that book, viz. when 
the part of the ordinate under the vinculum is a bi- 


* Philof. Tranſ. N' 342. p. 208. Or Commer. Epiſt. 
P- 41, &c. Journal Literaire 1714. p. 348. + Acta 
Erudit. 1716. p. 299 1 Keill Epiſt. ad Bernoul. p. 3. 
H Acta Erudit. 17 19. Merſ. Jun. p. 269. 8 : 
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nomial, and the index of that vinculum a negative 


integer. They talk indeed of their exponential cal- 
culus as a great diſcovery * ; but this Sir Iſaac New- 


ton himſelf has hinted to be really of no uſe T. 


Tnus, I preſume, I have ſufficiently vindicated 
both my friend Mr. Robins and Sir Iſaac Newton 
from the pragmatical reflections of M. de Buffon. 


But as Sir Iſaac Newton has at different times been 


cenſured on many points; I hope I may, without 
blame, here add, to what others have already writ in 
his juſtification, ſome animadverſions on ſuch ob- 
2 as I find to have been lately advanced or 
revived. 15 


Tur brevity, with which he has writ, particularly 


in his Principia, I obſerve ſtill to be complained of ; 


however M. de Buffon has been pleaſed to reproach 


Mr. Robins for making any conceſſion on that head. 
But to ſuch as have duly prepared themſelves by a 
ſufficient knowledge in geometry to enable them to 
underſtand his meaning (and who elſe ought to at- 
tempt it?) this conciſeneſs is moſt agreeable. In 
the beginning of his book, what relates to the laws 
of motion, and centripetal forces, is delivered moſt 
clearly; and therefore it ought not to have hindered 
any perſon of ſkill from comprehending, what he 


had demonſtrated of the influence gravity has in the 


ſyſtem of the univerſe, But his conciſeneſs perhaps 


may have diſcouraged others leſs expert from giving 


* Ut taceam calculi exponentialis, qui tranſcendenitis perfec- 
ce tiſſimus, eſt gradus, quem L.. .. us primus exercuit, Johannes 
vero Bernoullius proprio marte etiam aſſecutus eſt, nullam 
« N. 0 aut ejus diſcipulis notitiam fuiſſe,” The paper 


dated 29th of July, 1713. Or Journ. Liter. 1713. p. 453. 


+ Philoſ.Tranſ. Ne 342. p. 212. Or Comm. Epiſt. p. 46. 1 Dans 
<«< la plupart des endroits difficiles il [Newton] emploie un trop 
1 petit nombre de paroles i expliquer ſes principes.” Mem. de 
 PAcad. Royal. des Sciences a Paris 1745. p. 329. * Pro- 


lixitas inutilis eſt obtuſis et faſtidioſa ingenioſis. Tilis enim 


„% multa nil profuit; his vero pauca ſufficiunt.“ Maurolyci, 
Opuſcul. Mathem. p. 48. 3 
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due attention to what. he has delivered very diſtinctly; 

if they had, his doctrine of the extenſiveneſs of the 
power of gravity could never have been conceived to 

' de an attempt to eſtabliſh that operation as an original 

power in nature, for which no cauſe was to be in- 

quired after; and putting it upon the foot of the 
ancient principle of occult qualities. Certainly, 
when Galileo and Torricellius ſhewed the line, that 
projectiles would move in by the action of gravity 
upon them (ſo far as they were not reſiſted by the 
medium they paſſed through) they were never charged 
- with introducing, under the name of gravity, an 
occult quality; nor will any one object to the ex- 
plaining any of the effects of the ſpring of the air by 
thoſe, who aſcribed them to that elaſtic power, which 
the air is known to be poſſeſſed of, as aſſerting an 
occult quality, and reject thoſe explanations, as un- 
philoſophical, though the cauſe of that elaſticity was, 
and ſtill remains, wholly unknown to us. If the 
effects of no power in nature were to be inquired 
after, till that power could be traced up to its firft 
original cauſe, all natural philoſophy would be at an 
end. | | Z ö 

Now no writer was ever more cautious, than Sir 
Iſaac Newton has been, to avoid all objections of 

this kind. In the former part of his book, where 
he treats of the effects of centripetal powers in gene- 
ral, and of the tendency bodies may be ſuppoſed to 
have towards each other; he frequently repeats in 
the moſt explicit manner poſſible, that under the 
name of attraction he had no intention of confining 
it to any particular phyſical caule whatever. 

| - OL CO Le AND 
* «« _——confiderando vires centripetas tanquam attractiones, 
ec quarum fortaſſe, fi phyſice loquamur, verius dicantur impul- 

„ fſus. Newton. Princip. Lib. i. Sect. xi. at the beginning. Again, 
«© Vocem attractionis hic generaliter uſurpo pro corporum conatu 
« quocunque accedendi ad invicem : five conatus iſte fiat ab 
« actione corporum, vel ſe mutio- petentium, vel per on 
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Anv when in the third book he applies the mathe- 


matical ſpeculations of the firtt to the ſyſtem of tie 


world, he does not give the name of gravity to the 
centripetal powers, he finds to operate on the. moon 
and other planets ; till he has ſhewn, that action in 
the moon to be the ſame as that, which here upon 


the earth we call gravity. And from that time he 
ſubſtitutes this gravity in the room of the term at- 


traction, he had before made uſe of *. In all this 


there is not the leaſt ground to imagine, that he had 


any other idea of gravity, than what he had before 


expreſſed of attraction as a cauſe, whoſe effects he 


treats of without taking upon him 'to determine, 
whence that power aroſe, Es 
I am as much ſurprized on the other hand, that 


what, Sir Iſaac Newton has ſuggeſted at the con- 


cluſion of the latter editions of his book concernin 
the poſſibility of the operation of gravity being 
owing to ſome ſubtle fluid extended through the 


| univerſe, ſhould be conſidered as drawn from him 
by theſe objections, I have been ſpeaking of, againſt 
the general tenour of his former ſentiments T; when 


in one of the paſſages 4 juſt now cited, which occurs 


« emiflos ſe invicem agitantium; five js ab actione ætheris, aut 
« aeris, mediive cujuſcunque ſeu corporei ſeu incorporei oria- 
« tur corpora innatantia in ſe invicem utcunque impellentis.” 
Ibid. Lib. i. at the- end of SeR. xi. in the Scholium. See alto 


Philof. Tranſ. No 342. p. 222, 223. Or Com. Epiſt. p. 55, 59. 


* Propterea vis illa, qua luna retinetur in orbe ſuo ea ipſa 


« erit quam nos gravitatem dicere ſolemus.“ Newton. Princip. 


in Schol. Prop. iv. Lib. iii, Again, HaQenus vim illam qua 
% corpora cœleſtia in orbibus ſais retinentur centripetam appel- 


lavimus. Eandem jam gravitatem eſſe conſtat, et propterea 
<« gravitatem in poſterum vocabimus.“ Ibid. in Schol. Prop. v. 


Lib. iii. | | 3 
« Le principe d'une matiere ſubtile que M. Newton lui- 


meme, plus intereſſe que perſonne a ne le pas admettre, n'a 
% pũ s' empècher d'adopter—.” Hiſt. de l' Acad. Royal des Sci-- 


ences a Paris 1749. p- 53. Pe ** 
4 * Sive conatus iſte fiat ab actione ætheris“ & c. Princip. 
Lib, i. SeR. xi. at the end. =, 
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234 APPENDIX. 
in the firſt edition as well as in the following, he has 
ſo explicitly enumerated this among the other cauſes, 
—_ ſuggeſted as poſſibly capable of producing the 
HowvkR, as effects and cauſes cannot be ex- 
tended in infinitum, there muſt be ſome firſt cauſe, 
to which the ſubſequent are owing. But that Sir 
Iſaac Newton was not ſo haſty as to conclude 
gravity to be ſuch a firſt cauſe, is evident, from 
what has been here ſaid. Though I find M. d'A- 
lembert rather ſuppoſing that he conſidered it as 
ſuch; confirming himſelf in that opinion from Mr. 
Cotes having adopted that ſentiment in a preface, 
which M. d' Alembert preſumes to have been writ 
under Sir Iſaac Newton's inſpection, and to have 
received his entire approbation *. RE = 
Now Sir Iſaac Newton has himſelf informed 
us T. Quz novæ Principiorum editioni premiſla 
« ſunt, Newtonus non vidit antequam Liber in 
< Jucem prodiit;“ and it is well known, that he 
was much diſſatisfied with that preface for more 
reaſons than one; which contains things unworthy of 
him, in particular towards the end, where mention 
is made of Dr. Bentley; and that he therefore once 
intended to have made another edition of his book, 
in order to omit that preface, being much diſpleaſed 
with Dr. Bentley on that account. wever, his 
mild temper could not _ retain reſentment againſt 
one, with whom he had for a great part of his life 
a familiar acquaintance; fo that when at length he 
came to make the laſt edition of his Principia; 


*—c<c il [Newton] a ſouffert que M. Cotes fon difciple 
« adoptat ce ſentiment ſans aucune reſerve, dans la preface go 
« a miſe à la tete de la ſeconde edition des Principes ; pretace 
« faite ſous les yeux de Pauteur, et qu'il paroit avoir ap- 
«« prouvee.” Encyclop, Tom. i. p. 854. The ſame thing is 
repeated in another place of the ches Tom. vil. 
p. 876. + Comm. Epiſtolic. in the preface, pag. penult. 


| In 


at p. 24. of Suzius's Di 
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in regard to the memory of Mr. Cotes, and an un- | 
willingneſs to offend Dr. Beatley, who was then 


alive, and to whom he had been for many years 
reconciled, he ſuffered that preface to be again 
prefixt to his book. | 


Troven this preface is one, and even the moſt 


_ conſiderable of thoſe writings, which gave occaſion 


to what he was wont to complain of, That opinions, 
which he never had entertained, have been imputed 
to him; becauſe they were found in the writings 
of others, whom ſome had been pleaſed to call his 
diſciples. But that no opinions may be attributed 
to this great man, which he never held; ſee what 
he has faid excellently well himſelf in the Philoſo- 
phical Tranſactions, N' 342. p. 222 *, about his 
method of philoſophiſing. See alſo his letter to 


Signor Conti F. 


Herz M. d' Alembert intended to concur with 


Sir Iſaac Newton; though he has been miſtaken in 
aſcribing to him an opinion, he never held. In 


another place he joins with the Bernoulli's, when 
they charged Sir Iſaac Newton with having com- 
mitted a miſtake in determining ſecond fluxions |. 
And though that affair had been already cleared up _ 
from their objections by Sir Iſaac Newton himſelf 


in the Philoſophical Tranſactions, N* 342. p. 209 f; 


yet M. d'Alembert has again renewed the ac- 
cuſation, which he _—_— by infiſting, that Sir 
Iſaac Newton had confounded the idea of a real 


curve with an imaginary form, which ſhould conſiſt 


* Com. Epiſt. p. 55, &. + Raphſ. Hiſt. Fluxion. p.100; or 
Recueil des Pieces, &c. Tom. ii. p. 16. f Encyclop. Tom. iv. 
p. 988. F Mem. de VAcad. Royal des Sciences Ann. 1711. 


til Or Com. Epiſtol. p. 40. See alſo what Dr. Keill has ſaid in 
the Journal Literaire in 1714. p. 3433 and in 1716. p. 428; and 


in his letter to Bernoulli, p. 16. See likewiſe Riccatrs letter, 
Fair nes Mathematicæ, printed at 
Venice 4725. In ſo many places has this affair been ſettled. 
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of polygons . Whereas the fact is, thoſe, who 
wrote upon curves according to the principles of 
indiviſibles, were guilty of confounding theſe two 
ideas together; and Sir Iſaac expreſly diſtinguiſhed 
them. Thoſe, who had conſidered curves as con- 
fiſting of polygons of an infinite number of ſides, 
ſuppoſed the tangent to be one of theſe ſides con- 
tinued; whereby the portion, intercepted between 
the curve and tangent in an ordinate parallel to that 
through the point of contact, has for its ultimate 
limit the ſecond fluxion of that ordinate z but Sir 
Iſaac Newton has conſidered the tangent not as 
coinciding with any particle of the curve; but as 
making angles with every line drawn from the 
point of contact within the curve either way; and 
thus the ultimate limit of the aforeſaid portion, 
intercepted berween the curve and tangent, is half 
only of what was aſſigned by others. 

Six Iſaac Newton ſeems alſo to be blamed by 
M. &'Alembert in the Encyclopédie 4 for having 
uied ſynthetick demonſtrations; as if he did it to 
conceal his method of inveſtigation. But Sir Iſaac 
Newton has himſelf told his real motives ; and 
ſo long ago as 1671 he adviſed, after a problem 
is once ſolved by algebra, to demonſtrate the ſo- 
lution ; „that laying aſide all algebraical calcu- 
e Jations, as much as may be, the theorem may be 
„ adorned, and made elegant, ſo as to become 
« fit for publick view ||.” And in his algebra! 
he has blamed the introducing the expreſſions of 
arithmetick into geometry. He there ſays, Aqua- 
«« tiones ſunt expreſſiones computi arithmetici, et in 


„ II (Newton) a confondu la courbe polygone avec la 
« rigoureuſe.” Encyclop. Ibid. + Tom. vii. p. 637. 
+ Philoſ. Tranſ. NY. 4- p. 206; or Comm. Epiſt. p. 39. 

Method of ſeries and fluxions, Prob. ix. $.1c7. I have above 
quoted the words of the Engliſh tranſlation ; becauſe the French 
traniation gives not the full force of the paſſage. | 
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de geometria locum non proprie habent. Multi- 


b plicationes, diviſiones, et ejuſmodi computa in 
vc E recens introducta ſunt; idque incon- 
c ſulto, et contra primum inſtitutum ſcientie hujus. 


« Proinde he duæ ſcientiæ confundi non debent. 


&© Veteres tam ſedulo diſtinguebant eas ab invicem, 
« ut in geometriam terminos arithmeticus nun 
« quam introduxerint. Et recentes utramque con- 
„ fundendo amiſerunt ſimplicitatem in qua geo- 


* metriæ elegantia omnis conſiſtit “. 
Ap other writers before him had ſpoke to the 
ſame purpoſe T. But his example, M. d' Alembert 


is of opinion, has had an ill influence on the Engliſh 
mathematicians, who hence becoming great eſpouſers 
of the ſyntheſis, have not gone ſuch lengths in 
geometry, as might otherwiſe have been expected 


from them; and after enumerating many improve- 


ments in the phyſical aſtronomy, adds, Qu'on 


« eſſaye d' employer la ſyntheſe à ces recherches, 


c on ſentira combien elle eſt incapable.” 
HERE this ingenious gentleman confounds the 


— 


analyſis and ſyntheſis together; an inadvertency, he 
might have avoided, had he recollected, what he 


* Arithmetica Univerſalis, p. 288. at London in 1722. 
+ Neque vero placet barbarum idioma, id eſt algebricum 


« geometrica geometrice tracto.“ Vietæ Op. p. 308. © Artifex 
« geometra quanquam analyticum̃ edoctus, illud deſimulat et tan- 


« quam de opere efficiundo cogitans profert ſuum ſyntheticum 


1 problema, et explicit.” Ibid. p. 335. Solutio non eſt. 


« geometrica, ſiquidem algebra geometrica non eſt—.“ Kepler 


de Motu Martis, p. 9. Monemus tantum viros clariſſimos 
Wallis et alios] ut ſepoſitis tantiſper ſpeciebus analyſios 
*« problemata geometrica via Euclediana et Apolloniana exe- 
% quuntur, ne pereat paulatim elegantia et conſtruendi et de 


“ monſtrandi, cui præcipue operam dediſſe veteres innuunt ſatis 
et data Euclidis et alii a Pappo enumerati analyſeos libri.“ 
Fermat's Epiſtle to Sir Kenelm Digby, firſt printed in Dr. 
Wallis's Commercium Epiſtolicum in 1658, and. afterwards 
reprinted in Vol. II. of his works in 1693. This letter is not in 
M. Fermat's Mathematical Works printed at Thoylouſg in 1679. 
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338 APPENDIY. 
has ſaid in another place *, where he acknowledges 
the ancients to have had an analyſis of their own 
different from ours; he could not but have feen, 
how inſufficient the terms of ſyntheſis and analyſis 
are to diſtinguiſh the ancient geometrical analyſis 
from the modern algebra. F 
Axl xsis is in general the unravelling the ſtate 
of a queſtion, and conducting it back to ſome known 
principles; and this may either be effected by the 
ancient method, which extends itſelf through the 
whole compaſs of geometry in ſearch of the neareſt 
and moſt een principles; or by the modern 
Computations of algebra, which are confined to : 
very few elementary propoſitions only F. And in 
like manner the ſolution of any problem may be 
proved after the ancient method of ſyntheſis or 
compoſition from ſuch ya en already known, 
as will moſt directly lead to the point in queſtion, 
or by the. round-about ſyntheſis of an algebraical 
calculation, compoſing the proof from the moſt 
remote principles, in compliment to ſuch, as have 
learnt only two or three elementary propoſitions. 
This algebraical ſyntheſis abounds in the modern 
writers Þ ; but ſuch as were apprized of the excel- 
lency of the ancient demonſtrations, whatever uſe 
they might have made of the algebraic analyſis, 
thought it a neceſſary improvement of their ſolutions, 
to prove them by a ſyntheſis of a more elegant 
form. | 
- AnD here, it may be remarkt, that an obſervation 
made by M. d' Alembert, on the analyſis of the anci- 
Ents, requires correction; who ſays, “ nous ignorons en 


*'Encyclop. Tom. i. p. 401. + See a letter of Des 
Cartes to the Princeſs Elizabeth, being the Soth of the zd Vol. 
I dee an eminent inſtance at p. 331. of the iſt Vol. of Cartes's | 
Geometry, where Schooten . to make out by algebra 
in a dozen pages, what James Gregory demonſtrated in half 
that number of lines in his Geometriæ pars Univerſalis, p. 130. 

| * uh 
Fe IS quoi 
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& quot conſiſtoit preciſement leur analyſe *; when 
Pappus has given fo diſtinct and particular a relation 
of it with many examples. And it has been for- 


merly practiſed and deſcribed by divers of the modern 


geometers ; but perhaps no where more diſtinctly 
explained than in the Scholia on Vieta's Iſagogè, 
printed at Paris in 1631; which particular ſcholia 
were omitted by Schooten, when he publiſhed Vieta's 
works. Joannes della Faille promiſed to write upon 
it ; and Hugo de Omerique in his Analyſis Geome- 
trica, printed at Cadiz in 1698, treats of it, though 
as a diſcovery of his own. I obſerved above, that 
the perfecteſt knowledge of it is to be learnt from 
Dr. Halley's edition of Apollonius de Sectione ra- 


tions, 


Bur the practice of this analyſis requires more 
knowledge in geometry, than M.'d*Alembert ſeems 


to think neceſſary; conceiving that much reading in 
the mathematicks may hinder making diſcoveries, 


by ſo filling the head with foreign ideas, as to leave 
NO room He the admiſſion of new ones of our 


own . This fancy is confuted by the examples of 


Vieta, Fermat, Huygens, Sluſius, Barrow, and 


James Gregory, who, though they were great 
eſpouſers of the ſyntheſis, were juſtly eſteemed the 
Principal improvers of the modern geometry; and 


their thorough acquaintance with the writings of 
their predeceſſors, I preſume, laid no reſtraint on 


their own invention: if his Hero Bernoulli had 


4c tradidere Theon, Apollonius, Pappus et alii veteres analyſtæ 
* geometrica eſt.” Vietæ Op. p. 539: 

0 aliquot problemata, quæ ſub algeb 
que reſolvam et componam methodo 


um non cadunt, ea- 
guæ veteres in. re- 


„ folvendis et componendis problematibus utebantur.“ Ghe- 


taldus de Reſolutione et Compoſitione Mathematica, printed at 
Rome in 1630. p. 330. I mentioned M. Fermat's authority 
above. f In the preface to his book De Centro Gravitatis 
girculi, &c. {| Encyclopédie, Tom. i. p. 401. . 
5 | | Y-'2 2M1- 
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340 APPENDIX. | 
- imitated them, he would have ſaved himſelf five 
years puzzling about ſo eaſy a problem, as the deter- 
mining the time of the ſhorteſt twilight; ſeeing it 
already done with great elegance by Petrus Nonius +. 
And if he had duly conſidered the works of Sir 
Iſaac Newton, and others, and not depended ſo 
much on his own uninformed invention; he might, 
by gaining of time, and acquiring a better manner 
of writing, have made ſtill further improvements, and 
given a more elegant turn to his inveſtigations. 
I cou laſtly to give ſome account of Sir Iſaac 
Newton's diſcoveries; not forgetting his defence, 
as occaſion ſhall offer. 5 
M. de Buffon, at the beginning of his preface, has 
ſaid, L' ouvrage dont on donne ici la Traduction 
'« a ẽtẽ commence en 1664 et acheve en 1671.” 
But this is not exact; for Sir Iſaac Newton com- 
poſed it in a very ſhort ſpace of time; juſt before 
Chriſtmas in 1671. He never finiſhed much above 
half of what he deſigned 2 The reſolution he had 
taken towards the end of his life, of reviſing and 
augmenting it, being prevented by his death; it 
came into the hands of his heirs, in the ſtate it was 
originally written. They indeed would have put 
it forth, in the condition it was left; had not che 
bookſeller declined the terms, upon which it was 
offered him. | | a 
Wr know from Sir Iſaac: Newton himſelf |, 
that he was firſt Jed to his method. of exhibiting 
by infinite ſeries the areas of curves not quadrable 
in finite terms, from conſidering the method Dr. 
Wallis propoſed in his Arithmetick of infinites. 


Eloge Hiſtorique de M. Jean Bernoulli, in M. d'Alembert's 
Mela de Literature, &. + Nonius de Crepuſculis, 
printed at Liſbon in 1542. f General Dictionary, under the 
article Newton. See alſo Com, Epiſt, p. 165. ] Com. 
Epiſt. p. 159. = F 
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Tux Doctor for this purpoſe conſidered the ſub- 


- edt thus. That if the ordinate of any curve conſiſt 


of two terms, one of which was an invariable quan- 


tity, and the other ſome power of the abſciſs; he 


ſhews, not only, how this curve, but others alſo, 
whoſe ordinates ſhould be the ſeveral integral powers 
of this in ſucceſſion, were to be meaſured; and then 
takes into conſideration, how the areas might be ex- 
preſſed of curves conſiſting of fractional powers, which 
ſhould be inſerted intermediately between each of the 
terms of this ſeries with integral powers, ſo as to com- 


poſe a ſeries of this form, I, 1 ax, 1— xx, 
1— Kr, 1 — xx] , &c. For theſe Dr. Wallis found 


an infinite ſeries to be neceſſary; and diſcovered 
ſuch a ſeries upon this principle for the menſuration 
of the circle. Sir Iſaac Newton, in conſidering this 
method, obſerved, that by what is now uſually 
called his Binomial theorem, the ſeveral terms, 
which compoſe the areas of the original ſeries of 


quadrable curves, might be aſſigned : and concluded, 


that the ſame might be applied to the intermediate 
curves, with this difference, that in the curves, 
whoſe ordinates were an integra] power of the firſt, 
the ſeries would exhibit a certain finite number of 


terms; but when applied to the intermediate term . | 
with fractional powers, the ſeries would run on in 


infinitum. And this gave the firſt riſe to this cele- 
brated theorem. 57 rela | 
Bur ſoon after he obſerved, that this theorem 
might more commodiouſiy be applied to expreſs 
thoſe intermediate ordinates themſelves ; and then, 
in ſearching after a more dire& proof of the truth 
of this theorem, he found, he could extend the 
methods of diviſion and extraction of roots, taught 


in books of algebra, into the very ſame ſeries ; 


and appears to be the firſt, who thought of con- 


 tinuing on thoſe operations in this manner: Dr. 


1 Wallis 


$63  &PPENDESX 
Wallis obſerves of himſelf, that 1 he was not 
unappriſed of thoſe operations is treatiſe of 
Arithmetick he had deſcribed _ *] yet ang 
continuation of them had eſcaped him . 
 Tazsz diſcoveries Sir Iſaac Newton, made in a 
| ſhort ſpace of time, between the n. 1664 and 
1665. Then alſo he found out a method of 
tangents; like that Shuſius afterwards produced, and 
how to determine the curvature of curves f. 

In the ſummer of 1665, beſides employing him- 
ſelf in making trials. upon the facility, wherewith 
his ſeries for meaſuring hyperbolick ſpaces might be 

lied to the computing logarithms to a great 
Enn ber of figures ; he firſt thought of his method 
of expreſſing univerſally the Soth propoſition of 
Dr. Wallis's Arithmetick of infinites 1 an inde- 
finite index. | 

THESE diſcoveries, with Fug were communi. 
_ cated to M. Leibnitz in 1676, by Sir Ifaac Newton's 
letters. In them was the binomial theorem, where 
it was ſhewn, how by it to raiſe. any nomial what- 
ever to any power, and to extract its root 4; 
there alſo M. Leibnitz was inſtructed in the uſe of 
indefinite indexes ; yet it is cuſtomary to attribute 


» * Cap. xx. —— in the 1ſt Vol. of his Op. Mathematica 
+ Non quod ego neſciverim divifionem et radicum extraCtio- 
nem poſſe. in ſpeciebus inſtitai: ſed quod in, hujuſmodi caſi- 


* © bus. res abitürd fit in infinitum, pariter ac fi velim fractio- 


„% nem 4 ad decimalem redigere 0.3333 &c. aut numeri non 
ec quadrati 2 radicem quadraticam exquirere 1.4142 &c.” 
Wallifii Op. Math. Vol. II. p. 376.. General iction. 
Art. Newton: Concerning this curious ſpeculation it may be ob- 
ſerved, that Apollonius had in his 5th book determined the 
point, where only one perpendicular could be drawn to the conic- 
ſection; and this point is the center of the circle, which is now 
conſidered as of equal curvature with the rler p. 56 at the 

nt, where the e eee falls: and Kepler 76. in his 
3 to Vitellio] makes expreſs menti n 0 * circles 
in the parabola, and obſerves them to be different in different 
parts of the curve. Comm. Epiſt. p. 164. 1 Ibid. uur 
: 8 their 
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their introduction into analyſis alſo to that gentle- 
man, even prior to Sir Iſaac Newton “. Pe 

As to the invention of ſeries, there has been raiſed 


ſome doubts. It is ſaid, Sir Iſaac Newton himſelf 


has acknowledged, that he found them out at firſt 
by very indirect means r. Ny | 
Ho he diſcovered and compleated that inven- 
tion has been above related ; all which he-accom- 
pliſhed, three years before Lord Brounker and 
Mr. Mercator - publiſhed their quadratures of the 
hyperbola by a ſeries . The former indeed had 


found out that ſeries long before; for it is mentioned 


by Dr. Wallis in 1656 ||; but ſuch a ſeries is not 
a general method. As to Mr. Mercator, he lived 


16 years after, and made no farther progreſs or 


pretenſions l. He could not but know, what Sir 
Iſaac Newton had done, either from Mr. Collins, 
or at leaſt from Sir Edward Sherburne's Tranſlation 
of the Sphere of Manilius (which he had read ), 
where, in the Appendix p. 116, Sir Iſaac Newton's 


inventions are mentioned; and indeed Mr. Mercator 


kept a correſpondence ** with Sir Iſaac Newton 


| himſelf; and in his excellent Aſtronomy, printed in 


1676, at p. 286, ſpeaking of the librations of the 
moon, he ſays, ** Harum tam variarum atque im- 
„ plicitarum librationum cauſas hypotheſi elegan- 
„ tiſſimà explicavit nobis Vir cl. Iſaac Newton, 
e cujus humanitati hoc et aliis nominibus plurimum 
6 debere me lubens profiteor.” Sir Iſaac Newton's 
additions to Mercator's Aſtronomy were mentioned 
in the Appendix to Sherburne's Manilius, printed 
in 1673. | | 

* Di&. Univerſelle de Mathematique .et de Phyſique par 
M. Saverien à Paris 1753. Tom. i. p. 361. f. 5. f Ibid. 
P. 423. m1 Com. Epiſt. p. 95, 103, 130; and alſo General 
Dict. Art. Newton. || Oper. Math. Tom. i. p. 232. J Thiloſ. 


Tranſ. Ne 342. p. 174. Or Com. Epiſt. p. 3. It See the 
Preface to his Aſtronomy. Princip. Prop. xvii. Lab. iii. 
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Tom. vi. p. 298. 


Ix the year 1665, Sir Iſaac Newton alſo found 


cout the direct method of fluxions, and the follow- 


ing year the inverſe. method, as likewiſe the theory 
of light and colours, and conſidered the effects of 


| gravity on the moon, and on the planets gravitating 
towards the ſun *. „ | | 


Bur as to the invention of fluxions, Sir Iſaac 
Newton himſelf, in anſwer to what M. Leibnitz had 
boaſted of his own diſcoveries, has ſaid. And am 
not I as good a witneſs that J invented the 
« methods of ſeries and fluxions in the year 1665, 
« and improved them in the year 1666, and that I ſtill 
% have in my cuſtody ſeveral mathematical Papers, 
“ written in the years 1664, 1665, and 1666, ſome 
<« of which happened to be dated; that in one of 


them, dated the 13th of Novemb. 166g, the direct 


„method of fluxions is ſet down in theſe words. 
* PROB. Ax equation being given, expreſſing 


* the relation of two or more lines x, y, 2 &c. 


« deſcribed in the ſame time by two or more 


„ moving bodies A, B, C &c. to find the relation 
* of their velocities p, q, 1 &c. 


© RESOLUTION. SET all the terms on one ſide of 


| the equation, that they become equal to nothing. 


40 Multiply each term by ſo many times * as 


& has dimenſions in that term. Secondly, Mul- 
* tiply each term by ſo many times Las y hath 


1 y 
« dimenſions in it. Thirdly, Multiply each term 
by ſo many times — as 2 hath dimenſions in it, 


„ &c. The ſum of all theſe products ſhall be 


equal to nothing. Which equation gives the 


* « Auſſi grand au moins par ſes exp riences d'optique que 
par ſon ſyfteme du monde,” ſays M. d' Alembert, ſpe ing of 
Sir Ifaac Newton in deſcribing his philoſophy, Encyclop. 


e rela- 
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relation of p, 3, r &c. And that this reſolution 
is there illuſtrated with examples and demon- 
ſtrated, and applied to problems about tangents, 
and the curvature of curves. And that in an- 
other paper, dated the 16th of May 1666, a 
general method of refolving problems by motion 
is ſet down in ſeven propoſitions, the laſt of 
which is the ſame with the problem contained 


in the aforeſaid paper of the 13th of Novemb. 


1665. And that in a ſmall tract written in 


Novemb. 1666 the ſame ſeven propoſitions are 


ſet down again, and that the ſeventh is improved 
by ſhewing how to proceed without ſticking at 
fractions or ſurds, or ſuch quantities as are 


now called Tranſcendent. And that an eighth 


propoſition is here added, containing the inverſe 
method of fluxions ſo far as I had then attained 
it, namely, by quadratures of curvilinear fi- 
gures, and particularly by the three rules upon 
which the Analy/s per æquationes numero termi- 


norum infinitas is founded, and by moſt of the 
theorems ſet down in the /cholium to the tenth 


propoſition of the book of quadratures. And 
that in this tract, when the area ariſing from 
any of the terms in the valor of the ordinate 
cannot be expreſſed by vulgar analyſis, I repre- 
ſent it by prefixing the ſymbol Q to the term. 
As if the abſciſſa be x, and the ordinate. ar — 

„ : 8 ens 
3 = Fs 3 the FO will be Zaxx bs ©... 2 
57 And that in the ſame tract I ſometimes 
uſed a letter with one prick for quantities in- 
volving firſt fluxions; and the. ſame letter 
with two pricks for quantities involving ſecond 
fluxions . And that a larger tract which I 


o In his problem for determining the curvature of curves. 
% wrote 


© 
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&« wrote in the year 1671, and mentioned in my 


“e letter of the 24th of Gctob. 1676 *, was founded 
ic upon this ſmaller tract, and began with the 
reduction of finite quantities to converging 
« ſeries ; and with the ſolution of theſe two pro- 


* blems: 1. Relatione quantitatum fluentium inter 


c ſe data, fiuxionum relationem determinare. 2. Ex- 


* pojita equatione fluxiones quantitatum involvente, 


e invenire relationem quantitatum inter ſe. And 
* that when I wrote this tract, I had made my 


& analyſis compoſed of the methods of ſeries and 


ce fluxions together, ſo univerſal, as to reach to 


&« almoſt all ſorts of problems, as J mentioned in 


“ my letter of the 13th of June 1676 F, and this 
© is the method deſcribed in my letter Þ of the 
& oth of December 1672 ||.” 

Azour the year 1708, all the papers of Mr. John 
Collins, who had kept a Mat” ee with the 


moſt eminent geometers in Europe, fell into the 
poſſeſſion of Mr. William Jones, then a teacher of 


the mathematicks in this city. Amongſt them were 
copies of ſome treatiſes of Sir Iſaac Newton, par- 
ticularly of his Analyſis per æquationes numero ter- 
minorum infinitas Fil. Theſe Mr. Jones communi- 
cated to their author, who thereupon lent him the 
abovementioned tracts, which Mr. Jones tranſcribed, 
and uſed to giſtribute fragments of them to his 


Me — 21 
ons. 


—"AMoNGsT them was a ſmall tract divided into 


two parts. In the firſt leaf was written Con- 
* ſtructiones Geometricæ Æquationum per D. Iſaac 
LNewtonum. Ex A pographo D' Collins.“ 

Tux firſt part is a fort of Elements of geometry, 


* Commerc. Epiſtolic. p. 1656. + Ibid. p- 141, 
t Ibid. p 105. - | Raphf. Hiſt. Fluxion. p. 115. Or 
Recueil &c. Vol. II. p. 87. 1 Phil. Tranſ. Ne 342. 


p. 176. Or Com. Epiſt. p. 5. 


where 


a. ood e & fend A ney of 


| lars: 88 Fe cory Hoch are in the hands of 


AY PEN H, 
where motion is introduced, in order to effect ſeveral 
problems after a different manner from what is 


common, and there is given confſtructions of ſolid 
roblems (ſome of which are tranſcribed into his 


Algebra) by placing a ſtreight line of a given length 
between two other lines given in poſition, ſo as to 
paſs through a given point, &c. and from the faci- 
lity, wherewith this may be performed mechanically, 
by moving the given line between the others, till it 
arrives at the poſition required ; he propoſes to admit 


into geometry ſuch motions, as an additional poſtu- 


late to thoſe of the elements. 


Tu ſecond part, which anſwered to the title, 


ſomebody had prefixt to the whole, delivered in eight 


problems the conſtructions of quadratic, cubic, bi- 


quadratic, and equations of higher powers by the 


circle, eonic- ſections, and cubical parabola. The 


gth and laſt problem was this, Quomodo pro- 


e blemata ſolvenda ſunt, ubi per intricatam termi- 


„ norum complicationem non licet ad æquationes 
e commode pervenire;ꝰ but the folution was want- 
ing. And indeed this copy was very imperfect; as 
I learn from ſome paſſages extracted from another 
manuſcript. The conſtruction by the cubical para- 
bola * Sir Iſaac Newton ſpeaks of in a letter to 
Mr. Collins, dated July 13, 1672 +. | 

As ſome of theſe conſtructions are particularly 
accommodated for obtaining the firſt figures of the 
roots of equations þ ; ſo Sir Iſaac Newton found out 
two other expedients for the ſame purpoſe. . The 
firſt of theſe he takes notice of in the abovementioned 
letter to Mr. Collins, and it was deſcribed by Mr. 
Oldenburgh in a letter to M. Leibnitz, dated the 
24th of June 1675 ||. But I ſhall here give a par- 
ticular account of both. | > Bib 

* Enumeratio lin. tertii ordin. Sect. vii. + General 
Dictionary Art. Newton, p. 782. 
Univerſ. p. 285. 
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Ir within a frame ſeveral equal lines of logarith- 
metick numbers, ſuch as are deſcribed on Gunter's 
p | ſcale, AB, CD, 
A : . B EF and GH are 
A ws I pr equidiſtant 


rom one another, 


5 | and all but the 
8 0 | H laſt GH upon 
pane moveable ſliders, and upon the fixt ſide 
of the frame a point P be placed at the fame 
diſtance from the firſt of thoſe lines. Then, when 
the beginning of all theſe lines ſtand directly under 
the point P, a ruler laid from P to any number upon 
the firſt line AB ſhall mark upon the ſecond line CD 
the ſquare of that number, upon the line EF the 
cube, and upon GH the fourth power of the fame. 
But if any one of the fliders be moved backwards, 
the ruler ſhall mark upon that ſlider the reſpective 
Power of the forementioned number multiplied by 
the number, which in this ſlider in its preſent ſitua- 
tion ſtands directly under the point ?. 
TukkRkroxk any equation 2* — 422 — þz* ＋ ﬆ& 
= # being given, if the ſlider EF be moved back, 
till in that ſlider the number a ſtand directly under the 
point P, and if the number & in the ſlider CD, and 
the number c in the ſlider AB, be likewiſe brought 
under P, then, if the ruler laid from P mark upon 
Gl the true value of z“, it will mark upon EF the 
value of az, upon CD the value of 52, and upon 
AB the value of cz, and theſe collected together 


« diftantias zquales, vel circulorum concentricorum eo modo 
„ graduatorum adminiculo, invenit radices æquationum. Tres 
« regulz rem conficiunt pro cubicis, quatuor pro biquadraticis. 
In harum diſpoſitione reſpectivæ cœfficientes omnes jacent in 
4 eadem linea recta; a cujus puncto tam remoto a prima re- 
% pula ac ſcalæ graduatz ſunt ab invicem, linea recta us ſuper- 
*« extenditur, una cum præſeriptis e@nformibus genio æquationis, 
44 qua in regularum una datur poteſtas pura radicis quæſitæ.“ 
Comm. Epiſt. p. 123. 7 RL Va | 


under 8 
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under their proper ſigns will be equal to ; but 


when the numbers markt out by any ſituation of this 


ruler, being thus collected together, are either greater 
or leſs than m, then the ruler does not mark upon the 
line GH any true value of 2+, but by moving its 
| ſituation, and collecting the numbers markt upon 
the ſliders, all the values of 24, and thence all the 
N of the equation, may by repeated trials be 
found, : | 


His ſecond method, which is more commodious, : 


was thus. | | 


Ir within a frame ſeveral lines of numbers are 


placed after this manner. Suppoſe the firſt AB fixt 


upon the ſide of the 

os bur che reſt , - | | 
upon parallel ſliders, ng 8 ring 
the felt of which CD - | 1 
ſhall be the ſame with E GS 5 woe ie 
AB, the ſecond. EF G Oo IL 
ſhall have its diviſions I — —— KE 
but half as long, the * 


diviſions of the third GH one third, and the divi- 
ſions of the fourth IK one fourth, of the diviſions of 
the firſt; then, when the beginning of theſe lines 
ſtand under each other, if any line LM be drawn 
perpendicularly croſs them, it ſhall mark upon the 
firſt of the ſliders the ſame number as on the fixt 


line, upon the ſecond ſlider the ſquare of that num- 
ber, upon the third the cube, and upon the fourth 


the fourth power of the ſame. But if any one of 
. theſe fliders be moved backwards, then ſhall the 
tranſverſe line LM mark upon that ſlider the reſpec- 
tive power of the forementioned number multiplied 
by the number, which in this ſlider, in its. preſent 


ſituation, ſtands directly under the point A, the be- 


ginning of the fixt line. 


Now let any equation be given a2 + 32 — 2 
T =m, If the ſlider CD be moved back, till 


in 
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in chat flider the number à ſtand directly under A, 
and if the number 5 in the ſlider EF, and the 


1 number c in the 
A mmm B ſlider GH, and 
'C—3 —— D the number d in 
E—— — F the fliderIK, are 
6 — — II al brought un- 
0 TL — — . — K der A; then, it 
M the tranſverſe line 


LM mark upon the line AB the true value of z, the 
root of the equation, it will give upon CD the value 
of az, upon EF the value of bz*, upon GH the 
value of cz, and upon IK the value of dz“; inſo- 
much that the numbers markt upon the ſliders by the 
tranſverſe line LM, collected together under their 
proper ſigns, ſhall be equal to 2. | 
Bur what Sir Iſaac Newton had done by theſe 
 Niding rules, may be effected by any ſingle line of 
artificial numbers, though not ſo expeditiouſly ; for 
4 if AB be ſuch a line, in 
A 5 B which the number ex- 
nen 04. * prefſing-the-value of the 
root ⁊ of the foregoing equation be at C, the diſtance 

AC taken from the number a will give upon this line 
ax, and double this diſtance taken from 6 will give 
bz*, and triple the ſame diſtance taken from c will 
give 23, four times the diſtance taken from d will 
give dz*. Which indeed may be performed moſt 
commodiouſly by theſe numbers inſcribed on a cifcle 
after Oughtred's manner. | 


TuxxRR were alſo =_ containing problems re- 
lating to the center of gravity ; and to curves inter- 
ſefting right lines given in poſition in given angles; 

and feveral examples of finding fluents from fluxions 
according to what is faid at the end of the quadra- 
tures, © Fluens pro lubitu aſſumi poteſt, et aſſumptio 

Adee his Treatiſe, called The Circles of Proportion, Oc. 

printed at London in 1633. bat : 

| Cor: 
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* cortigi, ponendo fluxionem fluentis aſſumptæ 


_« #qualem fluxioni propolitz, et terminos homo- 


* logos inter ſe comparando.“ 
THERE was one paper intitled, Notæ in Act. Erudit. 
An. 1689, 1706. This ended thus, ** Prop. 19, col- 


« ligitur ex duabus, falfis propoſitionibus 12* et 1 5*. 


C Nam 12* non valet niſi in circulo viribus concen- 
e trico, et prop. 15. falſiſſima eſt, Leibnitzius 
* jgitur non invenit prop. 19. per calculum differen- 
e tialem, fed inventam computare conatus eft, ut 
* ſuam faceret, et computando bis erravit . But 


theſe paralogiſms of M. Leibnitz have been quoted 


even as preferable to Sir Iſaac Newton's moſt clear 
and accurate demonftrations. After M. Leibnitz had 
been ſhewn theſe paralogiſms, he was far from ac- 
knowledging his miſtakes, ſaying, © Paralogiſmus, 
e quem mihi Keilius imputat, nihil eft, et redit ad 


& nodum loquendi.” Epiſt. Leibn. ad Bern. Tom. ii. 


p. 347. hat a judge of demonſtration was this 
entleman ! - | | 
Tre ſaid Mr. Jones alſo gave to Dr. Pellet a copy 
of the ſmall tract of fluxions, written by Sir Iſaac 
Newton in Nov. 1666. This copy of Dr. Pellet a 
friend lent me, and J found it agreed exactly with 
Sir Iſaac Newton's deſcription. | | 
As it is in Engliſh, had it been publiſhed F, ſome 
miſtakes, that have been made about the nature of 


fluxions, perhaps occaſioned by Sir Iſaac Newtons 


brevity 4, might have been avoided. | 
HzRe the author often calls the fluxions of lines, 
as well as of other quantities, the velocities of in- 


creaſe; the velocities with which they increuſe, &c. as 


will appear from the following quotations. 


* Philoſ. Tranſ. Ne 342. p. 208. Or Comm. Epiſt: p. 41. 
See alſo Journal Literaire 17 14. p. 348, Oc. _+ Whyte 


did not publiſh this tract may be learnt from the Commercium 
Epiſtolicum, p. 164; he not thinking himſelf then at an age 


proper for writing. t Diſcourſe, $. 4. || Diſſertation, 1 
| 2825 ; - 
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Ix the ſcholium to his problem for finding fluxions 


he ſays, Note, that if there happens to be in any 


« equation either a fraction, or furd quantity, or a 
« mechanical one (i. e. which cannot be geometri- 
* cally computed, but is expreſſed by the area or 
<« length or gravity or content of ſome curve or 
« ſolid &c.) to find in what proportion the un- 
„% known quantity increaſes or decreaſes do thus.“ 
What follows is ſuitable to what is delivered in the 
Treatiſe written in 1671. Prob. 1. §. $. 5— 12. | 
_ In the Problem for drawing tangents it is ſaid, 
« With what velocity, they [the flowing lines] 
« increaſe or decreaſe : | 
 . AGAIN, If the celerity of the increaſing or fluxion 
of AB be called p, and of BC beg, I make CE : 
e: 
F j © ER: :) HB: CB; and 
the point C ſhall move 
“ 1n the diagonal line CR 
(by Lem. 7.) which is 
0 therefore the required 
„ 3 . 15 
3 „Noc the relation of 
15 « Þ and q may be found 
ec by the foregoing _—— * (p ſignifying the in- 
4 creaſe or fluxion of x and q of y) to be qgpxi— 
& gfyx* + 2payx — 25% — 34% + gax* — 6qgy*x 
c — 40% = 0. And therefore HB = = == 
Ge 3% — q + by'x + 4 
4x7 — 99x* + 209 2 
© tangent. | : EZ 
* Hence may be obſerved this general Theorem 
<« for drawing tangents to Curve lines thus referred 
* to ftreight ones. Multiply the Terms of the 
= 1 &c.“ See the abovementioned Trea- 
4 tiſe, Prob. iv. F. 4. | | 
2 viz. xt — A ＋ * — 2y3x ＋ at == 94 = 0. 
| 48 * AAN, 
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Again, in his example af curyes deſcribed: by 


the interſections of, right lines revolving about cen» 


ters, he ſays, That is the celerity of the increaſt 
„of x being called ꝙ and of y being g, DE : EF 
6%: P54 Then ſhall the diagonal CE be the re- 
“ quired tangent.” See the abovementioned Treas 
tile, Prob. iv. §. 3 my ien 1+ HhaA 
Isx the Problem tor determining the curvature of 


cutves are theſe expreſſions, The velocity of the 
„ increaſe, or fluxion of v, and Tbe motion 


** of the point C from B (that is the velocity with 


„ which, y = CB increaſes) will he 39. 


Ix the Problem about Quadratures, he ſays, 
«© The velocities with which they [areas] “ increaſo, 
„will be as BE. to BC“ [ ordinates J. Again, 


„The velocities with which the areas ABC and 


* DEF mc... 


Now ſome of theſe expreſſions are rendered in 


Latin thus. In the Principia, © Yelacitates incre- 


© mentorum ac decrementorum * ,” in Dr. Wallis's 
Works , Per earum fluxionem intelligit” [News 
tonus] <* celeritatem incrementi vel decrementi ;” and in 


the Quadratures, * Incrementoram velocitates,” and 
celeritates creſcendi.”? | 


Bur the expreſſion Velacitates incrementorum ac 


dlecrementorum being uſually tranſlated, The velocities 


of the increments and decrements t, has occaſioned 


Sir Iſaac Newton to be miſunderſtood by the un- 


ſkilful j; they not attending to his expreſſion Cele- 


ritates creſcendi, which might have pointed out to 


them the real ſenſe of the other expreſſions . 


* Lib. 2. Lem. 2. p. 244. and Diſſertation, F. 77. 
T Vol. II. p. 391. f See Mr. Motte's Tranſlation of the 
Principia, as alſo the Tranſlation of the Quadratures in Dr. 


Harris's Lexicon Technicum, Vol. II. [| Diſcourſe, $. 87. | 
Account, $. 455. Review, F. 1. Diſſertation, $. 6, 97. 


[+ Thus his expreſſion guantitates naſcentes having been always 


_ tranſlated naſcent quantities, has led many into miſtakes: See 


Diſcourſe, F. 107. Diſſertation, F. 72. 
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 - In this Tract Sir Iſaac Newton determines the 
relations of fluxions both in the manner he had done 
in his pager of the 13th of Novemb. 1665, and alſo 
by multiplying the terms of the equation by arith- 
metical progreſſions. In the demonſtration he uſed 
indiviſibles ; ſaying in the premiſed Lemma, 
« And though they” [the bodies or points de- 
ſcribing the 1 lines] © move not uniformly, 
<< yet are the infinitely little lines, which each mo- 
* ment they deſcribe, as the velocities, which they 
« have, while they deſcribe them.” But in the 
following Problems he makes no uſe of indiviſibles 
at all, nor of his method of prime and ultimate 
_ ratios 7, ever expreſſing fluxions by finite right 
lines, that are to one another in the ſame proportion 
with them . 55 | 
As in drawing tangents, he ſuppoſes no part of 
the tangent to coincide with the curve, but to lie in 
the diagonal of a parallelogram, whoſe finite ſides 
are to each other as the fluxions of the varying 
lines, by whoſe interſections the curve is deſcribed. 
Hence in his deſcription of fluxions, in the Intro- 
duction to the Quadratures, he ſays of them; 
e exponi autem paſſunt per lineas quaſcunque quæ 
« ſunt ipſis proportionales.“ ad he ſeems to 
have had this old tract in his eye, when he ſaid 


Account, 5. 45. Diſſertation, F. 93. + Ibid. 5. 10, 93. 
In his papers concerning the center of gravity, he indeed 
uſes indiviſibles: as in the ſecond Problem, which is this, 
% To find ſuch plane figures, which are equiponderate to any 
given plane figure in reſpect to an axis of ;ravity in any 
given poſition,” he thus expreſſes himſelf, «+ The motions 
T 1 x and y do increaſe or decreaſe, 1 do call p and 9. 
«© Now the ordinates multiplied into their motions p and 9 
„may fignify the infinitely little parts of thoſe areas, which 
each moment they deſcribe, which infinitely little parts do 
«« equiponderate (per Lem. 1 & 2.) if they multiply'd by their 
«+ diſtances from the axis AK do make equal products; — And 
« if all the reſpective infinitely little parts do equiponderate, the 
«« ſuperficies muſt do ſo.too.” „ 
. | < (ſpeak- 
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{ſpeaking of the compariſon of his method with that 
of M. Leibnitz) „It is more elegant, becauſe in 


his calculus there is but one nfinitely little quan- 
_ * tity repreſented by a ſymbol, the ſymbol o. We 


&« have no ideas of infinitely little quantities, and 
« therefore Mr. Newton introduced fluxions into his 
& method, that it might proceed by finite quan- 


© tities as much as poſſible *; 


NzxT he determines ©* The quantity of the 


* curvature of lines” by finding © that point fixed 


« in the curve line's perpendicular; which is then 
« in leaſt motion; for“ [ſays he] © it is the 


point is of equal curvature with the line at 


* that given point.” Here the velocities of the 
points in the radius of the curvature interſecting the 


curve and the abſciſſe are moſt ingeniouſly expreſſed 


by finite right lines, that are uſed in the ſolution of 


the problem. 
Trxnce he determines the points between the 


concave and convex portions of eurves, AS alſo where 


they are moſt or leaſt curved. 


Taz methods of ſquaring and rectifying 2 


are there given after the ſame manner, as in his 
book written in 1671. But there 
is one problem relating to the 
latter ſubject thus delivered. 

To find the nature of a curve D 
whoſe length is expreſſed by 
any EM equation (when it 


RESOLUTION. 


Let AB, BC, AC be expreſſed by x, y, 2, and 


their motions by P, 4, r, reſpeCtively, and let the 


relation between x and z be given. Then finding | 
the relation between p and r, make Vrr — pp 


Phil. Tranſ. Ne 342. p. 20 or Com. Epiſt. p. 38. 
l 2 oY far 


center of a circle which paſſing through the given 
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for drawing CD a tangent to the curve at C, and 
DE perpendicular to BC, the lines DE, EC, DC, 
ſhall be as p, q, 7; but / DC*—DE* = EC, 
therefore rr — pp = 9. Now the ratio between 
x and f being thus found, find y, and the relation 


betwen and y determines the nature of the curve. 
In this diſcourſe Sir Iſaac Newton finds infinite 
ſeries's by diviſion and extraction of roots. But as 
he here for extracting the roots of adfected equations 
refers to Vieta's Exegeſis; he ſeems not to have 
then diſcovered the Compendium, which he found 
out a very little time after, and fully deſcribed in 
the Tract, . that was ſent to Mr. Collins in 1669 *. 
IT has been lately faid + of Sir Iſaac Newton, 
— il a trouve le calcul differentiel, en ne faiſant 
« que generaliſer la methode de Barrow pour les 
*© tangentes.”” Whereas Sir Iſaac Newton found out 
his method by conſidering the proportions of the 
velocities of increaſing, or fluxions of quantities 
generated together by motion. Theſe proportions 
he demonſtrated in the beginning by indiviſibles, 
and afterwards by his method of prime and ultimate 
ratios. It was Mr. Robins, who firſt demonſtrated 
them by exhauſtions. „„ 
 AcaiN, as it has been ſuppoſed, that M. Leib- 
nitz indeed deduced the differential calculus from 
Dr. Barrow's method of tangents ; it has been con- 
cluded + © en ce cas ce ne ſeroit, ni Newton, 
4 ni. Leibnitz, ce ſeroit Barrow qui auroit trouvẽ 
« Je calcu] differentiel.” But is this logic? For 
though we believe, M. Leibnitz by the hints given 
him in Sir Iſaac Newton's letters, was enabled to 
deduce his method from that of Dr. Barrow; yet 
we know, that Sir Iſaac Newton had diſcovered 


. Cots. Epiſt. p. 75. + Encyclo edie, Tom. vii. 
P. 119. t ibid. Tom. iv. p. 988. : 1 5 
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dis method about five years before Dr. Barrow's 


Geometrical Lectures were publiſhed *. 


Ap Dr. Barrow approved of theſe inventions, 
and was ſo well ſatisfied with young Newton's 


ſaperior genius, that he gladly ſubmitted his own 
works to his examination and correction ; and 
reſigning to him the Profeſſorſnip of the Mathe- 
maticks, he wholly dedicated his future ſtudies to 
Divinity; which produced thoſe moſt excellent diſ- 


- courſes, that have acquired him a univerſal and 
laſting fame. | | 


Six Iſaac Newton has often by foreigners been 
repreſented as a ſcholar of Dr. Barrow ; but this is 
a miſtake, he having had no inſtructor (as indeed in 
theſe ſtudies is often the caſe) and faſjing on mathe- 
matical treatiſes by chance, fuch as/were very im- 
proper for a beginner; yet without any one's aſſiſt- 


ance, by his own unequalled ſagacity and invention, 


he not only overcame the difficulties of the ſubjects, 
increaſed by the manner, they were delivered in the 
books he. read ; but 1 made improve- 


ments, and very ſoon laid the foundation for all 


the marvellous diſcoveries, he afterwards produced. 
As he was very rapid in the courſe of his inventions; 
ſo he ſeems to have been from time to rime tired in 
their purſuit ; and to have reſumed thoſe ſtudies 
at two or three repriſes only. Inſomuch that a ſmall 
portion of his long life was employed in theſe ſpe- 
culations. „ | 
Bur to return to our narration ; Mr. Jones alſo 


72 the ſaid Dr. Pellet a copy of Sir Iſaac Newton's 


Treatiſe of ſeries and fluxions, written in 167 1 |. 


* If we may preſume to gueſs, perhaps Sir Iſaac Newton took 


che hint of his method of fluxions from what Merſennus ſaid of 
M. de Roberval's inventions. See his Balliſtic. p. 115. 

+ Barrow, Lect. Optic. in the preface. 1 Comm. Epiſt. 
p. 141. He alſo let Dr. Taylor ſee this Treatiſe, whence 
it is referred to in his Methodus Incrementorum, p. 64. 
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This was deficient in ſeveral places; for Mr. 


Jones was wont to curtail or otherwiſe diſguiſe the 
papers, he communicated to his ſcholars, that none 


might make out a compleat book. 

Tx tranſlation Mr. Colſon has publiſhed of this 
treatiſe was from Mr. 2 own copy; Which, I 
believe, was very perfect, as far as Sir Iſaac Newton 
had at firſt compoſed it; as well as I can remember 
from my having read many years ago the original 
manuſcript, when it was in my friend Dr. Pember- 
ton's cuſtody. _ 5 | 


In this treatiſe Sir Iſaac Newton choſe the method 


& 


of determining the relation of fluxions, by multi- 


plying the terms of the equation by arithmetical 
progreſſions, which he had betore deſcribed in his 
abovementioned Tract written in November 1666. 
« This indeed,“ ſays the Tranſlator in his Com- 
ment, p. 242, js not ſo ſhort as the method of 
« taking fluxions, which he elſewhere delivers “, 


s and which is commonly followed; but it makes 


« ſufficient amends by the univerſality of it, and 


* by the great variety of ſolutions jt will afford. 
« For we may derive as many different fluxional 
equations from the ſame given equation, as we 
« ſhall think fit to aſſume different arithmetical 


% progreſſions.” | | 
M. Van Hudden in his Tra&, printed at the end 


4. 


of the firſt volume of Cartes's Geometry in 1659, on 


the maxima and minima, after having given a rule 


fox determining, theſe from an equation containing 
one variable quantity only, which is altogether ſimi- 
lar to Sir Iſaac Newton's firſt method of taking 
fluxions; ſubjoins the ſame remark Mr. Colſon has 


here made, that by the uſe of ſuch arithmetical pro- 


greſſions [as Sir Iſaac Newton propoſes] the method 


would be rendered more general and uſeful ꝓ. But 
In Dr. Wallis's Op. Math. Vol. II. 55 ; and in the 


Qradratures, | + Pag. 511. t Ibid. p. 5 13. 


this 
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this implex method Sir Iſaac Newton afterwards 
laid aſide, obſerving the other to be preferable *, and 
for this he had very good reaſon : for in reality no- 


thing more is effected by theſe different progreſſions, 

than combining with the ſimple form of the fluxio- 
nary equation ſome multiple of the original equa- 
tion divided by the flowing quantity. 


HERE, as in the Analyſis per æquationes numero 


terminorum infinitas, moments, as infinitely ſmall 


parts, are introduced; accordingly in Dr. Wallis's 
works it is ſaid T7, quamvis fluentes quantitates et 


„ earum fluxiones prima fronte conceptu difficiles 


« yideantur, earum tamen notionem cito faciliorem 
« evaſuram putat [Newtonus] quam fit notio mo- 


« mentorum aut partium minimarum vel differentiarum 


« infinite parvarum.—Attamen non negligit theoriam 
c talium partium—.” Hence Sir Iſaac Newton, in 


he Introduction to his Quadratures, fays, © Peragi 


<« tamen poteſt analyſis in figuris quibuſcunque ſeu 


ce finitis ſeu infinite parvis quæ figuris evaneſcentibus, 
e finguntur ſimiles, ut in figuris quæ per methodos 
* indiviſibilium pro infinite parvis haberi folent, 


c modo caute procedas.“ 

Tunis tract Sir Iſaac Newton intended to finiſh 
and publiſh with his Lectiones Optice I, that he 
was then reading in the univerſity of Cambridge, 
and wherein he had mentioned it ||, But diſputes 
ariſing from what was already extant of his on the 
ſubject of light and colours in the Philoſophical 


Tranſactions, he reſolved not to print thoſe Lec- 


In his remarks on the Judicium primarii Mathematici, he 
obſerves the method delivered in his Quadratures is the moſt 


perfect of any in thefe words; ©* Methodus fluxiones omnes 


« capiendi, ſeu [in the ſtyle of M. Leibnitz] differentiand! 


« differentialia habetur in Propoſitione prima Libri de Quadra- 


6 turis: et eſt veriſſima et optima.” Comm. Epiſt. p. 249. 

+ Vol. II. p. 391. + Second letter to Mr. Olden- 
burgh in Comm. Epiſtolic. p. 165. 1} Part. i. SeR. iv. 
Prop. 33, 34+ N 
| £4 © tures. 
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tures*, However, his Treatiſe of ſeries and fluxions 
was to accompany a tranſlation out of Duteh of 
Kinckheyſen's Algebra , that Mr. Pit, an eminent 
bookſeller of London, had procured; and which 
Sir Haac Newton was deſired to improve and pub- 
liſh, But he ar length, not liking this propoſal, 
inſerted many of his improvements in the public 
Lectures, intended to contain a general ſyſtem of 
algebra, which he read about the year 1675. 
| In that Treatife, he mentions prime and ulti- 
mate ratios 4; but he never finiſhed it, being then 
employed in diſcovering ſome of the propoſitions, 
that make the ſubjects of his Principia, and in 
writing his Treatiſe of Quadtatures |]; a caſe of the 
sth propoſition of which, together with the forms 
of curves, that might be compared with the conic- 
ſections, as alſo cyphers, containing the two firſt 
problems of his Treatiſe of ſeries and fluxions, written 
in 1671, with a deſcription of his method of ex- 
tracting the fluents out of equations involving 
fluxions, and alſo of aſſuming an arbitrary ſeries, 
were ſent to M. Leibnitz, in a letter dated Octob. 
24, 1676 Tf. Notwithſtanding all which M. Leib- 
nitz has, even long after the cyphers had been ex- 
plained, aſſerted, he believed Sir Iſaac Newton at 
chat time had no knowledge of the characteriſtic 
and algorithm of fluxions ., that is, he was igno- 
rant of what he had written in a paper fo long ago 

us the 13th of November, 1665. 85 
WREREAS Sir Iſaac Newton has truly ſaid, that 
he had then made his method of fluxions much more 
univerſal, than the differential method of M. Leib- 
Hitz is at preſent. ** For when the method of 


Comm. Epiſt. p. 165. + Ibid p.101, 1 Pag. 236, 
237, of the fecond edition at London, in 1722. Phil. Tranſ. 
Ne 342. p. 202, 206. Or Com. Epiſt. p. 33, 40. 1 Com. 
Epik. p. 166, 167, 173, 188. If Naphſ. Hiſt. Fluxion. 
p. 97. or Recueil de Divers Pieces, &c. Tom. ii. p. 4. 

„ 4 fluxions 
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& fluxions proceeds not in finite equations, he 1 


« duces equations into converging ſeries by the 
« binomial theorem, and by the extraction of 
« fluents out of equations involving or not in- 
„ volving their fluxions. And when finite equa» 
tions are wanting, he deduces converging ſeries 


* from the conditions of the problem, by aſs 


« ſuming the terms of the ſeries gradually, and 


determining them by thoſe conditions. And 


&.when fluents are to be derived from fluxions, 
« and the law of the fluxions is wanting, he finds 
the law quam proxime by drawing a parabolick 
* line through any number of given points *.“ 
All this, together with the comparing curves 
with others, that are more ſimple, is ſhewn in the 
ſmall treatiſe entitled Analyſis per ſeries, fluxiones 
et differentias quantitatum, publiſhed by Mr. Jones 
at London in 1711. | | 

Tuus Sir Iſaac Newton had been ſucceſſively, 


cc 


| by ſundry accidents and his own unwillingneſs to- 


appear in publick , prevented hitherto. from pubs + 
liſhing his treatiſes on fluxions. This delay was nat 
the effect of any formed reſolution to conceal his 
inventions, that he might be the more admired in 
what he ſhould be enabled to perform by their 


aſſiſtance in any future work: it does not appear, 


that he had any expreſs intention of writing his 
Principia, till Dr. Halley accidentally ſuggeſted to 
him that deſign. 1 of Th 

On the coming out of that immortal book, theſe 


_ diſcoveries: of Sir Iſaac Newton became to be much 
talked of; fo that Dr. Wallis preſſed their author 


to -publiſh ſomething further of his method of 


* Phil. Tranſ. Ne 342. p. 193. Or Comm: Epiſt. p. 25. 
je ne parle point ici de Part avec lequel il Newton] 
< avoit cache ſa methode des fluxions, la chef de toutes ſes 
4 ſcavantes recherches. Says M. Clairaut in the Mem, of 
the Royal Academy of Sciences for 1745. P. 329. 
| 5 | 9 fluxions; 
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fluxions ; which occaſioned Sir Iſaac Newton to ſend 


to him, with other things relating to the ſubject, 


the firſt propoſition of his Treatiſe on the qua- 
dratures of curves, wherein is determined the ſeveral 
orders of fluxions. Theſe particulars the Doctor 
printed in the ſecond volume of his mathematical 
works in 1693 *; three years before M. Leibnitz 
had given his rules for finding thoſe orders in 
differentials. : 5 
NoTwITHSTANDING this, it was ſaid in the pre- 
face to the Analyſe des infiniment petits in 1696 
by M. de Fontenelle (who, we are more than once 
told , wrote that preface), Mais le caracteri- 
« ſtique de M. Leibnitz rend le ſien beaucoup plus 
«« facile et plus expeditif; outre qu'elle eſt d'un 
e ſecours merveilleux en bien des rencontres 4.“ 
Does not this anſwer to what M. d' Alembert has 
ſaid on another occaſion, Notre fureur d'ecrire 
e avant que de penſer, et de juger avant que de 
« connoitre . For M. de Fontenelle had no rea- 
ſon to give the preference to M. Leibnitz's me- 
thod on any account whatever, unleſs he had per- 
ſuaded himſelf, that a d was more eaſily writ than 
tittle. 5 | 5 
Bur this partiality is ſtill kept up, and one of 
the authors of the Journal des ſgavans F{}, in giving 
an account of Mr. Maclaurin's book, has thought 
fit to ſay, M. Leibnitz a repreſente les differences 
<« par la caraQteriſtique d, ce qui eſt infiniment com- 
* mode. This fancy can only ariſe from having 
been accuſtomed to that letter; and ſo, on the con- 
trary, others think Sir Iſaac Newtop's characteriſtics 
for diſtinguiſhing the different orders of fluxions 


Pag. 392. + Encyclopédie, Tom. i. at Paris in 1751. 

. 6397. and Tom. vii. Ibid. An. 1757. p. 63. ſ See 
| Pilot Tranſact. Ne 342. p. 204. Or Com. Epiſt. p. 37. 

I Encyelop. Tom. v. in the Advertiſement, p. 4. at Paris 


by 


in 1755, fl For the month of Auguſt 1750. 
1 4 9H ; : 
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by as many points to be much more commo- 
dious *. 3 „ - 
Iuxxx has indeed of late been alledged important 
reaſons. tor the preference of that of M. Leibnitz. 
To make this the more apparent, there has been 
preſented to our view a ſymbol with a dozen points 
over it, to denote a fluxion of that order; as if any 
ſuch order would ever be uſed, or that 12 points 
| would not be as ealily told, as 12 ds. RT 

Ir it is not ridiculous to be ſerious upon fo trifling 
an object, may it not be reaſonably urged agai 
the ule of this letter 4, that it took its riſe from the 
term and idea of differentials, which are either erro- 
_ neous quantities, or have no being in nature; ſo that 
dx, dy, &c. were introduced to denote falſe quan- 
tities not bearing the proportions to one another, that 
were required; or imaginary quantities incapable of 
any proportion. | 

Bur it is aſſerted, ** Introduire ici le movement, 
„ Cceſt y introduire une idee Etrangere, et qui n'eſt" 
«© point neceſſaire à la demonſtration : d' ailleurs on 
*« n'a pas d'idee bien nette de ce que c'eſt que la 
* viteſſe d'un corps A chaque inſtant, lorſque cette 
« yiteſſe eſt variable. La viteſſe n'eſt rien de reel ; 
* C'eſt le rapport de Peſpace au temps, lorſque la 
« viteſſ eſt uniforme. Mais lorſque le movement eſt 
tc variable, ce n'eſt plus le rapport de Veſpace au 
«© temps, c'eſt le rapport de la differentielle de 
* Peſpace a celle du temps; rapport dont on ne 
, peut donner d'idee nette, que par celle des limites. 

Ainſi il faut neceiſairement en revenir A cette 
« derniere idée, pour donner une idee nette des 
+ fluxions.” Encyclopedie, Tom. vi. p. 923. 

Tnar motion is not foreign to geometry, we 

know from the example of the ancients, who ad- 


* 


* Philoſ. Tranſ. Ne 342. Or Comm. Epiſt. p. 30. And 
Journ. Liter. for July and Avguſt, p. 342. 3 
: 3 9 mitted 


? 
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mitted it in the deſcriptions of figures *; and Proclus 
has ſaid, ** that this ſcience. takes cogniſance of 
„ magnitudes and figures, and of the limits attend- 
« ing them, and of the ratios they bear to each 
«© other, and of the affections, various poſitions, 

“ and motions, to which they are ſubje&t r. 

THz introducing motion into geometry may be of 
great uſe. Some have thereby endeavoured to over- 

come the difficulty about parallel lines, which has 
been ſo much canvaſſed amongſt the mathematicians, 
And after the great Galileo had ſhewn, how bodies 
deſcended with an accelerated velocity, whereby be- 
ing projected obliquely, they deſcribed in their mo- 
tions parabolas ; the geometers, as Torricellius, 
Roberval and others began to confider the effects of 
ſuch motions in the deſcriptions of curvilinear figures, 
and applied that idea to the determining their tan- 
gents, &c. See Torricellius de Motu gravium, p. 121. 
Lettera di Timauro Antiati [ Sign. Dati] p. 14. Mer- 
ſen. Balliſtic. p. 115. Dettonville [M. Paſcal] de 
la Roulette, p. 6. „„ 

T'x1s gentleman in his ſecond objection contradicts 
himſelf, firſt in aſſerting that there is nothing real in 
velocity, which is as much as to ſay, that it has no 
exiſtence in nature, and at the ſame time pretends 
to define it, though indeed in terms, that have no 
real meaning; for he tells us, that velocity is the 
proportion of ſpace to time, thus confounding the 
two ſeparate ideas of velocity and proportion, and 
without ſpecifying what ſpace and what time he 
means; nor is it very neceſſary to inquire, for how- 
ever explained, the definition is abſurd ; fince ſpace 
and time being heterogeneous quanrities, are incapable 
of bearing proportion one to the other. | | 


See Sextus Empericus, Ed. Genev. p. 96, 97. Alſo Barrow, 
Lea. Mathem. An. 1664. Lect. iv. p. 69. Newton's Quadratures, 
in the Introduction; and Philoſ.Tranſ. No 342. p. 205. Or Com, 
Epiſt. p.38. + Proclus in Euclid, lib. 11. p. 16. at Baſil in 15 33. 
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Tas idea of motion, and its affection velocity, 


are very diſtinct from the ideas either of time or 


ſpace; for both of theſe may be preſent to the mind 
without the other. True it is, that different degrees 
of velocity in the motion of any body are in the 
ſame proportion to each other, as the ſpaces, which 
would be deſcribed by thoſe reſpective velogities, 
were they uniformly continued for any one ſpeciſied 
portion of time, whether thoſe velocities remained 
long enough uniform for the moving body actually 
to deſcribe thoſe ſpaces or not. And how fuck 
finite ſpaces are to be applied for, meaſuring the 


degrees of velocity at each point of time in hodies, 


whoſe motion is contiaually varying, is diſtinctiy 
explained by Mr. Robins in his Freatiſe of fluxiong, 
without having recourſe to any imaginary differential 


of time, as this author expreſſes himſelf, of which 


he truly ſays, we have no clear idea; he ſhoutd 
have ſaid no idea at all. emis yi 
| Bur at length Sir Iſaac Newton himſelf gave an 
accurate account of his method of fluxions in the 
Introduction to his Treatiſe of Quadratures, printed 
at the end of his Opticks in 1704. This Treatiſe 
of Quadratures he was prevailed. on to publiſh; be- 


cauſe, as he had lent it out *, he obſerved ſome 


things had been copied from it T. The Introduction 


exhibited an idea of his method of fluxions entirely 


free from the notion of infiniteſimals . | 
M. Leibnitz alſo had toak upon him to correct 


the notion of indiviſibles, but unhappily. For as he 
had called his differential method Analyſis indiviſi- 


* Advertiſement before the Opticks; Comm. Epiſt. p. 222, 
in the note f; and Raphſon. Hiſt. Fluxion. p. 2. f Joan. 


Craig. de Calculo Fluentium, printed at London in 1718, in the 
preface. In finitis quantitatibus analyſin fic inſtituere, 
<« et finitarum naſcentium vel evaneſcentium rationes primas vel 


„ ultimas inveſtigare, conſonum eſt geometriæ veterum, et volui 


6 


« oftendere quod in methodo fluxionum non opus fit figuras infi- 
«© nite paryas in geometriam introducere,” Introd, ad Quadrat. 
| | bilium, 


at wy 


* 


466 APPENDIX. 
bilium, ſo now he to name it Methodus iris 
comparabilium. He fays, © ſiquis nolit adhibefe 
% infinite parvas, poteſt aſſumere tam parvas quam 
« ſufficere judicat, ut ſint incomparabiles, et errorem 
< nullius momenti, imo dato minorem producunt.“ 
Again et poſſunt adhiberi triangula communia in- 
« Anabilibus illis ſimilia“ &c. And afterwards he 
adds, poteſt etiam exprimi conatus centrifugus 
« per differentiam radii et ſecantis ejuſdem anguli 
c“ cujus differentiz diſcrimen a ſinu verſo eſt infinite- 
cc ſies, infinities, infinite par vum, adeoque nulliſſimum 
4 reſpectu radii *.'* Againſt this arrant nonſenſe, 
yur however was eſteemed as containing pro- 
ound myſteries , Sir Iſaac Newton ſeems to have 
levelled that paſſage of the Introduction to his 
Quadratures, © errores quam minimi in rebus mathe- 
'66--rnaticis non ſunt contemnendi;” and in his demon- 
ſtration of his rule for finding fluxions, he has cate- 
fully expunged, whatever might favour indiviſibles. 
127 Bin this deſctiption of Sir Iſaac Newton, in op- 
poſition to M. Leibnitz's crude conception, move 
the ſpleen of the authors of the Acta Eruditorum , 
when in giving an account of the Quadratures, they 
bo wr that, what is taught there, was .pub- 
U by Mr. Craig and Dr. Cheyne ||? But their 
writings contain only an inconſiderable part of what 
was ſent to M. Leibnitz in 1676. And Mr. Craig 
has owned, that he was obliged to Sir Iſaac Newton 
for correcting a deficiency in his method . 


Act. Erudit. Menſ. Feb. 1689. + M. d' Alembert Has 
well obſerved, en general les hommes ne haiſſent point l' ob- 
4 ſcurite, pourvũ qu'il en reſulte quelque choſe de merveilleux.“ 
Encyclop. Tom. iv. p. 988. Perhaps if it had not been for this 
marvellous obſcurity, & differential method would never have 

uired the pompous name of the ſublime geometry. 
iS AR. Erudit. Menſ. Januar. 170g. M. Leibnite in a 
letter to M. Bernoulli ſhews his judgment in ſpeaking ſlightingly 
of Sir Iſaac Newton's Quadratures. Epiſt. Leibn. ad Bern. 
Tom. ii. p. 124. t Philoſ. Tranſ. for 1686. Ne 183. 
e SS AGAINg 
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Ad Alx, as in that account inſinuations were thrown 
out againſt Sir Iſaac Newton's candour “; it occaſioned 
the controverſy about the invention of fluxions. '- 
Tanis account was from its ſtyle, and other cir 
cumſtances, ſuppoſed to have been written by M. 
Leibnitz himſelf T. He therefore, in a letter to 
M. Bernoulli 4, pretended to be ignorant of it, and 
gives a very odd reaſon, why he ought not to be 
thought its author. There, ſays he, I hear is praiſed 
M. Tchurnhaus's diſcoveries, which I do not eſteem; 
But M. Leibnitz has not diſdained ſuch artifices ; 
for in publiſhing the Judicium primarii Mathematici, 
in order to conceal the writer, he rendered his friend 
M. Bernoulli ridiculous, by making him quote him- 


felf under the title of eminens quidam mathema- 
ticus J. However, M. Leibnitz afterwards juſtified 


the account, and endeavoured though in vain to 
explain away its moſt exceptionable ſenſe.  ' 

' ConCERNING the invention of fluxions, there have 
been publiſhed many tracts Fj, whence may be learnt 
the merits of the cauſe; but more eſpecially from 
the ſecond edition of the Commercium Epiſtolicum, 


printed at London 1722 in 8*; where Sir Iſaac 


This rancour M. Leibnitz had long ſuppreſſed. In a letter to 
M. Bernoulli, dated 23 Aug. 1696, he ſays, certum eſt me do- 
«« mino Newtono, ante viginti annos mez methodi differentialis 
« fundamenta communicaſle, antequam ille mihi quicquam de ſuis 


uc ſpectantibus. An nonnihil inde profecerit haud ſatis ſcio: 


« neque ideo dicere auſſim.“ Leibn. et Bern. Epiſt. Tom. i. p. 195. 

+ Ibid. Tom. ii. p. 308. t Ibid. p. 313. | Ibid. p. 330. 
Here M. Leibnitz did not prudently follow his friend's advice, 
who had fignified before to him, rogo vero, ut quz hie ſeribo, 
« 1is recte utaris, neque me committas cum Newtono ejuſque po- 
« pularibus ; nollem enim immiſceri hiſce litibus.” Ibid. p. 311. 
And indeed it proved of ill conſequence ; for it engaged him in 
controverſy with Dr. Keill, who exceeded M. Bernoulli in 
common ſenſe, though he fell far ſhort of him in mathematical 
invention. I Journal Literaire for July and Auguſt 1714, 
and for 1716. Tom. viii. Part 2. Raphſ. Hit. Fluxion. at the 
end; and Recueil des Divers Pieces ſur la Philoſophie, Sc. 


Tom. i. in the preface, pp. 11-66, and Tom, ii. ag 24. 


ewion 


Newton has, in the Preface, Aecount and Annota- 
tion, which were added to that editiqn, particularly 
anſwered. all the ohjections M. Leibaiuz and M. Ber- 
noulli were able to make, ſince the Commercium 


_ firſt appeared in 1712 


T uIs Commercium is compoſed of ancient letters, 


they were written, and relates to the invention af the 
methods of infinite ſeries, moments and fluxions. At 
the bottom of the pages are added ſeveral judicious 
notes, that tend greatly to illuſtrate the whole affair. 

To this Commercium M. Leibnitz long threatened 
to oppoſe one of his own “; and upon M. Bernoulli's 
hearing there was a large account of it publiſhed. in 
the Philoſophical Tranſactions +, he urged M. Leib- 


nitz to haſten the fulfilling his promiſe F. 


-* Miki conſilium eft, edere aliquod Commercium Literarium 
meum, unde apparebit quam in aliis quoque Newtonus olim tenu- 
is fuerit. Leibn. et Bern. Epiſt. 30 Decemb. 17 14, Tom. ii. p. 341. 
- + Ne 342. This account is alſo publiſhed in Latin before the 
ſecond edition of the Commercium Epiftolicum. It was wrote 
by Sir Iſaac Newton. himſelf, and the arguments there uſed are 
unanſwerable, which l. Bernoulli, in camplaiſanee to M. Leib- 
nitz, without having ſeen them, is pleaſed, in à letter to that 
13 to call after him, argutaticnes, Tom. ii. p. 364, 367. 

e in another place, Ibid. p. 377, ſuppoſed Sir Iſaac Newton 
had acted under a maſk; and the authors of the Acta Erudit, 
[Ari.'1720, Menf. Mar. p. 137] ſay, Sir Iſaac Newton's argu- 
ments were the ſame with Dr. Keill's. As to that, it cannot be 
doubted but the Doctor was aſſiſted by Sir Iſaac's converſation, 
and by the excellent notes in the Commercium Epiſtolicum, 
But the Doctor, in his writings, making uſe of ſome aſperities, 
ſuitable to the affronts he had received, not being agreeable to 
Sir Iſaac Newton's temper, he thought fit to publiſh a diſpaſ- 
ſionate account of the affair himſelf. At laſt Sig. Conti prevailed 
on Sir Iſaac Newton to appear himſelf in this controverſy. What 
he wrote was publiſhed in Engliſh at the end of Raphſ. Hiſt. 


Fluxion. and in French in the Recueil &c. The ſubſtance of 


which Sir Iſaac Newton afterwards included in the preface to a 
ſecond edition, he made, of the Commercium Epiſtolicum. 

1 © Necefle puto, ut nonnihil matures alterum illud, quod 
« paras, Commercium Epiſtolicum priori ab Anglis edito oppo- 
« nendum.” Leibn. et Bern. Epiſt. 19 Jan. 1716, Tom. ii. p. 367. 
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MN. Leibnitz loudly complained of the partiality 


of the collection, and repreſented the notes as malig- 
nant and falſe *, He attempted to give inſtances 'of - 
the firſt, but quite miſled his aim ; and againſt the 
notes he never produced any thing beſides aſſertion 

ſo that. Sir Iſaac Newton himſelf has well obſerved 
in their juſtification, *©* interpretationes illæ nullius 


quidem ſunt auctoritatis, niſi 2 ab epiſtolig 
2 


s derivant, {ed male fundatas eſſe Leiboitius nun- 
« quam oſtendit .“ ö 
AoaAixNsr the Commercium, M. Leibnitz and 


M. Bernoulli uſed to urge, that it regarded the 


buſineſs of infinite ſeries alone; whereas there is fuf- 
-ficiently conſidered not only that ſpeculation, but 
alſo the affair of moments and fluxjons ||]. It is no 
wonder, theſe gentlemen diſliked the treating here 


lo largely on infinite ſeries ; when thence was manis 
feſt M. Leibnitz's unfair practices, 


AGAIN they pretended, that it was not likely Sir 


Iſaac Newton found out the method of fluxions; 


ſince. in his Principia, publiſhed in 1687, he had 
miſtook in regard to their higher orders, and that 
he gave, in the Scholium at the end of his Qua- 
dratures publiſned in 1704, a faulty rule for de- 
termining thoſe orders f,. But it has been often de- 
monſtrated, that in the Principia he committed no 
error on that account 4; and in 1693 was . 
liſhed by Dr. Wallis & the firſt propoſition of Sir 


Iſaac Newton's Quadratures, containing a right rule 


for finding all the orders of fluxions; and in 1717 
Dr. Keill ſhewed by a ſeries how to make out thoſe 


* Raphſ. Hiſt, Fluxion. pp. 97, 104; or Recueil &c. Tom. il. 
PP- 5» 36, 47, 52, 53. F Ibid. 5. * 101, 105, 1133 or 
Ibid, pp. 5, 18, 53, 82; and Comm. Epiſt. at the beginning of 
the preface. 7 Com. Epiſt. in the preface, p.3. || Journ. 
Liter. for July and Auguſt, p. 322. Raphſ. Hiſt. Fluxion, 
P- 112; or Recueil &c. Tom. ii. p. 80. +]] Com, Epiſt, 


p-. 245. Il See above, in p. 335, the note markt fl. 


11+ Op. Math, Vol. II. p. 392. | | 
Vol. II. A a 5 orders, 
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orders, which he learnt from Sir Iſaac Newton +. 
As to the miſtake in the Scholium to the Quadra- 
tures, it may be. obſerved, that Sir Iſaac Newton 
gave to M. Bernoulli's nephew, when in London, 
a corrected copy ; but as this miſtake was after- 
wards much urged againſt Sir Iſaac Newton, both 
Dr. Keill and he made it plainly appear to have 
been a mere overſight ||. * 
Tux further ſaid, it was not probable, that 
M. Leibnitz did not find out the infinite ſeries for 
meaſuring the circle; when both Sir Iſaac Newton 


and Dr. Gregory allowed him that invention. 


Now in 1669, amongſt other ſeries's of Sir Iſaac 
Newton, one for finding the arch of a circle from 
the fine I, and in 1671 another of Mr. Gregory 
for finding that arch from the tangent , were ſent 
to Mr. Collins; who was very free in communi- 
cating theſe diſcoveries. In 1674 M. Leibnitz men- 
tions, in a letter to Mr. Oldenburgh, his being pol- 
ſeſſed of the firſt ſeries]; and the next year Mr. 
Oldenburgh ſends both Sir Iſaac Newton's and Mr. 
Gregory's ſeries's to M. Leibnitz I“. But in 1676 
M. Leibnitz, dropping his pretenſions to the firſt 
ſeries, not being able to demonſtrate it, ſends to 
Mr. Oldenburgh, as his own, that of Mr. Gregory 
with a demonſtration **. Sir Iſaac Newton and 
Dr. Gregory ſcrupled not to allow M. Leibnitz 
found out this ſeries; for they knew nothing of 
Mr. Oldenburgh's letter, which lay buried for above 
thirty years amongſt the papers of the Royal Socie- 
ty *. This diſcovery ſtartled at firſt M. Bernoullif*; 

* Com. Epiſt. p. 232. J. Keill. Epiſt. ad J. Bern. p. 19. 
1 Epiſt. Bern. ad Lezbn. Tom. ii. p. 310. || Journ. Liter. 
July and Auguſt 1714, p. 348. Epiſt. J. Keill ad Bern. p. 15; 
and Philoſ. Tranſ. Ne 342. p. 208; or Com. Epiſt. p. 41. 

+j| Comm. Epitt. Collin. p. 85. III Ibid. p. 998. 

Sl Ibid. p. 116. I“ Ibid. p. 118, &c. ** Ibid. p. 148. 

+* Ibid. p. 118. 1“ Leibn. et Bern, Comm. Epiſt. Tom. ii. 
5. 309, 317. LR 5 but 


_ 
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but he was too deeply engaged in M. Leibnitz's 
defence to retract, though M. Leibnitz once ex- 


preſſed his apprehenſions of it T. In ſhort, M. 
Leibnitz was at laſt, in 1713, forced to acknow- 


ledge Mr Gregory to be the original author F ; 


but why he did not acknowledge as much at firſt, 
cannot be fairly accounted for. 


8 % 


Or the ſame force were produced, by. theſe acute 


reaſoners, in oppoſition to the Commercium Epi- 


ſtolicum, other arguments, conſiſting only of ſur- 


miſes and preſumptions againſt evident matters f 
fact.. „ ä 


Bur from that Commercium it s moſt manifeſt, 
that Sir Iſaac Newton had diſcovered his method of 
fluxions many years before M. Leibnitz's pretenſions. 
Hence M. de Montnort has candidly faid, Pour 


„ moy je ſoutient icy et je Pai toujours ſoutenu 
© hautement que M. Newton a ee maitre du calcul 
differentiel et integral avant tout autre gęometre, 


* et que de Pannee 1677 il ſeavoit tout ce que les 


travaux de M. Leibnitz et M. Bernoulli ont de- 
* couvert depuis .““ | 
BESsipEs, M. Leibnitz, from the whole tenour of 


his conduct, may be juſtly ſuſpected of having learned 
by information, what he-pretended to be the inven- 
tor of. For he pretended to Mouton's differential 
method i; to a property of a ſeries, that had been 


_ publiſhed by M. Paſcal A; to Sir Iſaac Newton's ſe- 
ries for meaſuring a circular arch from the ſine ; to 
a ſeries of James Gregory for the ſame thing from the 


tangent F{|; to four other ſeries's of Sir Iſaac News 


* Leibn. et Bern. Comm. Epiſt. Tom. ii. p. 313. 

+ Ibid. p. 341. t Letter to Dr. Taylor, dated Jan. 22, 
1717. at the end of Keill's letter to Bernoulli. 

[| Phitof. Tranſ. Ne 342 p. 183; or Comm. Epiſt. p. 13. 


I Ibid. p. 215; or Ibid. p. 49. t Ibid: p. 184; or 


Ibid. p. 14. $1] Journal Liter. for July and Auguſt 1714. 

. 353, &c. and Philoſ. Tranſ. Ne 342. p. 185; or Com. 
piſt. p. 15; and Keill Epiſt. ad Bernoulli, p. 19. 
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ton“; to a method of regreſſion +; to the Diffe- 
rential Analyſis at a time, when it was certain, he 
was ignorant of it Þ; and, laſtly, to ſome of the 
principal propoſitions of the Principia |. | 
By theſe inſtances it abundantly appears, how 
freely M. Leibnitz could appropriate the inventions 
of others ; and it is farther ſhewn, how eaſily, from 
the manner he firſt produced this diſcovery in his 
letter to Mr. Oldenburgh, dated the 2 iſt of June 
1697 Fl}, it might be deduced from Dr. Barrow's Me- 
thod of tangents, by the aſſiſtance of what is de- 
clared in Sir Iſaac Newton's letters I, which had 
been ſent to M. Weibnitz, eſpecially in that of the 
10th of December 1672. "And hence it is, that the 
committee of the Royal Society in their report refer 
particularly to that letter 1“. 
No doubt others, by the help of theſe hints, might 
have diſcovered this method; as Mr. Gregory did ſo 
from much leſs information though his candour 
would not permit him to prevent the firſt inventor *. 
Bur M. Leibnitz's different manner of producing 
this method, firſt in his letter to Mr. Oldenburgh, 
and afterwards in the Acta Eruditorum , is very 
obſervable. In the former, it appears readily dedu- 
cible from Dr. Barrow's Differential method of tan- 
gents ; in the other, the reſemblance is diſguiſed as 
much as poſſible, and it is delivered with an affected 
and aſtoniſhing obſcurity. 
BesIDes, there is good Arvada to ſuſpect M. 
Leibnitz had a fight of Sir Iſaac Newton's Analyſis 


_ Phil. Tranf No 342. p. 188; or Com Epiſt. p. 19. | 

+ Ibid. p. 189; or Ibid. p. 20. f Ibid. p. 192 or Ibid. 
p. 24 Journal Liter. for July and Auguſt 2 b. 348; 
and Philoſ. Tranſ. Ne 342. p. 208; or Com. Epiſt. p. 42. 

Comm. Epiſt. p. 192. © I Journal Liter. 1714, 
p. 325; and Philoſ. Tranſ. Ne 342. p. 191, 192, 196, 197; 
or Com. Epiſt. p. 23, A 27, #3, 31> 1 * Com. Epiſt. 
„„ * om. p-. 104. Ann. 1684. 
Menſ. OQob. | 
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wh æquationes numero terminorum infinitas *; for 


e early put in a claim to a ſeries contained in that 
Tract r, and afterwards has owned, he had ſeen 


before, in the hands of Mr. Collins, letters of Sir 


Iſaac Newton ; Mr. Collins being very forward 
to boaſt of, and ſhew to mathematicians, Sir Iſaac 
Newton's diſcoveries ||. 1 
HowkEvRER, it has been ſaid f., no doubt to make 
us believe, M. Leibnitz was capable of inventing 
the Differential calculus, that he could not learn 
from Sir Iſaac Newton's letters the artifice mentioned 


in them , of performing the operation without being 


obliged to reduce the equation. 


A REMARK like this has already been taken notice 


of by Dr. Keill *; and I ſhall farther obſerve, that 


the artifice here alluded to is not difficult to find out 
when once propoſed ; eſpecially by one, who could 


be no ſtranger to M. Fermat's general rule of freeing 


equations from fractions and ſurds 4*. Yet it is 
highly probable, M. Leibnitz did not diſcover this 
artifice by himſelf ; but might have had it of M. Van 


Hudden. For M. Leibnitz, in his letter to Mr. 


Oldenburgh, dated Amſterdam, 28 Novemb. 1676, 
ſays, Amftelodami cum Huddenio locutus ſum; 
<< Cui negotia civilia tempus omne eripiunt.— Præ- 


clara admodum in ejus Schedis ſupereſſe certum 


* eſt. Methodus Tangentium a Slaſo publicata du- 


dum illi fuit nota, Amplior <us Methodus eſt, 


How the method of fluxions might be gathered from that 


treatiſe, ſee the notes on it, as it is publiſhed in the Com- 
mercium Epiſtolicum. + Philoſ. Tranſ. N' 342. 
p. 184; or Com. Epiſt. p. 14. t Raphſ. Hiſt. Fluxion. 
J. 98, 106; or Recueil &c. Tom. ii. p. 5, 56; and Epiſt. 


Keill ad J. Bernoul. p. 5. Journal Literaire for July 


and Auguſt 1714, p. 328. +l} Encyclopédie, Tom. iv. 
p. 988. tj Com. Epiſt. p. 105, 107, 150. l Journal 
Literaire for July and Auguſt 1714, p. 325. f“ See amongſt 
Cartes's Letters, Vol. III. Let. Lxxv, Lxxviz and Fermat's 


- Varia Opera Mathematica, p. 60. 
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« quam quz a d/o ſuit publicata *.” Now this 
method of tangents has been ſiace publiſhed +, and 
the editor obſerves, that from M. Van Hudden's pa- 
pers it appears, he had improved his method; ſo 
that it proceeded without being obliged to reduce the 
equation. Beſides, M. Leibnitz has owned, NI. 
Huygens was maiter of the ſame artifice z whom he 
has acknowledged tov have been his inſtructor in 
theſe ſtudies J. e | 

Tavs M. Leibnitz, from the notices given him 
by Sir Iſaac Newton, and thereupon contulting the 
writings of Van Hudden, Barrow, and Sluſius ||, at 
length got at what Sir liaac Newton had deſcribed; 
and though in his letter, of the 2 1ſt of June 1677, 
he ſays, what he there explained, he believed to be 
what Sir Iſaac Newton concealed ; yet afterwards in 
publiſhing it, he did not, as he ought, declare the 
information, he had received j+; and what is worſe, 
when it had been demonſtrated, that Sir Iſaac New- 
ton had long before diſcovered theſe methods, he 
and M. Bernoulli by weak arguments endeavoured 
to ſhew the contrary. ,_ | 

Trzst have often been ſully anſwered by Sir Iſaac 
Newton himſelf. In his doing of which M. Leib- 
nitz has complained of want of politeneſs. But is 
it not a jeſt for any one to expect inſipid flattery, 
which moſtly paſſes under that Genomination, from 
another, whom he had ſo groſsly and falſely abuſed **? 

See Wallis's Op. Math. Tom. iii. p. 646; and Comm. Epiſt, 
160, 100. -* >: + In the Journal Literaire for July and 
Auguſt 1713, p. 455, in a letter of M. Van Hudden to M. Van 
Schooten, dated Leyden 21 Novemb 1659. t Raphſ. Hiſt. 
Flaxion. p. 98. ce reſt qu'en France que Jay pris entrè et 
„% M. Haygens m'en donna Fentrée.“ This paſſage is. omitted 
at p. 5. Vol. ii. of the Recueil & e. See alſo Raph. Hiſt. Flux, 
p. for?; or Recueil &. Vol. ii. p. 58. | Comm. Epiſt. 
p 102; allo Philoſ. Tranſ. Noe 342. p. 192, &c. and p. 216, 
219. or Comm. Epiſt. p. 23, &c. and p. 50, 5 3. [T Phil. 
Tranſ. N 342 p. 229; or Com. Epiſt. p. 54. * In an 
infamous paper, ted 29 July 1713. 

M. Leibnitz 


| ſeſſed bf the characteriſtic and algorithm of the 
method. Now to produce no other argument againſt 


p- 204, &c. or Com. Epiſt. p. 37, &c. | 
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M. Leibnitz inſiſted to the laſt, in contradiction to 
what had been demonſtrated, that he was firſt poſ- 


? 


this idle pretence, in Sir Iſaac Newton's letter of 
October 24, 1676, M. Leibnitz knew, there was 


included this ſentence ** Data zquatione quotcunque 


„ quantitates fluentes involvente, fluxiones inve- 
«© nire, et vice verſa,” which was the ſubſtance of 


the two firſt problems of his treatiſe, written in 


1671. How then is it poſſible to ſolve theſe two 
problems without a knowledge of what M. Leib- 
nitz is pleaſed to ſtyle the characteriſtic and algo- 
rithm? Can it be imagined, Sir Iſaac Newton had no 
marks for what he called fluxions ? It is certain, that 
ſo long ago as 1665 he uſed thoſe of p, q, r &c. to 


denote the fluxions of x, y, 2 &c. and afterwards 


&, Y, & &c. for the ſame. purpoſe, and alſo other 
ſymbols as occaſion and conveniency required “. 
Muſt not therefore M. Leibnitz's aſſertion appear 
very unpolite, not to {ay worſe, to Sir Iſaac Newton 


who though he had by him tracts written in 1665, 


1666 and 1671, &c. replete with this characteriſtic 


and algorithm; yet never appealed to their authority, 
till provoked by M. Leibnitz's unfair proceeding in 


ſo freely uſing his own teſtimony in his own be- 
half ? 

Hence I think it very plain, who was the real 
inventor of theſe methods; and as the accuracy of 
Sir Iſaac Newton's demonſtrations depends on the 


firſt Lemma of. the Principia, this has been objected 


to. M. Huygens ſoon animadverted on it, which 
occaſioned Sir Iſaac Newton, in the ſecond edition of 


his book, to make ſome alterations in the expreſſion, 


Notwithſtandng this, its ſenſe has been miſtaken 


* Journ Liter. 1714. p 241, &c. alſo Philoſ. Tranſ. Ne 342. 
by 
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by many. For which reafon it was truly and fully 
explained by Mr. Robins; as alſo by Dr. Pember- 
ton, he being called upon ſo to do. What Mr. Ro- 
bins has written of it, is delivered in ſeveral places 
of the preceding tracts; and I ſhall conclude this 
Appendix with Dr. Pemberton's explanation, as it 
was publiſhed in the Hiſtory of the Works of the 
Learned for January 1941. 


LEMM A. 


Onantities and the ratios of quantities, which conſtantly 
tend towards equality during any whatever finite ſpace 
| of time, and before the end of that time approach 


nearer _ than by any whatever difference given, 
become ultimately equal. | 


Hxxx are ſuppoſed the following conditions. 


1. Tur the quantities or ratios approach more 
and more towards equality. — | 

2. Thar they be known fo to approach during a 
ſpace of time, whether longer or ſhorter, which is 
ſufficient to anſwer the ſubſequent conditions. 

3. Trar whatever difference, how minute ſoever, 
ſhall be named, theſe quantities or ratios ſhall be 
known to approach, till they come within that 
difference. e | 

4. Tnar after they have paſſed that difference, 
they ſhall be known ſtill to continue their ap- 
proach. EL is | 
Dor theſe conditions the quantities and ra- 
tios in this Lemma are ſaid to become ultimately 
Or more briefly, varying quantities or ratios are 
here ſaid to become ultimately equal, if they ſo ap- 
proach, that, whatever difference be propoſed, it 
can be ſhewn, that within a finite ſpace of time, 


thoſe 


— 
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thoſe quantities or ratios will come nearer than by 
that difference, and ſtill be approaching. LE 
Pon inſtance, if from the ſame point A three 
ſtreight lines AB, AC, AD be drawn, and in 
the line AD the point E be : 
taken, whence the line EFG 
ſhall be drawn at pleaſure, it is 
manifeſt, that EG is greater A 
than EF. But if the line EG 
be ſuppoſed to turn round the 
point E towards the line EA, it 
is alſo evident, that whatever 
difference between EG and EF 
be propoſed, the line EG may 
move fo long towards EA, till E 
the difference between GE and | 
EF ſhall be leſs than the dif- Di . 
| ference propoſed, and alſo the lines GE and EF 
ſhall ſtill continue to approach. | 
Acain, though the triangle GAE is greater 
than the triangle FAE, by the motion of the line 
GE, theſe triangles will alſo approach in the ſame 
manner. . + abs 
FARTHER, if any polygon be inſcribed in a circle, 
by the ſubdiviſion of the arches ſubtended by each 
ſide of the polygon, another may be inſcribed of a 
greater number of ſides, which latter will differ leſs 
from the circle than the firſt; and by the ſame 
means, a third polygon may be inſcribed nearer in 
magnitude to the circle than the ſecond, and the like 
proceſs may be continued without end; inſomuch 
that no difference how ſmall ſoever can be propoſed 3 
but polygons may be inſcribed, till that difference be 
ſurmounted, and yet other polygons ſtill leſs dif- 
ferent from the circle be deſcribable. | 


Moreover, 
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Moxkovn, if the three lines HI, HK, LMN 
be given by poſition, and from the point O in LN 
+ ; *7H the line OPQ be drawn, 
the ratio of QO ro PO 
, will be greater than the-ra- 
L- / - tio of G ., Bur 
if the line OQ move round 
the point O towards OL, 


H no ratio can be propoſed 
NI greater than the ratio of 

on. LO to OM, how ſmall ſo- 

| ever be the difference, but 

ol the line OQ may approach 
h N ©. towards OL, till the ratio 


N | of QO to OP becomes leſs 
than that propoſed, this line ſtill continuing in mo- 
tion, and the ratio of QO to OP. yet farther de- 
creaſing. | Rd Ts 
In like manner the ratio of the triangle QLO to 
the triangle PMO is greater than the duplicate of the 
ratio of the line LO co MO; but by the motion of 
O. the ratio of thoſe triangles will. approach to 
the duplicate of that ratio in the ſame manner as 
before. EET OE: 
Ix the laſt place, the ratio of LQ to MP is greater 
than that compounded of the ratio of HL to HM, 
and of the ratio of LO to OM; but no ratio can 
be propoſed greater than this, which by the motion 
of the line OQ ſhall not be ſurmounted, before the 
ratio of LQ to MP ceaſes its approach towards that 
—_ | | 8 
Now in every one of theſe inſtances all the condi- 
tions expreſſed in the propoſition are complied with; 
therefore by this propoſition EG muſt be ſaid to be- 
cCome ultimately equal to EF, and the triangle GAE 
to FAE, as likewiſe the polygon inſcribed in the cir- 
cle ultimately equal to the circle itſelf; alſo the ratio 
of QO to OP is concluded to be ultimately the —_ 
| with 
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with the ratio of LO to OM, and the ultimate ratio 

of the triangle LO to the triangle MOP, the du- 
plicate of the ratio of LO to MO; and laſtly, the 
ratio of LQ to MP ultimately the ſame with the 
ratio compounded of the ratio of HL to HM, and 

of the ratio of LO to M. 8 
- - Taz only difficulty, which here occurs, is, chat 
whereas GE and EF become actually equal, both 
_ coinciding at laſt with the line AE, and the ratio of 
QO to OP becomes at laſt actually the ſame with 
that of LO to OM, the like is not found in any of 
the other inſtances z for the triangle AGE can nevet 
be in reality equal to the triangle FAE, nor the poly- 
gon by any ſubdiviſion of the arches be made equal to 
the circle, wherein it is inſcribed. Again, the ratio 
of the triangle OL Q to the triangie OMP muſt. ever 
be greater than the duplicate of the ratio of OL to 
OM, and the ratio of LQ to MP always greater 
than that compounded of the ratio of HL to HM, 
and the ratio of LO to M WWW.. on tiingy 
Bor if it be ſaid, that therefore in theſe caſes no- 
thing more can be concluded from the conditions 
propoſed in the propoſition, than that theſe magni- 
tudes and ratios are not ultimately unequal; to this 

the anſwer is, that this negative concluſion is fully 
ſufficient for all the purpoſes, to which Sir Iſaac 
Newton has applied this Lemma, and that the only 

advantage, which accrues from the affirmative form 
of expreſſion uſed by him, is ſome additional degree 
of brevity. And this affirmative form of ſpeech is 
borrowed, not from the doctrine of indiviſibles, but 
from the writers on geometrical. progreſſions,” with 
whom. it has been = to call the limit of the ſum 


of the terms in an infinite progreſſion, the ſum of 
the whole ſeries, though no number of terms in ſuch 
a progreſſion will amount to that limit. In particu- 
lar, Gregory of St. Vincent, who avoids the uſe of 

ä indiviſibles, 
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indiviſibles'®, firſt defines this limit thus . Ter- 
* minus. [the Hmit] progreſſionis eſt ſeriei finis; ad 
quem nulla. progteſſio [by the addition of its 


terms] pertinget, licet in infinitum continuetur z 


* ſed qua is intervallo dato propius ad eum acce- 
« dere poterit; and then in his expaſition of this 
definition has theſe words; Terminus igitur pro- 
grefionis talis eſt, quemadmodum explicuimus, 
a Cd ſcilicet aggregatum, ſive ſumma terminorum 
c progreflionis, quantumvis continuatæ, nunquam 


* excedit quandam magnitudinem 3 excedit vero 


„ omne minus illa magnitudine, atque ita poſſet 


C etiam: dici productum five quantitas totius, datæ 
6. 


is, et magnitudo illa æqualis dicetur 
* tots progreſſioni dat 3 hoc eſt vmnibus terminis | 
1 ſimul ſumptis.“ 8 
Tux triangles GEA, FEA and the erjangles 
OL, POM, alſo the lines LQ, MP, are by Sir 
Iſaac Newton called quantitates evaneſcentes, or 
vaniſhing quantities, becauſe they are ſuppoſed con- 
— to diminiſh, till they vaniſn gr come to 
If the motion be ſuppoſed, to begin the 
other way from the line EA or OL, then Sir Iſaac 
Newton calls thoſe quantities quantitates naſcentes 
and the ratio, which. is the limit according to the 
conditions ſpecified in this Lemma, is called ultima 
ratio quantitatum, ęvaneſcentium, and prima ratio 
nakcentiuen, oy the GI we ee f 
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